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Preface 


Here is the second volume "Mathematical Analysis II. Integral Cal- 
culus" of my course of Advanced Calculus for Engineers and beginning 
Mathematicians. The first volume "Mathematical Analysis I. Differ- 
ential Calculus" appeared in 2009 (see [Po]). I invite the reader to 
carefully meditate on the main ideas I discussed in the Preface of this 
first volume. The matter is about the way I think Mathematical Analy- 
sis (or Advanced Calculus) have to be taught to an engineering student. 
First of all I insist on a strong and correct intuitive basis of any math- 
ematical notion and statement. Then I proceed step by step to a rig- 
orously mathematical model of this notion or statement. My aim in 
this course (primarily intended for engineering students) is to create an 
intuitive thinking to the reader who must feel the simplicity and the 
naturalness of the introduced notion or concept. Abstract Mathemat- 
ics need not destroy the intuition of the future engineer. Mathematical 
courses must make this intuition stronger, more mature and very solid. 
This is why this course appeared to be "a spoken course". I wanted it 
to be so! In general, I like a lot "live" Mathematics. A "dead" abstract 
notion, without at least one small motivation, generally will remain 
dead and nonuseful for an engineering student. 

I also blame the opposite side, that mathematical teaching which 
consists only on a sequence of examples, motivations, etc., without a 
general definition, without a mathematical correct reasoning, based on 
"stories", etc. A creative middle way teaching is to be preferred. All of 
these belong to something which is beyond Mathematics itself, namely 
to the "Art of Teaching". 

For instance, many times in this volume, the idea of the convergence 
of a system A of numbers to a number J, was substituted with the idea 
of a "well approximation" of J with numbers of A. Surely, I could use 
from the very beginning the definition "with ¢’ and everything could 
appeared formally rigorous for an "extremist" mathematician, but this 
course is not intended for such a people! If I had done so, I would 
have killed the intuitive power of the idea of approximation, extremely 
useful for a future engineer and not only for him! 
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In fact, in all my courses of Mathematical Analysis, I carried on the 
basic idea of Prof. Dr. Gavril Paltineanu to make appropriate mathe- 
matical courses for engineers and not for mathematicians. I think that 
even a student in abstract Mathematics could find a good opportunity 
to read such an "applicable" course. 

This book contains ten chapters and an appendix with exam sam- 
ples and a table with some basic formulas for primitives (antideriva- 
tives). Since I successively introduced in the first volume ({[Po]) basic 
elements of complex functions theory, I continued here with some ba- 
sic remarks on integrals of functions with a complex variable, residues 
theory and some of their applications. 

I started with a serious review of the calculus of primitives, usually 
assumed to be known from high school by the Romanian student. 

I go on with definite or Riemann integrals, improper integrals, in- 
tegrals with parameters, line integrals, double and triple integrals, sur- 
face integrals, Gauss and Stokes formulas and I finish with complex 
functions integrals. 

Any chapter contains many motivation-examples, worked exercises 
and proposed exercises. I insisted on using instead of an abstract math- 
ematical notion more intuitive objects taken from Physics, Mechanics, 
Strains of Materials, etc. Don’t say that the word "deformation" is not 
better for an engineering student then the corresponding mathemati- 
cal notion of "vector transformation", "parametric path", "parametric 
sheet", etc. 

Many people contributed directly or indirectly to this volume. 

The late Professor Dr. Doc. Nicolae Popescu, my Professor and 
my Master, was teaching me to do "live" Mathematics. 

My colleague and my friend Prof. Dr. Gavriil Paltineanu challenged 
me to investigate the interesting way to teach Analysis for engineers. 
He gave me many deep advises on this fascinating domain which is 
Mathematical Analysis. He also carried this difficult task to read this 
huge volume and to push me in making many corrections. 

Prof. Dr. Octav Olteanu and Prof. Dr. Nicolae Danet read care- 
fully the entire manuscript and made some very useful suggestions. 

I am also grateful to my younger colleagues Dr. Emil Popescu, Dr. 
Viorel Petrehus, Dr. Marilena Jianu and Dr. Valentin Popescu for 
helping me a lot with the proofreading. 

At last, but not the least, I will always express my thanks to two 
persons: to my wife Angela for encouraging me to "go on" with this 
difficult task and to my 15 years old grand-daughter Monica Izabela 
who succeeded to refresh a lot my tired mind before chapter 4. This 
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is why the reader must be grateful to her for the easy (but not short) 
way I succeeded to present the improper integrals with parameters. 

Finally, I mention the special help that trees and birds of my close 
park gave me during my silent walk around the lake in those hot 
evenings of August 2010. All of these are of a great importance when 
one is thinking of mathematical affairs. 

Prof. Dr. Sever Angel Popescu 

Technical University of Civil Engineering Bucharest 

Department of Mathematics and Computer Science 

B=dul Lacul Tei 124, Sector 2, Bucharest, ROMANIA 

angel.popescu@gmail.com 

February, 2011 


CHAPTER 1 
Indefinite integrals (Primitives, Antiderivatives) 


1. Definitions, some properties and basic formulas 


We shall see later that in many problems coming from Geometry, 
Statistics, Mechanics, Physics, Chemistry, Engineering, Biology, Econ- 
omy, etc. we have to compute the area of a plane figure bounded by the 
lines x = a, x = b, y = 0 and the graphic of a nonnegative continuous 
function y = f(x), where x € [a,b], a < 6 (see Fig.1). 


| 
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FIGURE 1. 


Such a figure is usually called a curvilinear trapezoid. The great 
English scientist Sir Isaac Newton (1642-1727) discovered the mathe- 
matical relation between the function y = f(x) and this area. 


THEOREM 1. (I. Newton) Let f : [a,b] — Ry be a continuous 
function defined on a real closed interval [a,b] with nonnegative real 
values. Let x be a number in (a,b] and let F(x) be the area of the 
curvilinear trapezoid |[AxM D]| (the area under the graphic of f "up to 
the point x" (see Fig.2). Then this area function is differentiable and 
its derivative F'(x) at the point x is exactly f(a), the value of the initial 
function f at the same point x. 
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FIGURE 2. 


PROOF. (intuitively proof; you will see later a mathematically rig- 
orous proof) Let us fix a point 2 in (a, 6]. We are going to prove that 
the derivative F’(xo) exists and it is equal to f(x). By definition 
(1.1) F(t) = lim 22 — Fo), 

I~ XO «— XO 

if this limit exists. Let us take for instance x € (a,b], x > 2o (if 
xo = b, then take x < x and do a completely similar reasoning!). But 
F(x) — F(a) is exactly the area of the curvilinear trapezoid |[MoxoxM] 
(see also Fig.2). Since f is continuous, this area can be well approxi- 
mated by the area of the rectangle [Mpx oxM"|. Indeed, in the case of 
our figure (Fig.2), the least value of f on the interval [x9, x] is real- 
ized at the point zo and the greatest is realized at the point x (use 
the boundedness Weierstrass theorem ([Po], Theorem 32), for a more 
general situation). So, the area of the curvilinear trapezoid |[Morox M] 
is a number between the area of the rectangle [MoaoxM"| and the area 
of the rectangle [Mjxo2M]. When M becomes closer and closer to Mo, 
these last two areas tends to give the same number, so the area of the 
curvilinear trapezoid can be well approximated by the area of the rec- 
tangle [Mjxo2rM"|. Thus, using now the corresponding mathematical 
expressions, we get: 


(1 — xo) f (#0) S F(a) — F(@o) S (w ~ ao) (2), 
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or 
(1.2) F (20) Ss 


Since f is continuous, taking limits when x2 — Zp in (1.2), we get that 
F’(xo) exists and that it is equal to f (9). 


The area function constructed above is called the Newton area func- 
tion of f. 


CorOLiARY 1. Let f : [a,c) > R be a continuous function which 
does not change its sign on the interval [a,c) (here c may be even oo!). 


Then, there is a differentiable function F' defined on this interval (a,c) 
such that F’(x) = f(x) for any x € (a,c). 


PROOF. It is sufficient to take f to be nonnegative (otherwise re- 
place f by —f). Then we define like above F(x) = the area of the 
curvilinear trapezoid [Ax M D] (see Fig.2). 


EXERCISE 1. Try to substitute the above interval [a,c) for an open 
finite or infinite interval (a,c). Moreover, try to substitute this last 
interval for any open subset of R. 


All of the discussion above is a real motivation for the following 
general definition. 


DEFINITION 1. Let A be an open subset of the real line R. Let f : 
A—R be a function defined on A with values in R. Any differentiable 
function F : A— R such that its derivative F’(x) is equal to f(x) for 
any x in A (simply if F’ = f) is called a primitive of f on A. It is also 
called an antiderivative or an integral of f on A. 


In the following all functions are defined only on subsets A of R, 
which have no isolated points. We shall simply note A for a shee 
satisfying this last property. We introduced this restriction because 
it is a nonsense to speak about the limit of a function at an isolated 
point. In particular, about its derivative! 

If we remember the definition of the notion of a differential dF'(a) 
of a function F at a point a of A, namely dF(a) which is the linear 
mapping defined on R with values in the same R, such that dF'(a)(h) = 
F"(a)h for any h in R, or dF'(a) = F"(a)dz, where dz is the differential 
of the variable x (in our case the identity mapping-see Analysis I, [Po]), 
we can easily prove the following very useful result. 


THEOREM 2. Let f : A—R be a function defined on A (as above). 
A function F : A — R is a primitive of f on A if and only if it is 
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differentiable on A and dF = fdz, i.e. its differential dF(a) at any 
point a of A is equal to f(a)dz. 


A primitive F of f is denoted by the notation [ f(x)dx and it is 
also called an integral of f with respect to the variable x. Moreover, an 
expression of the form fd is called a differential form of order one in 
one variable x. A primitive of such a differential form is a function U : 
A — R such that U is differentiable on A and dU = fdz, equivalently 
U'(x) = f(x) for any x in A. Now, the notation [ f(2)dx means such 
a primitive U for the differential form fdx. It is useful for us in the 
following to speak the primitives of differential forms language, instead 
of using the language of primitives for usual functions. 

To decide if a differential form has a primitive or not is in general a 
very difficult problem. We shall prove later a more general result than 
that one of exercise 1. Namely, one can rigorously prove (see Chapter 
2) that any continuous function f on an interval J has a primitive F 
on J. This means that for a continuous function f on an interval J, the 
differential form fdzx has a primitive F, i.e. dF = fdz. 

For instance, a primitive of f(z) = cosx is F(x) = sinx because 
d(sin x) = cosadx. We see that a function of the form sin x + C,, where 
C is an arbitrary constant (does not depend on x. It may depend on 
any other variable distinct of x), is also a primitive of cos x. Indeed, 


d(sinz + C) = d(sinx) + dC =cosadzx + 0 = cos ada. 


So, if a function f has a primitive F on an open subset A of R, then it 
has an infinite number of primitives, namely, any function of the form: 
F' + C, where C is a constant w.r.t. x (prove this as in the case of 
i (2) cos 2): 

THEOREM 3. (a structure theorem for all primitives) Let f : I + R 
be a function defined on an interval I and let F be a fixed primitive 
of it (on I). Then any other primitive G of f on the interval I is of 
the form G = F + C, where C is a constant number (which depends 
only on G). This is why the set of all primitives of f is denoted by 
J f(x)da +C. Here [ f(a)dx means any fixed primitive of f on I. 


PROOF. Since F’(x) = f(x) = G'(x) for any x in J, one can see 
that the difference function H = G — F has its derivative equal to zero 
at any point of J. We are going to prove that in this case H must be a 
constant, i.e. it cannot depend on the variable x. This means that for 
any points a and b of J we must have that H(a) = H(b). Indeed, let us 
suppose that a < 6 and let us apply Lagrange theorem on the closed 
interval [a,b] (which is included in J, why’): 


H(b) — H(a) = H"(c)(b — a), 
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for a point c in (a,b). Since H'(x) = 0 for any x of J, one gets that 
H(b) = H(a). Let us denote by C this common value of H (a). Hence, 
G-F=C,orG=F+4+C. This means that for this fixed number C, 
we have that G(x) = F(x) +C for any z € J. 


REMARK 1. If the set A is not an interval, then the above result is 
not always true. For instance, let A = (0,1) U (2,3) and f(x) = 2x for 
any x of A. It is easy to see that the following two functions 


7 x’, for x € (0,1) 
se { x*+1, for x € (2,3) ’ 


fa? fora] 0,1) 
G(2) = { x, forx’e€ (2,3) 
are primitives of f. It is clear enough that there is no constant number 
C' such that G(x) = F(x) + C for any x in A. Indeed, for x € (0,1), 
C =0 and for € (2,3), C = —1, so we cannot have the same constant 
C on the entire set A. 


EXAMPLE 1. Let us find a primitive for the following continuous 
function 


x, ifx € [-1,1] 
f(z)=4 #, fre(1,2)_ , 
x? +4, if x € [2,3) 
2 / 4 / / 
f :[-1,3) —R. Since (S) =, (=) =a" and (= + 4) = 77 +4, 


any primitive of f is of the following form: 
2404, #2 €(-1]] 
F(z) = 7 4Cy, ifxe(1,2) , 
® 4 de +Cs, if x € [2,3) 
Let us force now F to be continuous at x =1 (F is differentiable, thus 
it must be continuous): 


1 1 
~4+C,=-4+C 
2 + 1 4 1 25 
so we get that Cz = + + C,. The continuity of F at x = 2 implies that 
ane | Dh 
—+-4+C,=—+84C 
7 oer eae 1 3 +34 Cs, 


thus C3 = -4 + C,. Hence, all the primitives of f are: 
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where C, is an arbitrary constant (with respect to x) number. It is easy 
to see that F(x) is differentiable and F"(x) = f(x) for any x € [-1,3). 


EXAMPLE 2. Here is an example of a discontinuous function which 
has no primitive at all. Let 


_ f 1, fora € [0,1] 
f(a) -{ 0, for x € (1,2) 


It is easy to see that a primitive of f must be of the form: 


_ f £+C, foraze¢ [0,1] 
Fe)={ Co, fora € (1,2] 


The continuity of F at x = 1 implies that Cp = 1+ C;, thus, 


_ f £+C, forz € [0,1] 
Fte)={ ian for x € (1,2] 


But this last function is not differentiable at x = 1 for no value of C, 
(why?). Hence, F' cannot be a primitive of f on [0,2]! 


But, do not you hurry to conclude that all the discontinuous func- 
tions have no primitive. Here is a counterexample! 


EXAMPLE 3. The function 


2x sin + —cos+, for x € (0, 1] 
fe) ={ 0, jors=0 y 


f : [0,1] — R. Since lim2a sin + = 0 (prove it!) and since lim cos + 


does not exist (ty = and a= De are convergent to 0, but 


cos = = 1-1 and cos = = 0 — 0), we see that function f has no 


1 
2nt 


limit at x = 0. In particular, it is not continuous at x = 0. At the same 
time, it is easy to prove that the function 


x’ sin+, for x € (0,1| 


F@)={ 0, forx =0 


is a primitive for f on [0,1]. 


In general, to decide if a given noncontinuous function has a prim- 
itive or not is a difficult task. 

The main problem which is to be considered in the following is 
the one of the effective construction of primitives for some classes of 
continuous functions. 

Here is a table with the primitives of the basic elementary functions, 
mostly used in Mathematics and in its applications. We write down 
only one primitive (the immediate one, obtained by a direct process of 
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anti-differentiation). The others can be obtained by adding a constant 
number to this last one. 


a+1 
(1.3) [oa = ae ifa # —-1, (x > 0, if a is not an integer) 
a 


1 
(1.4) [oe =Ini iace 7, 
x 
where J is any interval contained in (0, 00). 
1 
(1.5) [ee =In(-2), ifae J, 
x 
where J is any interval contained in (—co, 0). 
(1.6) [ew =e; 
(1.7) [eae = — ifa>OandaF¥l. 
Ina 
(1.8a) a ere 
8a pep oe = arctan 
1 i] 
(1.9) / ee “att mr arctan a if.a #0. 
(1.10) [om xdxz = —cosx 
(1.11) [ cosas =sin# 
(1.12) / a, ina, if c € (—1,1) 
: ———dr = arcsinz, if x € (—1,1). 
V1— x? 
1 
1.13 ———— dr = arcsin — ,ifxe 
a) f as gece: 
1.14 ———dr = Infe+ V2? +0 
oa | ROR et PFO, 


ifa 40,27 +a>0and2+V2z2?+a>0. 
1 
(1.15) dz = tanz, 


cos? x 
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if x belongs to any interval which does not contain any number of the 
form ni + 5,n€Z. 


1 
(1.16) / 5—dx = — cots, 


sin* x 


if x belongs to any interval which does not contain any number of the 
form na, n € Z. 


(1.17) [sm xdxz = cosh a, [cost xdxz = sinha, 


where sinh x = “= and cosha = S*2—. 
All of the above formulas can be directly verified by differentiat- 
ing the function from the right side of each equality. Let’s verify for 


instance formula (1.14): 


(In(o + Vi® Fa) = 


1 22 1 
—______ (14 —_ } = —__.. 
c+vV2*2+a) ( a) Var-+a 

THEOREM 4. (linearity) Let f,g : I — R be two functions defined 
on the same interval I and let a, 6 be two real numbers. Let [ f(x)dx 


and {| g(x)dx be two primitives of f and g respectively (on I). Then 
af f(x)dx+ 6 f g(x)dx is a primitive of af + Bg on I. 


PROOF. Since (f f(x)dx)’ = f and (f g(a)der)’ = g (use only the 
definition!), we get that 


(« f Heyar+5 f oteyax) = 
= ( rea) +6 ([ scar) =af + Bg 


and the proof is complete (why?). Here we used the linearity of the 
differential operator h > h’. 


This last result says that the "mapping" f — | f(«)dz is linear. 
Here is a concrete example of the way we can work with this last 
property and with the above basic formulas. 


EXAMPLE 4. Let us compute | G — 34+ 27a - a) dx. The 


linearity of the integral operator { (see theorem 4) and formula (1.3) 
imply that 


| (8-32+298- pq) d= fatde—3 f det 
a 
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1 x8 we 
+2 | «a3dx —7 wtae = 3™ 408! tt 
6 2 3 2 
_ x8 _ Lan ae _ D2 
eG 2 2 a 


Let J be another interval and let u: J — I, « = u(t), be a function 
of class C'(J). Then dx = u'(t)dt (see Analysis I, [Po]). Let f: +R 
be a continuous function of the variable x € J. Let F(x) be a primitive 
of f on J. Then F'(u(t)) is a primitive of the function f(u(t))u’(t) of t, 
i.e. 


(1.18) J flutyatu(t)) = ( : f(e)te) (u(t)). 


Indeed, 


[F(u(t))! = F’(u(t))u'(t) = f(u(d))u'(t). 
Formula (1.18) is called the change of variable formula for integral 
computation. This formula says that if in an integral [ h(«)dz one can 
put in evidence an expression u = u(x) such that h(x)dx = f(u(x))du 
and if one can compute f f(u)du then, put instead of u, u(x) in this 
last primitive and we obtain a primitive [ h(x)dzx for the differential 
form hdz. 


EXAMPLE 5. Let us compute J spd, where 34 +2 < 0. If we 
denote u = 3x +2 then, du = 3dx (why?). Thus, our integral becomes 
+ f 5d(3r+2). Since u = 3x+2 < 0, a primitive for { +du is In(—u) 
3 3x42 tal z F soy U 
(see formula (1.5)). So, a primitive of s775dx is 3 In(—32 — 2). 


Sometimes it is easier to directly compute dx as a function of t and 
dt. For instance, let us compute f{ tan® dx. Let us change the variable: 
t=tana, © € (—§, : (why this restriction?). Since 


dt = 


— dx = (1+ tan? x) dx = (1+ ¢?)dz, 


we get that 


hag Pact tdt 
tan? rdx = dt = dt = | tdt— _ 
[ van ode es: lace y lee 


=5-3/S2 ia 


= = 5-5 1) = 
tO) Pee = 2 ee) 


1 
5 [tan? 2 — In(tan? x + 1)]. 
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Let f,g : I — R be two functions of class C'(I), where I is a real 
interval. We know the "product formula" 


(f9) =fot+ fa. 
Applying the integral operator to both sides, we get: 


(1.19) [tov @ar=to- fro) 


or, in language of differentials, 


(1.20) | teg=t9— f oat 


These last two formulas are called the integral by parts ees 
When do we use them? If one has to compute the integral Ae ee 
and if we can write h(x) = f(x)g'(x) and if the integral [ f(x ae 
can be easier computed, then formula (1.19) works. For eee if we 
differentiate the function f(x) = Inz, we get + which is an "easier" 
function from the point of view of integral calculus. Practically, let us 
use this philosophy to compute the integral: [,, = [{ x” Inada, where n 
is a natural number. For n = 0 we get 


= [inode = [(na)(ayae. 
In formula (1.19) one can put f(x) = Inz and g(x) = x. Thus, 
fg=alnn— f ©. ade =alne ~ a, 
Let us use the same "trick" for computing [,,,n > 0. 


nt+1\/ n+1 1 7rtl 
In= fo" inade = f (nz) a dx = — ne f == c= 
n+1 n+l gnt+1 


gntl 1 n+l grt 
= lng — —— | 2"dr = big 
n+1 n+1 n+1 (n+ 1) 


2. Some results on polynomials 


We begin with some facts on polynomial functions. 
A polynomial function (or simply a polynomial) is a function P of 
one variable x, defined on R by the following formula 


P(x) = ag + aye + aga? +... + anz”, c ER, 


where dg, ...,@, are fixed real numbers. These numbers are said to be 
the coefficients of P. We shortly write that P(x), or P € R{a], where 
R[2] is the set (a ring!) of all polynomials with real coefficients. For 
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instance, P(x) = 2x — 1 is a polynomial. Here n = 1, aj = —1 and 
a, = 2. If a, # 0 (except the case P = 0— this means that ALL its 
coefficients are zero, we always assume that the dominant coefficient a, 
is not zero) we say that the degree of P is n and write this as deg P = n. 
If P(x) = ao # 0, a nonzero constant, then deg P = 0. If P(x) = 0 
for any x (this is equivalent to saying that all its coefficients are zero), 
then the degree of P is by definition —oo. This value was chosen to 
preserve the formula deg PQ = deg P + deg @ for P = 0 and Q £0. 
If a, = 1 we say that the polynomial P is monic. For instance, 
P(x) =x —1 is monic, but Q(x) = —x — 1 is not monic. If P has the 
degree greater or equal to 1 and if it cannot be written as a product 
of two polynomials of degrees greater or equal to 1, it is said to be 
irreducible. For instance, P(x) = 27+ 2, P(x) = 2x —1 are irreducible, 
but Q(x) = 2? — 1 or Q(x) = 2? are reducible, i.e. they can be 
decomposed into at least two factors of degrees greater than zero. 
The following result is fundamental in Algebra. 


THEOREM 5. (Euclid’s division algorithm) Let P and Q # 0 be two 
polynomials. Then there are another two polynomials C and R such 
that P= CQ+R and deg R < deg Q. Here the polynomials C’ and R 
are uniquely defined by P and Q. 


Proor. An "abstract" general proof can be found in [Lal]. But,... 
nothing is "abstract" here! We simply use the "division algorithm" for 
polynomials, which is very known even from elementary school Algebra. 
If deg P < degQ, then take C = 0 and R = P. Assume that n = 
deg P > m = deg Q. We use mathematical induction with respect to 
n. Ifn =0, then m = 0 (Q 40) and P=k, Q =h, where k and h are 
two real numbers and h # 0 (why?). Since 


k 
k=-—h+0 
eee 
one can take C' = £ and R = 0 (deg R = —co < degQ = 0). Let 


now n be grater than 0 and let us assume that we have just proved the 
theorem for any k = 0,1,...,2 — 1. Let us prove it for k =n. Suppose 
P(x) = Ant" +Gn_12" 1+... +49 and Q(x) = bmx™ +bm_12™ 1 +...+0p, 
where a, # 0 and b,,, £ 0. Then, it is easy to see that 


(2.1) P(x) =Q- a + Pi(2), 


where 
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pe emer ae iaee ee Cand 
is a polynomial of degree at most n — 1. Let us use now the induction 
hypothesis and write 
P(x) =C1Q + R, 
where C, and FR are polynomials, deg R < deg @Q. Let us come back to 
formula (2.1) with this expression of P(x) and find 


P(x) = (fa ze C1) Oak: 
If we put now C' = pe C1, we just obtained the statement of the 
theorem for n. Hence the proof of the theorem is complete. 

The uniqueness can be derived as follows. Let P = DQ + 5, where 
deg S < deg Q. Then, R—S = (D—C)Q. If R £ S, then the inequality, 
deg(R—S) = deg(D—C)Q > deg Q, give rise to a contradiction (why’?). 
Thus, R = S and so (D — C)Q = 0 implies D=C (Q #0). 


COROLLARY 2. (the P-expansion of Q) Let P be a nonconstant 
polynomial and let Q be another arbitrary polynomial. Then Q can be 
uniquely written as 


(2.2) Q=Ap+AiP+...4+A,P", 
where Ao, Aj, ..., An are polynomials of degrees at most deg P—1. We 


say that "we write Q in base P". In particular, for any nonzero natural 
number m, one get: 


Q — Ao A; An 
2: — = — . + — 
( 3) pm pm + Pm-1 + az Pm-n’ 
ifm >n and 
Q — Ao A; ingot 
2.4 — = — as 
(2.4) pm ~ Dm ate pm-i iscsi P +S, 


where S is a polynomial, ifn > m. 


PROOF. We apply again mathematical induction on the degree of 
Q. If Q is a nonzero constant (degree zero) polynomial, then Q = Q 
(Ap = Q). Assume that deg @Q > 0 and that the statement is true for 
any polynomial Q, of degree < deg @. Let us apply Euclid’s division 
algorithm for Q and P: 


(2.5) Q=CP+ Ap, 


where deg Ay < deg P. Since degC is less than degQ (deg P > 0), 
using the induction hypothesis, we get C = Ay + AgP+...+ .A,P"}, 
where deg A; < degP, j = 1,2,...,n. Coming back to formula (2.5) 
with this expression of C’, we obtain exactly formula (2.2). 
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Let us apply this theory to the polynomials Q(x) = x? + 2 and 

P(x) = x — 1. Since 
x? +2=C(zx)(z—-1)+R, 
putting 7 = 1 we get R = 3. Thus, 
x? —1=C(x)(x — 1). 

Hence, C(x) = 27+ 2+1. Now, 

ge +e2+1=C,(x)(e-1)+ Ry. 
Making x = 1, we get R, = 3. So, 

e+et+1—-3=2°+2-2=C\(r)(x —-1). 

Thus, 

Ci(z) =2+2=1-(4-1)+3. 
Coming back, step by step, we obtain 

v+2=34+(¢—-1)[{3+1-(@-1)}(@-1) +3] = 
= 3+3(¢ —1) +3(@ — 1)? + (x -1)°. 

Let C = {a+bi: a,b € R}, i = V-1, be the field of complex num- 
bers. A fundamental result in Algebra (C. F. Gauss) [Lal] says that 
the roots of any polynomial P € R[z] are complex numbers, namely 
elements of the form a + bi, with a,b real numbers (see also theorem 
100 in this book). 


THEOREM 6. (Bezout’s theorem) Let P = P(x) be a nonconstant 
polynomial and let a € C be a root of P (P(a) = 0). Then P(x) = 
A(z — a)Q(x), where A is a constant number and Q(x) is a monic 
polynomial. Moreover, if a1,...,as are all the distinct roots of P, then 
(2.6) P(a) = A(x — a)" (4 — ag)”...(2 — as)”, 


where A is the dominant coefficient of P (A = ay) and nj4,...,Ns are 
the algebraic multiplicities of the roots ay, ...,as. All of these numbers 
are uniquely determined only by P. 


PROOF. Let P(x) = a9 + air + a2? +...+a2", be our polynomial 
and let A =a,,. Then 


(2.7) P(x) = AT (a) 


where T(x) is the monic polynomial x” + ees. Sr uaa gee Leb: ts 
use Euclid’s division algorithm for dividing T(x) by x —a: 


(2.8) T(x) = (x#-—a)Q(x) + R, 
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where Q(z) is a polynomial and R is a constant number. Since Ta) = 

0 (why?), making z = a in (2.8) one gets R = 0. Thus, T(z) = 

(x — a)Q(x) and, coming back to formula (2.7), we finally obtain that 
P(x) = A(z — a)Q(z). 


Now we apply the same procedure to the monic polynomial Q(x) and 
another root ( of it: 


P(a) = A(x — a)(@ — B)Qi (2), 


where Q is a polynomial with deg P > deg Q > deg Q;. We continue 
in this way and finally obtain 


P(x) = A(x — a)(a — B)...(a —w), 


where a, 3,...,w are all the n roots of P. Let us put together the equal 
roots and so we get the required expression (2.6). 


A bijection ao : C — C which is a field morphism, i.e. 


(2.9) o(z+w) =o(z) + 0(w), o(zw) = o(z)o(w) 


is called an automorphism of C. An R-automorphism p of C is an 
automorphism of C which does not change the elements of R, i.e. pu(a+ 
Oi) = a, if a € R. For instance, it is easy to see (prove it!) that 
the identity e : C — C, e(z) = z and the conjugation € : C — C, 
é(a + bi) = a — bi are R-automorphisms of C. We also denote €(z) by 
Z, the conjugate of z. For instance, 3 — 47 = 3 + 47 and 3.5 = 3.5. 


LEMMA 1. Let 
P(a) =ag + aie + aor? +... Kane” 
be a polynomial with real coefficients and let a € C be a root of tt, i.e. 


P(a) = ag + a1 + aga? +... + ana” = 0. 


Let o be a R-automorphism of C. Then, the complex number a(a) is 
also a root of the polynomial P. 


PROOF. Let us apply o to the equality 
dg + a1a+ a0? +... +¢4,0" = 0. 


Taking into account the algebraic properties (2.9) of o and the fact 
that it preserves the real coefficients ag, ...,dn, we get 


ay + ayo(a) + ago(a)? +... + ano(a)” = 0, 


i.e. the complex number o(a) verifies the equality: P(x) = 0, thus 
o(q@) is another root of P. 
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This lemma says that any R-automorphism o of C permutes the 
roots between them. For instance, since 7 is a root of the equation 
X*+1=0, o(i) =i or oft) = —1. If o(t) = 7, o(a + bt) = a4 bi, Le. 
o =e, the identity. If o(i) = —i, then o(a+bi) = a—bi,i.e. o =6, the 
conjugation automorphism of C. These considerations lead us directly 
to the following basic result. 


THEOREM 7. Any monic irreducible polynomial P with real coef- 
ficients is either of the form P(x) = x — a, or of the form P(x) = 
x? + bx +c, where a, b, c are real numbers. 


PROOF. If our polynomial P is of degree 1 everything is clear. If 
deg P > 1, let a be one of its root in C. Use lemma 1 and find that 
its conjugate @ is also a root of P(x). If @ = a, ie. if a is a real 
number, then P(x) is divisible by the polynomial Q(x) = x — a (see 
theorem 6). Since deg P > 1 and since Q(x) is a factor of P(x), we 
obtain a contradiction (P was considered to be irreducible). Hence, 
the root a is not real. Let us denote b = —(a+@) and c = aq. Since 
at+a@=@+a and ad = aa we see that b,c € R. The polynomial 
H(2x) = (x—a)(x—@) = x? +br-+c is a divisor of P. Indeed, let us divide 
P by H. Thus, P = HU + V, where deg V < 2. Moreover, V(a) = 0 
and V(@) = 0, i.e. V is a polynomial of degree at most 1 which has two 
distinct roots! The only possibility is that V be identically with zero, 
so P = HU. Since P is irreducible, U must be a constant polynomial 
and, since P and H are both monic, this last constant polynomial must 
be 1. Thus, 


P=H=x'?+br+ce. 


The following theorem (see [Lal] for instance) is a basic result in 
Algebra. 


THEOREM 8. (factorial theorem). Let P be a nonconstant polyno- 
mial with real coefficients. Then P can be uniquely written as 


(2.10) P = AP™ pr, Pre 


where A is a constant number and P,, P»,..., Py are distinct monic 
irreducible polynomials of degrees 1 or 2. "Uniquely" here means that 
if 

PSB Oa), 
is a decomposition of P of the same type (B constant and Q,, Qa, ..., Qn 
are monic and irreducible polynomials), then B = A, k = h and for 
each QQ, there is a P,; such that Q; = P, and m,; = nj. 
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PROOF. In formula (2.6) some a‘s could be real numbers and some 
could be complex numbers. If for instance a; is a real number, then 
P, = (« — a)". If a; is a complex number (nonreal), then there is 
exactly an a; between the roots ay,...,a; of P such that a; = @; (see 
lemma 1) and n; = n; (why?). Thus, the polynomial (a — a;)(x — a;) 
is a monic irreducible polynomial with real coefficients (why?). Let us 
denote it by P,. Hence, the contribution of a; and a; to P is exactly 
P;?, where ng is the common value of n; and n;. We continue this 
reasoning on the roots of P up to obtaining the formula (2.10). Since 
A = B= ary, the dominant coefficient of P, since any root a; of P is 
a root of a P; and of a Q, at the same time and since P; and Q, are 
monic irreducible polynomials, we see that P, = Q,. Indeed, if ap, is a 
real number, then P,(z) = x — a, = Q, (x). If a), is a complex nonreal 
number, since P; and Q; are monic irreducible polynomials with real 
coefficients, we see that both of them must be equal to (x— a) (x —@p) 
(why?). So, we have the required uniquenees. 


DEFINITION 2. (the greatest common divisor) Let P and Q be two 
nonzero polynomials. The monic polynomial D of maximum degree 


such that D is a divisor of P and of Q is said to be the greatest common 
divisor of P and Q. We denote D by (P,Q). 


For instance, if P = x*(2 + 1)?(@? + 44+ 1) and Q = 2°(x + 1)’, 
then D = (P,Q) = x?(x + 1). In general, if 


P= APM pre. pre, 


and 

Q = BQI"Qs”...Q7", 
are the decompositions of P and respectively of Q, of type (2.10), such 
that P, = Q1, Po = Qo, ..., P, = Q, and all the others are distinct one 
to each other, then (why?) 


p= peony pa wa) MpmnGay te), 


Moreover, the roots of D are exactly the common roots of P and Q 
with the least multiplicities (look at the above example!). If D is 1, 
we say that P and Q are coprime. For instance, P = 27? + 2 and 
Q =2°+1 are coprime, but P = +1 and Q = x? +1 are not coprime 
(why?). 


THEOREM 9. D is the greatest common divisor of P and Q (P and 
Q are not zero) if and only if there exists two polynomials Up and Vo 
such that 


(2.11) D = PUp + QVo 
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and D is monic with the least degree such that D can be written as 
in (2.11). In particular, if P and Q are coprime, then there are two 
polynomials Ug and Vo such that 


(2.12) 1 = PUp + QW 


PROOF. Let us define the following set of polynomials 
(2.13) 
S={H = PU+QV: U and V are arbitrary polynomials in R{z]}. 


It is easy to see that the sum between two polynomials of S is also a 
polynomial in S. 

If we multiply a polynomial of S by an arbitrary polynomial of R{’], 
we also get a polynomial of S (prove these two last statements). Let 
D be a (monic) nonzero polynomial of S of the least degree and let 
M be another polynomial of S. Let us apply the Euclid’s algorithm for 
dividing M by D.We get 


M=CD+R, 


where deg R < deg D. Since M,D € S, then R= M—CD ES. Thus, 
R=0 and so M=CD. Therefore D is a divisor of any polynomial of 
S. In particular, D divides P and Q (P,Q € S!) Since D € S, there 
are two polynomials Up and Vo such that D = PU) + QVo. 

— >) Let now G be the greatest common divisor of P and Q. Since 
G divides P and Q, G also divides D. But D also divides P and Q, 
thus the degree of D is at most equal to deg G. Since G divides D, we 
have that degG = deg D. Since D and G are both monic, we must 
have that D = G. Thus, for the greatest common divisor we have the 
relation (2.11). 

<=) Let Do be a monic nonzero polynomial of minimal degree such 
that 

Do = PU; HA QV, ES. 

Exactly like above we prove that Do is the greatest common divisor of 
P and Q. 

The last statement is obvious. 


Practically, we can find the greatest common divisor and its ex- 
pression (2.11) by transferring the problem from polynomials P and 
Q to another pair of polynomials Q and R, where deg R < deg Q (if 
deg P > degQ). Then to another pair R and R,, where deg Ri < 
deg R, etc. This idea directly comes from the Euclid’s division algo- 
rithm. Indeed, assume that deg P > deg Q (if deg Q > deg P, change P 
with Q, etc.) and divide P by Q. There are polynomials C and R such 
that P = CQ+R and deg R < deg Q. It is easy to see that the greatest 
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common divisor of P and Q is equal to the greatest common divisor of 
Q and R (prove slowly!). Now divide Q by R and get Q=CiR+ Ri, 
with deg @ > deg R > deg R,. The greatest common divisor of Q and 
R is equal to the greatest common divisor of R and R,, and so on... up 
toa R; = 0. Then R,_; is exactly the greatest common divisor of P 
and Q eventually multiplied by a constant (in our above definition the 
greatest common divisor is a monic polynomial!) (prove all of these!). 

Let for instance P(x) = x4 — x and Q(x) = x? — 1. It is not neces- 
sarily to use Euclid’s division algorithm, but to successively diminish 
the degrees of P or of Q. Let us write: 


ge =a2*(2*-1) +2? -2=2°(2?-1)+ 


+(x? —1) — (a -1) = (#7 +1)(x — 1) — (x - 1). 
Since (P,Q) = (x? — 1,x — 1) we go on with division: 
zg’? —1=(£+1)(2 —-1), 
the greatest common divisor of P and Q is x — 1 and 
g—1= (2* —2z)(—1) + (2? —1)(@? +1). 
Thus, the polynomials Up and Vo are 
Uo(x) = (—1), and Vo(xz) = 2? +1 
and they can be chosen such that deg Up < deg Q and deg Vo < P. 


A representation of D as in (2.11) with deg Up < deg Q and deg Yo < 
P is called a canonical representation. 


THEOREM 10. In a canonical representation for D = 1, Uo and Vo 
are uniquely determined. 


PROOF. Indeed, if 
1 = Ply + QU = PU + QV, 
then 
(2.14) P(Uo — Up) = Q(Vo — Vo) 
Since P and Q have no nontrivial factors (of degree greater than 1) in 
common, we see that Vj — Vo is divisible by P and Up — U4 is divisible 


by Q. Since deg(Up — Uj) < deg @ and deg(Vj — Vo) < deg P, we must 
conclude that Vj = Vo and Up = UG. 


Let P and Q be two polynomials such that P 4 0. The fraction 
g is called a rational fraction. A rational fraction s, where P is an 
irreducible polynomial and deg A < deg P is called a simple rational 
fraction. An arbitrary polynomial is also called a simple fraction (with 


denominator 1). If P is an irreducible polynomial, n is a nonzero 
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natural number and Q is an arbitrary polynomial, then the fraction 
£ is called a simple block (of fractions). Formulas (2.3) and (2.4) of 
corollary 2 says that any simple block a can be uniquely decomposed 
into simple fractions: 

Q Ao | Ai Arm—1 
(2.15) pe Dn = park P 
where Apo, Aj,..., Am—1, S are polynomials (some of them may be zero!) 
and deg A; < deg P for any j = 0,1,...m—1. 


oar 


THEOREM 11. (decomposition into partial fractions) Let Q and P 
be arbitrary polynomials with P 4 0 and let 


(2.16) PSAP Py ek 3 
be a decomposition of P into a product of irreducible factors and a 


constant A. Then the fraction g can be uniquely (up to the order of the 
terms!) written as a sum of blocks: 


1 
eS ee a ee. 
Po ANGRY ee Pe 
where Q1, Qo, ...,Qx are (uniquely determined) polynomials. Since each 
block S- can be uniquely represented as a sum of simple fractions: 


(2.17) 


Pt 
i i (#) 
Q, _ As? Ae Ariss 
2.18 = —— +...+44=4+ 5; 
Q 


we get the final decomposition of the fraction % as a sum of simple 
fractions: 


kT 4 (i (i 
OQ: 8.4 AM af AO, 
aga prt pat t+ po 


where A is a constant (the dominant coefficient of P), S is a polynomial 
—_— yo Si) and Ay ot = Led. and. 7 = 0,14... ne — Pb are 
polynomials with deg AY a deo: jor each a= 12 ek and = 
0,1,...,n;-—1. This decomposition is unique up to the order of terms in 


sum. Moreover, the degrees of the polynomials AY are 0 or 1 (because 
the degrees of P; are 1 or 2). 


PROOF. We have only to prove formula (2.17). Let us use mathe- 
matical induction on the number k of the irreducible factors P;", P;”, 
.., Pi*. If k = 1 we have nothing to prove. Assume that k > 1 and 
denote P;” P;’*...P/’* by L. Suppose that the statement of the theorem 
is true for any nonzero natural number less than k and we shall prove it 
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for k. Since Pj", Pj”, ... , Pi’* are monic irreducible and distinct one to 
each other, P;"* and L have no common roots. Indeed, if a is a root of 
P/" and of L, then there is a j # 1 such that a is a root of P; and of P;; 
if a is real, P, and P; are both equal to x — a, a contradiction! (why’). 
If a is not real, let @ be the conjugate of a. Then P; and P; are both 
equal to (a — a)(# — @), again a contradiction! (why?). Thus Pj" and 
L are coprime and we can apply theorem 9, formula (2.12). So there 
are two uniquely defined polynomials V and U with deg V < deg L and 
deg U < deg P;"' such that 


PPV +LU =1 
see theorem 10). Let us multiply both sides by 2 = —4—. We get: 
Po APTIL 
Q 1/QV QU 
2.1 == — | — : 
ey) P AIL tae 


Let us put Q, instead of QU and let us see that the number of irre- 
ducible factors of L is k — 1. Applying the induction hypothesis we 
obtain the representation (L is monic, so A = | in this case!): 


QV_@, ,o& 
Dp ae 

where Q2, Q3, ..., Qx are uniquely defined polynomials. If we come back 

to formula (2.19) with this expression of a we get exactly formula 
(2.17). The other statement is a direct computational consequence of 

this last formula. 


(2.20) 


EXAMPLE 6. Let us find the decomposition into simple fractions 


of the rational function et = t.. Since P(x) = 2?(2? + 1), we 


have two blocks of simple fractions, one corresponding to the irreducible 
polynomial P\(x) = x and the other corresponding to the irreducible 


polynomial P:(x) = x? + 1. Hence, 


etl A B Cxrt+D 


a, pee? eS ee 
Thus, 
g+1 — A(a?+1)+ Br(x? +1) 4+ (Cr+ D)x? 
a4 72 Dee 
or 


et1=(B+C)s*+ (A+ D)2*+ Brt+A. 
We identify the coefficients of both sides and obtain: 
=A, 
TB, 
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0=A+D, 

0=B+C, 
soA=1, B=1,C=-1 and D = -1. Therefore our decomposition 
18 


xt+l1 1 1 —x%-—1 
2.22 ————_ = — 4+ - : 
( ) v*+ x? i eT ee 


3. Primitives of rational functions 


We shall use now the basic properties of the integrals (primitives) 
and the above sketchy theory of rational functions in order to compute 
their primitives. 

Let us compute for instance a primitive for the rational function 
which appeared in example 6, namely { = 7 dx. We use the linearity 
of f in formula (2.22): 


xt+l1 
sd 
jae -f e+ f wde+ | = a 
1 22u 1 
— —2 aL —_—- — —_ d = 
fe a+ fx dx s/zae jan 


1 
= Ss + In|e| — 5 In(@? +1) ~ arcana, 


because 


25 d(x? + 1) du ; 
fane-/ ae =) 7 = In |u| = In(a* + 1). 


Since any simple fraction has one of the following forms: 


(3.1) , where A,a ER, 
r-a 
A * 
(3.2) ——, where A,an E Rn EN*,n > 2, 
(x — a)” 
Ar+B 
(3.3) ee where A,b,c € R,A = 8? — 4c <0, 
x? +bart+e 
Ar+B 
(3.4) ae =, where A,b,c€ R, A = 0? — 4c < 0,n> 2, 


(x? + ba + c) 
we must show how to find a primitive for each of these cases. 
Case 1 


(3.5) [ae-4fe 


dz = Aln|x — a. 
a 
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Case 2 
A 1 
3.6 ————dz = A | ———dzr= 
ey | wap® = Af aoa 
_ —nt+l 


Case 3 Since 
[= av == | 2r +b Pee 
etbrt+e” 862 t+brto. 
Ab 1 
sien a 
+( as ) lace 


2x +b 
i, de = In(x? + br +c), 


one can reduce everything to the computation of a primitive of the 
following type: 


A 1 
ee ny ee ee 
[= leap” 


and since 


where a = \/c— a Thus, 
A d(a +8 
on fate = af Heed 
aoe best @ eS) aa 
1 b 
= A-—arctan 2 
a 
Here we use the basic formula [ sede = + arctan 2 (see formula 


(1.9)). 

Case 4 Using a similar reasoning as in Case 3 one can reduce the 
computation of the primitive of the simple fraction of formula (3.4) to 
the following primitive: 


fame: / eee 


Denoting x + 8 by a new variable wu we must compute the primitive 
J way for n > 2. For convenience we use the same variable x. Let 


: denote J, = [ Grey for any n > 0 this time (a # 0). We know 
that 


1 x 
J, = — arctan —-. 
a a 


3. PRIMITIVES OF RATIONAL FUNCTIONS 23 


Let n > 1. We shall construct now a recurrence formula for J, : 
1 2 22. 2 1 1 
I, = [F ae ode = i; Se tees 
aj jay @) @ray 
1 x? 1 1 x 
CN i a 
a2 / (x2 + a2)” ee Tal i (x2 + a2)” ee) 
1 1 2 2\—n4+1 
= [ed Cae eae 
a 2a? —n+1 


Let us use now the formula of integrating by parts (see (1.20)) and 
compute 


2 2\—n+1 2 2\—n+1 1 1 
[x Cr GS aren Ca 9 [ae 
=f 1 Shor —n+1/ (#%+a?)"-! 


Thus, 


1 1 2 2\—n+1 1 
| eS nL an aera Me Dei. 

a? 2a? —n+1 —n+1 

or 
1 1 D 
3.8 In = |S - | 121 4+ SS .. 
oe) E 2a?(n — 5] ie 2a?(n — 1)(a? + a?)r-1 
For instance, let us compute J, = [ Gar 
1 x x 

3.9 i= — tan + ss 
ey) ae eae a 2a? (x? + a?) 


Here tan? x is another notation for arctan x. Formula (3.8) can be used 
to compute J,, "from up to down", i.e. the computation of J,, reduces 
to the computation of J,_,. The computation of J,_1 reduces to the 
computation of [,_2, etc., up to the computation of 1, = * arctan - 

In the following examples we use the ideas and experience just ex- 
posed in the above four cases. 


EXAMPLE 7. What is a primitive of ree where x runs over an 


interval I which does not contain « = —3. 


3 3 fd4r+5) 3 fdu 3 3 
je us Ba ieee 
les is if 4g +5 if A a el i 


EXAMPLE 8. Let us compute a primitive of f(x) where 


ee ee 
= ets)? 
5 


x belongs to an interval I which does not contain x = 


/ (Qe : a 5 fo + 5) Pd(2x + 5) = [rau = 


Nile 
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EXAMPLE 9. What is the set of all primitives of the function f(x) = 


32+2 
moi R? 


37 +2 pts 3 Qe + 4 
Jase fs he-3 fs 5 ics 
vtaetl r+ert+l 2) x2? +a+4+1 


Bp Ogee ae dk 3 2 1)’ 1 1 
[we 5 | et 5 fe ee- 
ry+ertl 2 g+et+il 2) x27+ar4+1 


sf es | 1 F il 
=. ——— - — v —-j= 
2 e+etl 2 (n+ 4)°+8 2 
3 1 1 3 
= Fine? +243) +5 f —A—pdu = Fin(a? +24 1)+ 
2 2) 5.18 2 
U + (#) 
2(r+3) © 


i OP IAG a er 
erase ma 2 n(v* +4 + Ve an A 


2) 


w 


3 1 2 1 
~In(x? + «+ 1) + arctan any 
2 V3 V3 


So the set of all primitives of f(x) = nS reee| is 


where C' is an arbitrary constant. 
EXAMPLE 10. Let us find a primitive for f(x) = erry Te € 


1 2 4 
oy oY cS / Bale 3dr 
( 2J («#2 +42 +6) 


a2 + 47 + 6)° 
1 _1 f (@? +4046)’ " 
OW: Sag 3) eae 
1 1 dv 
d(z +2) = u %du4 : 
lie sf aaa 


where u = 27 +427+4+6 andv=2+2. Let 


dv 
Ts = = Sas 
/ [v? + (v2)?] 
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and let us use successively the recurrence formula (8.8) (put v instead 
of x, 3 instead of n and \/2 instead of a): 


iy i. 1 on 7) 2 Sie ) 
S12 4(3—1)] 7° 4(3—1)(v? +2)2— 87" B(u2 + 2)?" 


But, from formula (3.9) we get 


1 Vv Vv 
I, = — arctan —= + —>—., 
Asaf V2 4(v? +2) 
thus 
I 3 ; Vv 3u Vv 
= —— arctan ? 
oa V2 32(v2 +2) 8(v2 +2)? 


Let us come back with this value of [3 in (3.10) and find: 


a 5 fw 8d he on = 


lu-? ‘i 3 pele 3u v 
~—— + —— arctan d 
2-2 32/2 J2  32(v2? +2)  8(v? +2)? 
Finally, we make u = 2? + 42 +6 andv=2+2: 
1 3 Y Hae 
T=-— ++ tan! 
4(22+4¢+6)? 32/2 V2 
3(@ + 2) 4 c+2 
32 [(a+2)?+2] 8 [(a +2)? +2)? 
EXAMPLE 11. Compute I = [ PIP for all values of a and 


b. 
Case 1. a=0=bD. Then 


3 
x 

l= ~4da = —. 
fe x 3 


Case 2. a=0,b#0. Then we must decompose into simple frac- 


tions the integrand function: aaayBy- 


fs Ae. SB 


uutb) uu ute?’ 


Let us denote x? by u: 


or 
1=A(u+b*) + Bu=(A+ B)u+ Ab’. 
So A=b-? and B = —b-?. Coming back to x, we get 
1 br b= 


a(a2 +b?) 2? ao? +B? 
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Thus, 
(3.11) i ee =p [tae —b? / a = 
: Pa? +B) PEP 
ae 2 
=) = b 7, arctan 5. 


Case 3. a#0,b=0. ThenI = f[ Para ee. Use now formula 
(3.11) with a instead of b and find 


1 go! 1 x 
; a Gy a a —, 
( — a a 


Case 4.a4#0,b40, a4). Let us take the fraction PAGE and 
decompose it into simple fractions. Since this last expression is in fact 
a rational function of x?, let us put u = x? (it it easier to work with 
factors of degree one at denominator-why?). So 


1 A B 


(x2 +02)(22+8) uta! uth 


Thus, 
1= A(u+b?) + B(ut+a’) = (A+ B)u+ Ab? + Ba’. 


Hence, A+ B =0 and At? + Ba? = 1, or A= gta and B= —y+5. 
Finally, 


1 
lamer" 


1 1 1 
~ §2 — a2 if arate free a 


1 x il x 
— arctan — — — arctan —. 


1 
— Pala a 0b b 
Case 5. a=b#0. Then I = I weer = I[9, with the notation of 


formula (3.9). We use this last formula and find 


joe 
= —~ arctan — + ————__.. 
2a a 2a?(x? + a?) 
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4. Primitives of irrational and trigonometric functions 


What is an irrational function? The big temptation were to say that 
such a function is a function "which is not rational"! But, it is not so! 
For instance f(x) = exp(x) is not a rational function (why?-prove it!) 
but it is also not an irrational one. We say that it is a transcendental 
function. "Easily" speaking, a function is irrational if it is "rational" 
and contains some radicals...The exact definition is the following. A 
function of two variables 


n m 


P(z,y) = > S- aig y? = Ago + a1ot + Gory +. + Onme”y™, 
i=0 j=0 


where a;; € R, is called a polynomial of two variables. A_ ratio- 
nal function of two variables R(x,y) is a quotient of two polynomi- 


als P(x,y), Q(x,y) of two variables: R(z,y) = ash 


function of one variable is a root y = f(x) of a nonzero polynomial 
P(x, y) = ao(x) + ay(x)y +... + dm(x)y™, where a;(x) are polynomials 
of one variable with coefficients in R, i.e. P(x, f(x)) = 0 for any real 
number x in the definition domain of f. For instance, y = V2?+1 
is algebraic because it is a root of the equation 1 + 7? — y? = 0. An 
integral of the form { R(x, y)dx, where R(x, y) is a rational function 
and y is an algebraic function is called an abelian integral ("abelian" 
comes from the name of the great mathematician Niels Abel who sys- 
tematically studied such integrals). If the algebraic function y = f(z) 
can be expressed by radicals we say that R(x, y) is an irrational func- 
tion. For instance, R(x, Vx? +1) = ae is an irrational function. 
Since primitives of some classes of irrational functions appears in many 
applications, we present here some modalities to compute them. 

A. Primitives of the form | R(x, Vax + b)dz,a £4 0 

We can reduce the computation of such a primitive to the compu- 
tation of a primitive of a rational function by the following change of 
variable: u2 = ax + b for ax +b > 0,a 4 0 (a,0 are fixed constants). 
Our primitive becomes 


F(u) = [Rr (<x) ad 


Then G(x) = F (Vax +b) is a primitive of R(x, Vax + 6) (see formula 
(1.18)). 


. An algebraic 
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EXAMPLE 12. Compute I = 
20d = 2dr =S-de= udu. 86 


i 
r= f poau= fe au= fidu- [ ——du= 
Le a 
=u—In|u+ 1] = v2e+3-In(V2e43+1). 


B. Primitives of the form [ R(x, Vax? + bx + c)dx,a 4 0,where 
ax* +bx+cis not a perfect square 
Assume that a > 0. Then 


A) yee. Write u2 = 2x 4+ 3, 


teonk 


Let us make the following convention: if c — oe > 0, we denote it by 6° 


ax? +ba-+c= (vav + 


(any positive real number is a square!!); if c — oP < 0, we denote it by 
—6§*. Since ax? + br + c is not a perfect square, c — a cannot be zero. 
Thus, if we denote ax + I = u, then du = ,/adzx and our integral 
becomes 


(4.1) [rR (" yO ue *) — zi 


Assume now that a < 0. Then 


2 — 
ax +ir+o=—( “ar - == ee 
4a 


Now, always c — a is positive because ax? + br +c > 0 ern we 


cannot define the square root of it!). So this time we put c — —_ = 6°. 


Making the change of variable u = —ax — at du = /—adz, we 
get 


Hence, we have to study the following three types of such integrals: 


Bi: f R(x, Vx? + 6°)dx 
Bo: f R(a, Vx? — 67)dz and 
Bs: f R(a, V0? — 2)dz. 


In order to eliminate the radical in B; and in Be one can use the 
(Euler) substitution 


(4.2) VePtP=a+t, 
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where ¢ is a new variable. Squaring in (4.2) we get 
= v 7 # 
C= Vert 5? = —— and dx = SEE 
Thus our em B, and Bo tee 


+67 —¢? +674 ¢7\ +6? — #? 
/ R ee | a dt 
Dt ot 212 
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which is a primitive of a rational function in the new variable t. Com- 
pute it by the methods described in the previous section and finally 


put t = 2? +6? — x (see formula (4.2)). 


EXAMPLE 13. Let us compute I = [ 3a? — 4a + 1da. First of all 


we must reduce the computation of I to one of the form B, or Bg. Since 


1 


9 \2 
a0” — 42-41 = (V8r- 32) . 
V3 3 


Thus for u= /3a — wet de aqadu and our primitive becomes 


Let us make now an Euler substitution 


1 z+? pi 
4.3 2 ie yeh: ye ae du = -— dt 
ee) a re ge a oe 


SO 


2 2 
ae are 


Coming back to the initial variable x we get (t = ,/u?— 7 — U, see 


formula (4.3)): 


To find the expression of the primitive I in x we must put in this last 
expression U = V3r — wee etc. (go on with computations up to the 


end). 
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In order to eliminate the radical in B3 we can make the substitution: 


(4.4) VP—22=ct +0. 


Squaring and dividing by x we get: 


2t6 2t76 — 26 
OSES re gear = amg 
—P6+6 
20-9 Wes ge ee 
(4.6) V0? — a aa 
So 
== Of. 21060 20 = 20 
25. 2 = +: 
oe) [Re ee [Rl 241’ 241 (2+ 


which is a primitive of a rational function in the variable t. After finding 
it we put instead of t its expression from (4.4), t = ie 
EXAMPLE 14. Let us use formula (4.7) to find the primitive of 


= 1 
lee etree 
For this we change the variable x with a new one t (like in (4.4)): 


(4.8) V2 — 2? = at +2. 
So, using (4.5) we get 

/ 1 a= | 1 4t? —4 fe 
a+ V4—2? pee ak eee ee 
1 


241 41 


i? — 
—2 | ———__—_ dt. 
/ (t? + 2¢ — 1)(t? + 1) 
Since ? + 2¢—1 = (t +14 V2)(t+1— V2), we have the following 
decomposition into simple fractions 
?—1 A B Cte D 


(P+2#-N@+) +14 V2 e41-V2" P41" 
An ugly computation leads to 
1 2 1 1 
(4.9) ye he ee 
4+ 2/2 44 2/2 2 
Thus 


?—1 1 
[=-2 dt = -—2A | ———<dt- 
/weesesp | Conner, 
1 d(t? +1) j 1 
—2B | ———=dt -—C | ——- - 2D dt = 
= / eed aed 
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(4.10) 
= —2Aln t+ ee v3| ~2BIn lt aioe v3 —CIn(t? +1) — 2D arctant, 


where A, B,C, D have the numerical values from formula (4.9). From 


(4.8) we get 
pes v4—a*—-2 


% 
With this last value of t we come in (4.10) and obtain 


. = 
i -2Atn |=? 14 v3] - 
x 
pa 
280} a 1 v4 - 
x 


Gita Oe a ae 
—Cln (| oan * | : — 2D Peres eas Mea 
x x 


REMARK 2. To compute the primitive B, we also can use trigono- 


metric substitutions. For instance, if in I = f R(x, Vx? +6°)dx we 
put x = dtant, we get 


6 } 1 
dx = ——dt, I = [ R@rant, ——) 
cos? t |cost|” cos? t 
This last primitive is a rational function of sinx and cosx. We shell 
see later how to integrate a rational function of sinx and cos x. 


EXAMPLE 15. Let us make x = atant (a > 0) and compute 


r= f vr Fradn =a f : aaa [ae fe ae 


cos? t cos‘ t dues wy)? : 


where u = sint. Since 


we find A= B=C=D=j. 


r=2|/ du +| du +| du +| “| - 
— 4 Ly 1-4)? 1—u (1+)? 1+ul 
1 


a? (2sint 1+sint 
f= — | — +lIn ——_]. 
cos? t 1—sint 
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But t = arctan =, thus I finally becomes: 


f= 


2 ; x ; x 
« (: sin [arctan | rae 1+ sin [arctan | 


cos? [arctan 4 1 —sin [arctan 4 


REMARK 3. To compute f R(x, V2? — 6°)dx we can use sinh x and 


cosh x. Recall that sinh x = expen exp(-#) and cosh x = eee lee It is 
easy to see that 
(4.11) cosh” x — sinh? x = 1. 


Hence, if we put x = dcosht we get dx = dsinhtdt and Vx? — 6° = 
6|sinht|. Thus our integral becomes a rational integral in sinhx and 
cosh x. 

To compute [ R(x, V 6° — x2)dx we can use the trigonometric sub- 


stitution x = dsint. Thus dx = dcostdt and \/6" — 2? = 6|sint|. So 
our integral reduces to an integral of a rational function in sinx and 
COS X. 


C. Primitives of the form [ x(ax" + b)?dx, where m,n, p are 
nonzero rational numbers and a,b ¥ 0 

Let m = cee n= and p= Es be three nonzero rational numbers 
(fractions are simplified) with m1, 1, p1, M2, M2, p2 natural numbers and 
M2,N2,P2 > 0. The expression x’(ax” + b)?dx is called a binomial 
differential form. If there is a differential function F(x) such that 
dF (x) = 2™(ax" + b)?dx we say that the binomial differential is exact 
and the function F(x) is a primitive of it. A substitution or a change of 
the variable x with a new variable t is an equation of the type g(x) =t, 
where g is a diffeomorphism on a fixed interval J (g is of class C! and 
has an inverse x = g '(t) also of class C'). A substitution can be 
interpreted as a plane curve h(z,t) = g(x) — t = 0. The substitution 
is called "rational" if one can find a rational parameterization of the 
curve h(z,t) = 0, i.e. if one can find two rational functions R,(w), 
Ro(u), where u € L, a real interval, such that h(Ri(u), Ro(u)) = 0 


for any u © L. For instance, (3x7 + 5)3 = t is a rational substitution 
because for x = Ri(u) = wes and t = Ro(u) = u°, rational functions 
of u, one has: (3R,(u) + 5)3 = Ro(u). At the end of 19-th century, the 


great Russian mathematician P. L. Cebyshev proved a basic results on 
such binomial differential forms (on the existence of their primitives). 
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THEOREM 12. (Cebyshev) One can find an integral of a rational 
function starting from [ a™(ax” + b)?dx, by making "rational" substi- 
tutions, if and only if m,n and p are in one of the following three 
situations: 

Case 1. p is an integer (pz = 1). 

Case 2. p is not an integer but meth is an integer. 

Case 3. p is not an integer, aot is not an integer, bu 
an integer. 


a 


PROOF. We prove only the fact that if we are in one of the three 
cases above, then the integral can be "rationalized", i.e. there is a 
sequence of "rational substitutions" of variables such that our binomial 
differential form x™(ax”+b)?dzx becomes a rational differential form, i.e. 
a differential form of the type Q(u)du, where Q is a rational function in 
a new variable u. The reverse part of the theorem cannot be proved by 
elementary tools. It involves deep knowledge of Algebraic Geometry. 

First of all let us make the natural substitution: 7” = t (ifn F 1; if 
n = 1 we pass directly to the second step of the following reasoning). 
Thus x =t» and dr = Len —ldt., Hence, our binomial integral becomes 


(4.12) Z / £4(at + b)Pdt, 
nr 


the canonical form of the binomial integral. Here we denoted meth —1 


by q. In general, since q = ad — 1 and p= are rational numbers we 


have in the expression t"» ~!(at + b)? two radicals. If we had only 
one radical, it could be easy to change the variable t with another one 
u such ae the new differential form becomes rational. For instance, 
in f ¢-*(3t + 4) -3dt we have only one radical, so we "kill" it by the 
obvious substitution 3t + 4 = u?, or t = & 
last integral becomes 


3 | (u? — an u tu*du = a1 f —* du, 
(we —4) 


which is a primitive of a rational function. We decompose 


= u7du. Thus our 


3 


Ga “pF into 
simple fractions, etc. 

Let us come back to our general case of the primitive (from formula 
(4.12)). 

Case 1. p is an integer. 

If q is also an integer, we have nothing to do, the integrand t?(at+b)? 
being rational. 
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tgs il — 1 is not an integer, i.e. if ws is not an integer, g = 
oe simplified and q1, dz integers with qq 4 1, then the obvious substitu- 


tion t= u” makes the binomial differential form ¢4(at + b)?dt rational. 
Indeed, 


t1(at + b)Pdt = u® (au® + b)? qu® du 
is rational because q1, gz and p are integers. 
Case 2. p is not an integer, but ait is an integer. Let p = = 
simplified and p,,p2 integers, with po # 1. Then the substitution 
at + b = uP? give rise to a rational differential form. Indeed, this time 


. . PQ Pp = 
q = ™*1 — 1 is an integer, t = “=8 and dt = 2u”’—'du, so 
n ’ a a ’ 


UPA Gh 


a 


t4(at + b)Pdt = ( 


qd p2 a 
uP? —u~~*du 
a 


is rational because pj, po and q are integers. 
Case 3. p= is not an integer and meth is not an integer too. 


In this case we make the following "trick" in the canonical differ- 
ential form: 


t+b\? 
(4.13) é4(at + b)Pdé = tt” (“**) dt. 
We apply now the same idea like above. 
If g+p= mth —1+p is an integer, ie. if mth + p is an integer, 


ae b — yP2 , where po is the denominator 


of p, leads to a rational differential form. Indeed, this time 
b 
t= 
uP? — a 
dt = —bpyu’?—! (uP? — a)~? du, 


then the obvious substitution 


=b (uP oS ae ) 


so 
t+b\? . = 
tit (“**) dt = b7+? (uP? — a) (9+P) 9)Pr (—bpe) uP?! (u?? — a) 2 A. 


Since ¢ + p, p; and po are integers, then this last differential form 
is rational and the implication "<=" of the theorem is completely 
proved. 


REMARK 4. The case 8 which naturally appeared during the proof 
of the above theorem 12 can also be manipulated in the following way. 
Instead of the "trick" used in formula (4.13) we can use the following 
one: 


t qd 
4.14 q oo P+adt. 
(4.14) t"(at + b)Pat (=) (at + b)?*4at 
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Since q+ p is an integer, and since q = a is simplified with qo # 1 
we make the natural substitution cub = u? in order to "kill" the only 
radical which appears in (4.14) (because q is not an integer!!). Now, 
t = b(u-® —a) and dt = bqqu~®7! (u-® — a) 7 du. Thus formula 


(4.14) becomes 


q 
(= 7 (at-+b)?t4dt = u™ (1 — au®)~@) bqgu-@7! (u-? —a) ~? du, 


which is a rational differential form because q+p, q, and qz are integers. 


We give now some examples in which we practically use the theory 
exposed above. 


EXAMPLE 16. Reduce to an integral of a rational function and then 


compute the following integral: | ~/x (2+ 3,/t) dx. Herem = 3,n= 


; and p = —2. Thus we are in Case 1 of the Cebyshev theorem. Let us 


make the canonical substitution 


t=22 orvz= t?, dx = 2tdt. 


[20+ 3va) ar =2 fesse at 


Now we "kill" the radical t3 by making the new substitution t = u?’. 
Thus 


2 fi (2+ 3t) 7 dt = 6 f w(2 + 3u8)*wdu pueae 
-; f° [(2 + 3u3)-?]' du = 
3 
1 
-3 {we + 3) 7 5 f ut( +3u8)%au} = 


? 5 arts 
me {He + Bu + 3 fu [(2 a 3u)1]' dul by part 


me: 3-2, 2 | 2 yao f i 
(4.15) 5 {ue +309) +5 [we +309 2 Te Le : 


This last integral 


1 1 
i = du = [x= du = / ss du, 
2+ 3u3 a roe 3/ a@&+u3 
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3? 
by the usual methods of decomposing of the integrand =“ into simple 
fractions: 


where a = 9/3 is an integral of a rational function. We can integrate it 


U ee ee 1 Uta 
a@+u  3auta 3au2—ua+a?’ 
Hence, 
1 U 1 1 1 2u—a+3a 
= | —— du = -— d du = 
;/ =" 9a J uta u+ ef po 


1 


1 1 2 2 1 
(4.16) —9, mlu tal + ze nla —uat+a +3 {a= 


Let us evaluate this last integral: 
(4.17) 


/ 1 F / d(u — £) 2 ; 2u—a 

———$§$du = | —— ,, = — arctan ——. 

u? — ua + a? a)? a/3\* a3 a3 
(u—§) 2 

Coming back with this result to formula (4.16) we get: 


1 u 1 1 ‘ ; 
5 | eet = — zine tal + Sin —uata |+ 


elas arctan ——— nv 
3aV/3 aV/3- 
Now we go back to formula (4.15) and find: 


1 
2 fi (2+ 3t) 7 dt = —3we + 3u3) 7+ 


5 2 1 1 
talw'2 + 3u)"} - a SG. In|u+al4 ee In |u? — ua + a?| + 
1 2 = 0 
: “ I}. 


—— tan 
3aV/3 a3 


Now, instead of u let us put ts and obtain: 


7 i 5 
2 fe (2+ 34) Pde = -S{48(2-+ 31)? + 2182 + 34) 1 
: i ots — a 
ah seis +a] + mle t? — 13a Re@eaks tan? 
3. 9a 3av/3 a3 It 


Bopt = ©, so our initial integral is: 


[Ye +3va)? de = Fah (24 308)? + Ae (24.362) 15 
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z ~In|2# +a +——1 
a7 0G ie 


where a = 9/2. 


REMARK 5. The last example 16 is a very particular example of a 
more general situation. Let 11, £2, ...,%m be n independent variables. A 
monomial in these variables x1, X2,...,%n 1s an expression of the form 


1 
Ap 2Gs a 
tan 


1 
3aV/3 a3 I} 


pa i 2 
r3—xeat+a}+ 


kn 


ky ko 
ky ,k2,..4kn U1 V2 +n; 


WhETE Ak, ko,...,km 1S @ Teal number and ky, ke, ..., kn are nonnegative inte- 
gers (they may be also zero). A finite sum of such expressions is called 
a polynomial P = P(x1,%2,...,2n) in the n variables 11, %2,...,2n. A 
rational function 

R= R(x, £2, eign) 


in n variables is a quotient R = 5 of two polynomials in n variables. 
A rational expression of simple radicals is obtained from a rational 
function 

R(#1,%2,...,Ln) inn variables by substituting the variable x; with a 


Pi 
radical expression of the form ( att) % , where x is our "old variable 


of integration", a,b, c,d are real numbers with det ( ° ) # 0 and 


Dis G, are nonzero natural numbers. Here i goes from 1 up ton. Such a 
rational expression of simple radicals usually appears like: 


ax +b a ax +6 @ ax +b oe 
4.18 R as : 
Oe) (<3) (=) i 


To integrate such a function of x we make the natural substitution 
az+b _ 
co+d 


where q is the least common multiple (lem) of all the denominators 
G1; 2;+5dn Of the powers o aver It is clear that the new obtained 
differential form int is a rational one. Indeed, starting from 


[rR az +b rm ax +b @ ax +b\ m F 
co +d "\er+d PS Cpt + 


after substitution, we get: 


(4.19) tf, 


a(ad — bo) f ROE, 1,48) ys 
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because, from (4.19) « = “<* and dx = q (ad — be) 


a—tic 


ary dt. Here 


= = are natural numbers (why?). Thus, the obtained saa is an 
integral of a rational function in the variable t. 

For instance, in our example 16 the common expression orth un- 
der radicals is simply x. Now, the rational function is R(a,22) = 
t1(2+ 322)”, ae 3) a 5 and q = Iem(3,2) = 6. So the nat- 
ural substitution is x = t® and we get: 


[ee +3va) de =6 fe (24-38) fai, 


— 


etc. 


EXAMPLE 17. Let us compute the integral I = fa? V1+x2dz. 
Since m = 3,70. =2.and p= = p is not an integer and mth = 
is an integer, we are in Case 2. We can see that it is possible to put 
directly 


(4.20) 1+2? =u ,u=V1+2? 


(without making first of all x? = t, why?). Thus, 


3 2 
Qadx = 3u7du => dx = Be 


2% 
Let us come back to our differential form x?W1+22dx and perform 
these new substitutions: 
3.3 3, 3u 323 3/3 3 
el sede us du = ae di = 5 lu — 1)u’du. 
% 


So 
a 3 (ur ut 3 ye go 
Pant —]1 = a) ae Say — —(] 3 _(] on 
[5 Ju’du 5 (5 1 ut") 3 (1 +2") 


EXAMPLE 18. Let us compute now I = [ Vit" de. This is a bino- 
mial integral with m = —4, n = 2 and p = 5 Since p is not an integer, 
ual = -3 is also not an integer, but Boe +p =-—1 is an integer (Case 
Lig? 


3), we can directly make the jubstieation =u? (because f= =z" in 


formula (4.13)). So 


1 
l+2? =vu'2", 2? = wat Qedx = 2x7udu + 2u?rdx, 
U eae 
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Thus, our differential form becomes (we consider only the case x > 0 
and u € (1, 00)): 
V1+ 2? ao: “eu u? 


gp ee at 
a lw x?(1 — u?) “ 


Finally we get: 


3 
V14+2? P ie 1 /1+a?\? 
de SS fade SSS 
Hee 3 3 Ho 

The best idea is to make "formal" computations (not taking count of 
the definition domains of different expressions which appear during sub- 
stitutions!) and, in the end, to verify by a direct differentiation the 
obtained result. In our example, 


3 (44)'] - 


= wi ee: 


Hence, in spite of the required limitations which appeared during a par- 


ticular computation, a primitive of the differential form ae dx, on 


c 4 . 2 2 2 
each interval which does not contain 0, is —4 (He ) : 


3 


REMARK 6. In general, a primitive of the form 


[Re Vf Ant” + Gn—1x"-1 +... + ag)daz, 


where dy, # 0 and n > 2 is not an elementary function. By an ele- 
mentary function we understand a function which is a composition of 
rational functions, trigonometric functions, exponential functions and 
logarithm functions. If n = 3 our primitive is called an elliptic inte- 
gral. In general, if the integrand function is a rational expression which 
contains radicals of polynomials, then it is called an abelian integral (in 
memory of the great Norway mathematician, Niels Abel). For instance, 


2 3,7, 1 3\2 Bi ek 
fe (2+ 5a°)® dx = = (2+ 5a°)* d(2 + 52°) = 


lust! 1 
iS “T5s41 24 


is an elementary function. But, [ V¥1+a‘dx is not an elementary 
function. Indeed, let us make x* = t. So, x = t4, Cf = 1 idt and the 


(2 = ba) 8 : 


3 
Usd 
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integral becomes: 


1 1 

pfotatyta. 
The last integral is a binomial integral with m = —3, n=1andp= x 
Since p is not an integer, Bed = ; 1s also not an integer and aad +p 


= 3 is not an integer, we are in no one of the three cases of the Cebysev 
theorem. So we cannot reduce this primitive to a rational primitive by 
rational substitutions. O. K., but the question is still alive! Is there 
an elementary differentiable function F(x) such that F'(a) = /1+ 24? 


The answer is no, but we need a lot of higher Mathematics to prove it! 


D. Primitives of the form [{ R(cosx,sinx)dx, where R(x1, x2) 
is a rational function 

The general method consists in the following change of variable. 
Assume that x belongs to an interval J on which the function 7 — tan 5 
is invertible and its inverse is of class C'. Since 


1-tan?z | 2tan § 
cos x = ——_—,~, sing = -—__—__, 
1+ tan* 5 1+ tan* 5 
. . a Lr a ne 2 
it is naturally to put ¢t = tan}, x = 2arctant, dx = ;72dt, so 


Dae 2 Dt 2 
[ Rlooss.sinzyte= fr (5 2’ 14 3) 14 att, 


which is an integral of a rational function, etc. 


EXAMPLE 19. Let us use this substitution to compute 


1 
ee was ceaecrersi 
1+sinzx + cosxz 


1 2 


1 
I = i, dt = | ——dt= 
14+ 276+551+? t+1 


In|t+1| =In 


ag 
ait 1. 
ane 


REMARK 7. Sometimes this substitution is not indicated because it 
leads to a very complicated computation. 

If R(cos x, sin x) can be written as S(cos x) sinx or as T(sin x) cos x, 
where S(y) and T(y) are rational functions, then our integral becomes 
either 


(4.21) J Rloose, sin x)dx = J S(cos2) sin cdx = 


= ~ | 8{cos:)d(cos.2) = = | (udu, 
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where u = cos x, or 


(4.22) J Rlcose,sina)de = [rosine) cos xdxz = 


= [ oeins)atsins) = [Peode, 
where v = sin x. 


EXAMPLE 20. If we want to compute I = f sin*xcos* xdzx by the 


general substitution t = tan 5, we get a very complicated integral of a 


rational function in t (why is it so complicated?) 


r= f at \*/1-#\° 2 si 
- 1+¢#2 1+) 140° 


But, if we use the substitution described in (4.22), we get: 


z— [ six! xc0s? rcosinde = [sm a(1— sin? x)d(sinx) = 


5 We : 5 + 7 

4 2 U U sin v sIn Z 

a Rapa ao = 
cx OOO Ta 5 7 


REMARK 8. Suppose now that cosx and sin x appear to even powers 
an 
R(cosxz,sinx). Then always one can write R(cosx,sinxz)dx as 
1 


cos? @ 


S(tan x) de = 5 (tan z)d(tanz) =.S(u)du, 

where u = tanz and S is a rational function of u (why all of these?). 

The substitution u = tanx can also be done even in other cases. For 

instance, | a da can be "rationalized" by puting tanxz = u. 
EXAMPLE 21. Let us compute I = [ oe dar by this last method 

(the general substitution t = tan 5 is not good at all!-why?). Since 


1+tan?c = —,-, and since u = tanx implies that « = tan”! u and 


c= edu, we get 
cos? x 1 1 
—-dx = | ——_ dz = _ | ——— du. 
‘pee /=ar: exes 


We must decompose into simple fractions the rational expression 
1 
(1 + 2u?) (1+ u?) 
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Do not you hurry to search for a decomposition of a general type: 
1 Au+B Cu+D 
Ge) Lae rae 
because we can think of this rational expression as a rational function 
of t = u?, so we simply search for a decomposition of the following type: 
1 A B 
Goa) oe Tae 
So A=2 and B= —1. Hence, 


cos? & 1 1 
——~_—dzx = 2 | ———~du-— | —~du= 
/ [= a /um ‘ im - 


d (v2u) — —arctanu = 


2 i. = ez 
1+ (/2u)” 
= V2 arctan (v2u) — arctanu = V2 arctan (v2tan x) — 2%. 


Sometimes it is useful to extend the computations with primitives 
to functions of real variables but with values in the complex number 
field C. Let f(x) = fi(x) + ifo(x), where i = /—1 and f,, fo: 1 R, 
are two continuous functions of real variable x. They are usually called 
the (real) components of f. So f : J — C is continuous (see Analysis I, 
[Po], sequences of complex numbers, etc.). Moreover, f is differentiable 
on J if and only if f; and f are differentiable on J and then f’ = f{+7f5 
(see for instance Analysis I, [Po]). Thus 


ic jae = f fila yae+i f fale)ae 


(why?). Let us compute for instance 


[ extinar = [roossan +i f sin de = sinx —icosz = 


1 1 
= —(cosxz+isinz) = —exp(iz). 
i i 


We see from here that the usual rules for computing primitives of the 
real valued functions extends naturally to complex valued functions of 
real variables. This is true because such extension works in the case of 
the differential calculus (see Analysis I, [Po]). So we can directly write 


1 1 1 
[ exlinde = aN ~_[ exp(in)aia = [ox udu = 7 exp U = 


= —exp(ixz) = —iexp(iz). 
i 
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(i is a constant complex number). These simple ideas are very helpful 
in computing usual primitives of real valued functions. 


EXAMPLE 22. Let a,b be two real numbers and let 

I(a,b) = f exp(ax) sin(bx)dx be a primitive of exp(ax) sin(bx). As- 
sume that a,b £0 (otherwise the integral is trivial!). We can compute 
I(a,b) by integrating by parts two times: 


eH u ace (ae) [4 cos(te)} a = 


ee -; exp(ax) cos(ba) + yf exr(aa) cos(br)dx = 
1 
=F exp(azx) cos(bx) + pf exp(az) [sin(ba)]' dx = 


arts 1 
Py Bare aaa exp(azx) cos(bx) + 3 {exp(ax) sin(br) — aI (a,b)} = 


= # exp(aa) aaa = cost) 7 “Ha b) 
"2 2 b b 
(1 ++ =) I(a,b) = —exp(az) nl a cost 2) ; 
- ab sin(br) — cos(bz) 
1(a,0) = oP explar) [SAO _ sos) _ 
ree) exp(ax) [a sin(bx) — bcos(ba)] . 


Another smarter way to compute this integral is based on the above 
ideas. Let J(a,b) = [ exp(ax) cos(bx)dx and let the complex number 


J(a,b) + il(a,b) = [exten exp(ibx)dx = 


[ox [(a + bi)a| dx = : - exp [(a + bi)a] = 


a+ bi 
a — bi exp(az) = 
ea exp(ax) exp(ibx) = eee (a — ib) [cos(ba) + isin(bx)] = 
opie) [a cos(ba) + bsin(bx)] + eee [a sin(bx) — bcos(bx)]. 
Thus 


_ exp(az) 


J(a,b) = ae [a cos(bx) + bsin(ba)] 
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and 


i(a.b)= oe [a sin(bx) — bcos(bx)]. 


REMARK 9. A way to compute primitives of the form 
J Rlcosme. sin nx)dzx, 


where m,n are natural nonzero numbers is to use Euler’s formulas: 


(4.23) cosmn — explima) + exp(—ima) 
| 


exp(inz) — exp(—inz) 

2i 
and to reduce the computation to a primitive of a complex valued func- 
tion (of a real variable). 


(4.24) sinna = 


EXAMPLE 23. Let us compute a primitive for the trigonometric 
differential form sin 3x cos* xdz. 


Since sin3x2 = exp (Bir) “exp( Sia 


) and since 


cos? 7 = —- au = ; ae exp( ue) + exk ix) a 


1 
ig [2 + exp(2ix) + exp(—2izx)] , 
1 
cos’ x = i6 [6 + exp(4ix) + exp(—4ix) + 4exp(2ix) + 4exp(—2iz)], 


one has 
fs 32 cos* adr = = i [exp(32x) — exp(—3ix)] x 
x [6 + exp(4iz) + exp(—4iz) + 4exp(2ix) + 4exp(—2ix)] dz = 
= si [6 exp(3ix) + exp(7ix) + exp(—ix) +4 exp(5ix) + +4 exp(ir)— 
—6 exp(—3ix) — exp(ix) — exp(—Tix) — 4 exp(—ix) — 4 exp(—5ix)|dx = 


= 46 [6 sin(3a) + sin(7x) + 3sina + 4sin 5a]dx = 


1 1 3 1 
—— cos 3x — —cos 7x — — cosxz — —cosb5dz. 
8 112 16 20 
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EXERCISE 2. Let J, = f sin” xdx, where n > 2, and n = 2k is even 
(k > 1). Ifn is odd it is easier to write 


sin” edz = —sin" | x d(cosx) = —(1— u2)"> du, 


etc. Let us compute I, by firstly finding a recurrence formula: 


bee [su fae ; (sin”*~? x) (1 — cos” x)dx = 


. = . by parts 
Ton_2 — [su *xcosxd(sinx) ” = 
= Io, 9 — [sin?*— x COS Z— 


— i; sin x {(2k — 2)sin”*~* x cos* x — sin**~' x} dz] = 


Top» — sin?*~1 & cos x + (2k — 2) [sm z(1— sin? x)dx — In, = 


= (2k — 1) Topo — (2k — 1) Io, — sin?” vcosz, 
or 
2k—1 1 
4.25 Toy = ——Ix-2 — — sin” 
( ) 2k Ok 2k—2 ok sin 


because it is easy to see that this last formula works even for k = 1. 


—gcosz, k > 1, 


EXAMPLE 24. For instance, since 


1 
i= [sw be = 5 ic — cos 2x)dxr = 


1 sin 2% 1 : 
~(x- = 5 (e —sinzcosz), 


2 2 
one has from (4.25) that 


3} 1 1 
(4.26) [so He Me 7 E (a — sin x cos 0) Fy sin® x cos 2. 

Another way to compute such an integral is to express sin" x as a 
polynomial of different powers of exp(ix) or exp(—ix) : 


eave eats is =) ae 


2a 


= Si lexp(ine) — (") exp i(n — 2)a-+ 


+(3] expi(n —4)ar —..|]. 
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/ iPad 
= sal / Sane & i spina met 
i & fovin — Aad — ..]. 


1 
* zdz = — / exp(4ix)dx — if [ov (2iz) Jac ae 


So 


For instance, 


16 


+a (/ dx — 4 [ex -2ia)de + f exp(—4izr) pal 
1 


2 ERE 4g, gn) FE 


16 a 


16 | 2 
An elementary trigonometric computation tells us that this expression 
is exactly that one from (4.26). Moreover, it is more beautiful, because 
it has no powers of trigonometric functions! These last ones are "not 
desirable" during the integration computation. 


1 {1 
— E ow ; 


REMARK 10. Jt ts very useful to know that the following primitives 
are not elementary functions: [ “®2da; [ ™£da; [ da; f "da; 


feptda; f sinx*da; [ cosa*de; f exp(—a)de; f peda; | T= 


1 — k2 sin? pdy; it oe oe where k,h € (-1, 1) \ 
{0} (elliptic integrals). Proofs for such statements belong to very high 
Mathematics. It implies deep knowledge of Algebraic Geometry and Al- 
gebraic Functions Theory. We note that not all the above statements 
are "independent" one to each other". For instance, if [ api dx is not 
an elementary function, then [ dx is also not an elementary func- 
tion. Indeed, let F(x) = dz, a primitive of the differential form 
mode. Let us make the substitution x = exp(t) in this last differential 
form: 


1 t 
dx = at. 
Ing t 
So a primitive of “dt is F(exp(t)) on any interval I which does 


not contain 0 (prove it!). But, if F were elementary, then F(exp(t) 
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would also be elementary (as a composition between two elementary 
functions), a contradiction (explain everything slowly!). Try to find 
other pairs of "dependent" primitives in the above row of primitives! 


Remark 10 is very useful in practice. For instance, if in the state- 
ment of an exercise there is a mistake: instead of [ ——dz, x > 0, one 
omitted "an x” and it appears [ mde, you may spend a lot of time "to 
compute" this last primitive!! All this effort is for nothing! Because 
"to compute" usually means to work only with elementary functions! 
Indeed, the primitive [ dx is not an elementary function (see remark 
10), while 


1 1 1 
[= = gta = / —du = In |u| = In|Inz]|, 
clne Ing u 


is an elementary one! 
EXAMPLE 25. We know that a canonical parametrization of the 
, 2 2 é 7 
ellipse 3 + & =1, a,b >0, anda < , is the following 
x=x2(t)=acost, y= y(t) = bsint, t € [0, 27). 


To compute the length of an arc of this ellipse, one reaches the following 
primitive (see Chapter 2, Section 8): 


/ V a? sin” t + b2 cos? tdt = i) ye sin? ¢ + b?(1 — sin? t)dt = 
= | /e- ae) itd =b | VI sin? tdt, 


where k = on This last primitive is not an elementary function 
(see remark 10). It is called an "elliptic integral" because of this above 


problem which generated such a primitive. 


5. Problems and exercises 


1. Prove the following formulas and indicate the maximum defi- 
nition domains of their existence (recall that by [ f(x)dx we mean a 
primitive of the differential form f(x)dz): 

a) | ag dt a In al za z 0. 

b) f ayyrda = 4 arctan 2, a £ 0. 


c) S ya de = Ine + V2? +), ax: 

d) { jeder = arcsin £, a £ 0. 

e) [ Va — adr = £Va? — a? + © arcsin®, a £0. 

f) f a? + ade = £J/e?ta2+ ln (e+ Ve? £07), af0. 
g) f =sx-de = —cota; f —s.dx = tans. 
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h) f tanzdx = —In|cos 2]. 

i) [ cot adx = In|sin a}. 

j) J singe = In [tan § ; 

1) (a = snbz (— tanhz). 


cosh? « cosh « 
m) f —e-dx = —92 (= —cothz). 
Late oO 
n) f |z|dx = sign(x = , where sign(x) = 0, ifz =0 
—1, ifx<0 


2. Use basic formulas, basic properties and basic methods to com- 
pute (where your result works on?): 


) f PHN dp -b ) f Poetteetl de ¢) €) | 43 Wri 235.3 
Z 2x x . 

d)f ade; e){ Trae f) f dz; g) f cota 

bn) Facer ts IY ray IS creme 1) peas 

dz, where AB # 0; 


~ 


‘ 1 
DS Faceeway tS aera aca 


0) S ayerpar de, a #0; 0) f ade: pS apyapedei OS Saeed 
1)B = f x’ exp(x) sinxdx; Hint: consider A = f[ 2? exp(x) cos rdx 
and a by parts A+7B. 

s) [ exp(ax) sin(br)dax; 

3. Prove that f{ P(x) exp(ax)dx = exp(ax) [* —- P+ aS —...], 
where a # 0 and P is a polynomial. Use this formula to compute 
J «® exp(5a)dx. Find similar formulas for computing [{ P(x) sin(ax)dx 
and { P(«)sin(ax)dx. Use them to find f (® + 2° + 1) sin 7xdz. 

4. Justify the formula: 


/ u(x) [v(2) | de = (2) [u(y] — w'(e) [u(y]? + + 


+(-1 f [aay (a)de. 
Use it to compute f (2° +2 as ie exp(2x)dz. 
5. Are the primitives [4 a 


functions? If yes, compute fre. 
6. Use the recurrence formula for J, = if ie to compute 


x ne @) 


dx elementary 


i dx 
(a24+2a0-+5)°" 


CHAPTER 2 


Definite integrals 


1. The mass of a linear bar 


By a linear bar we mean a closed interval [a,b] and a nonnegative 
continuous function f : [a,b] — R,. We call this last function f the 
density function of the bar. Let us divide the interval [a, b] into n subin- 
tervals [x;_1, 7;], where a = x < 41 <2 <...<%, =b,1=1,2,...,n 
This last sequence {x;}; of real numbers is called a division A of the 
interval [a,b]. The greatest length of all of the segments {[x;-1, x:]}, 
i = 1,2,...,n is said to be the norm ||A|| of the division A. Let us 
denote by 
(1.1) wyltiar,c]= sup {|f(2’) — f(a")|}, 


av! a" €[aj—1,2%] 


the variation of f over the interval [x;_1, xj], i.e. the length of the inter- 
val f([xi-1, xi]) if f is continuous. Recall that a function f : [a,b] > R 
is uniformly continuous if for any small real number ¢ > 0 there is a real 
number 6- > 0 such that whenever 2’, x” are in [a, b] and |2’ — x”| < 6., 
one has that | f(a’) — f(x”’)| < e. It is clear enough that a uniformly 
continuous function is also a continuous one (why?). Since our con- 
tinuous function f is also uniformly continuous on |a, b] (see [Po], Th. 
59), for any small number ¢ > 0, one can find a 6, > 0, such that for 
any division 


Me a5 <i Se ce ES 
with ||A|| < 6., the variation w f[x;_-1, vj] is less then ¢. This means that 
one can well approximate the density function f on the subinterval 
[v;-1, 2;] with any fixed value f(€;) of f at a fixed point & E [es 1, Xi). 
The set of the fixed points {€;}, € © [zj-1,;], i = 1,2,...,n is called 
a set of marking points for the division A. Thus, ine mass of the bar 
can be well approximated by the sum: 


(1.2) S(f; As {&:}) =Yo16) (a; — 2-1). 


Such a sum S(f; A; {&;}) is called the Riemann sum associated to 
the function f : [a,b] — R, the division A and to the set of marking 


49 
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points {€,}. We also can interpret the Riemann sum S(f; A; {€;} as the 
sum of the hatched areas of rectangles in Fig.1. 


y= f(x) 


U 


FIGURE 1. 


Thus, these sums can well approximate the area of the trapezoid 
aABb (see Fig.1) If the set of all these Riemann sums (when A and {€;} 
vary such that ||A|| — 0) have one and only one limit point /(f), we say 
that this number I(f) is exactly the mass of the bar (think of this intu- 
itively!). Here it was an example which justify the following definition. 
We recall that a limit point for a nonempty subset A of R is a point 
a of R such that for any small real number ¢ > 0 the ¢-neighborhood 
(a — €,a+€) contains an infinite number of elements which are in A. 
For instance, {0} is a limit point of the set A = {1,1/2,1/3,...1/n,...}. 


DEFINITION 3. We say that a function f : [a,b] > R is (Riemann) 
integrable on [a,b] if there exist a real number I(f), called the definite 
integral of f from a to b and denoted by {2 f@dz, such that for any 
€ > 0 there is ad- > 0 with the following property: if A is a division 
of [a,b] with ||A|| < d., then |S(f; A; {&;}) — I(f)| < ¢ for any set of 
marking points {€;} of the division A. 

The above defined number /(f) = {i f(x)dx can be well approxi- 
mated with Riemann sums of type (1.2). It is easy to see that such a 
number J(f) is unique (do it!). The above definition says that if we 
look at a Riemann sum as a function of the division A and of {€;}, a 
set of marking points of A, this last defined function "has a limit" as 
||A|| — 0 if and only if f is Riemann integrable on [a, }]. 
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EXAMPLE 26. Let k be a constant number and let f : [a,b] + R 
be the constant function: f(x) =k for any x € |{a,b]. For a division 
A:a=% <4 <<... <2, = 0b and for a set of marking points 
{€,} of it, the corresponding Riemann sum is 


S(f; As {&:}) = Yo16) (aa) =F LG #4, — 1-1) = k(b—a), 


thus all the eee sums are equal to fe constant number k(b — a), 
i.e. f is integrable on [a,b] and its integral I(f) = k(b— a). 


Even for not complicated functions, to prove the integrability and 
to compute directly /(f), usually is not an easy task. 


EXAMPLE 27. For instance, let f(x) =x, x € [0,1]. Then 


Uf pArtet) = os) te 04) = Yosle =e a) 


Since €; € [x;-1, 2], 1 = is 1, we can write 


Since 


~ a i 1 
eS ee 


one sees that 


<eé 


Yale — XE 1) )-5 


for any division A ea Al <e. This means (see the definition above) 
that i rdx = $ 


The main problems we are concerned with are: 1) When a function 
f : [a,b] — R is Riemann integrable? and 2) If f is integrable, how 
do we compute its definite integral cE f(x)dx? Let us begin with the 
following remark. 
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THEOREM 13. Let f : [a,b] > R be a Riemann integrable function. 
Then it is bounded, i.e. ||f|| = sup |f(x)| ts a finite number. 
x€[a,b] 


PRooF. Let I(f =f f(x)dx and let ¢ > 0 be a small number, 
6 = 1/10 for nee Let A 20 =] a5 < 2p oe = ee 
division of [a,b] such that 


(1.3) FF) — SCF; As {&:})] < 1/10, 
for any set of marking points {€;} of A. Suppose that f is unbounded 
to oo. Then f is unbounded at least on a subinterval [x;_1,7,;]. Let 
us change the marking point €; with a ia Ae such that 
(EP) — oo, when k — oo. But 
SAK =] So FEN — ae) + EP Yes — 25-1) 00, 
t=1iFj 
which contradicts the inequality (1.3). Thus f must be bounded. 


2. Darboux sums and their applications 


DEFINITION 4. Let f : [a,b] + R be a bounded function and let 
Ree = te: SSS a Re ye = Ew division. of (a, b|.. Det 
= me the least value of f on [a,b], M = sup f(x), the 

x€[a, 


x€[a,b] 
greatest value of f on [a,b], m; = oe Jl); the least value of f on 
LE|Lj—-1, Lj 
[v:-1,2;] and M; = sup f(a), the greatest value of f on [x;:-1, 2;], 


ve [ax—-1, 2%] 
7 =1,2,...,n. The following sums 


can sa(f) = dj mile i — 04-1) = Mee t; — £41) 


are called the inferior and respectively the superior Darboux sums as- 
sociated to function f and to division A. 


Now, sa(f) and S'a(f) can be interpreted as the sum of the hatched 
areas of rectangles in Fig.2 and respectively Fig.3. 


It is clear enough that 
(2:2) m(b—a) < sa < S(f; A; {&}) < Sa < M(b—- a), 
for any set of marking points {€;}, €; € [z;_1, vi], i = 1,2,...,n (see also 
Fig.4). 

Since the set or real numbers {sa}, when A runs on the set of 
all divisions of [a,b], is upper bounded by M(b — a) (see (2.2)), there 
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FIGURE 3. 


is the least upper bound J,(f) of {sa}. This last number is called the 
inferior Darboux integral of f. Since the set or real numbers {Sa}, when 
A runs on the set of all divisions of [a, b], is lower bounded by m(b— a) 
(see (2.2)), there is the greatest lower bound I*(f) of {Sa}. This last 
number is called the superior Darboux integral of f. There are examples 
for which these two Darboux integrals are not equal. For instance, let 
f : [a,6] — R be the mapping which associates to a rational number 
of [a,b] the value 0 and to an irrational number of [a,b] the value 1. 
Then, I,.(f) =0 and I*(f) = 1. To make things clearer, let us consider 
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Hy--—— 


0 xy 4 x, x 
FIGURE 4. 


two divisions A and A’ of [a,b] such that A’ contains the points of A 
and maybe some additional other points. We write this as: A ~ A’. 
Adding successively to A only one point c at a time, we can easily 
prove (do it using a picture!-see Fig.5) that: 


(2.3) SA < SA’ < Sa < Sa. 


a) 


FIGURE 5 


Taking now two arbitrary divisions A’ and A” of [a,b], we can 
construct the "least" division A” = A’ U A” which contains A’ and 
A” at the same time: A’ < A” and A” < A”. Thus (2.3) becomes: 


SAI < SAM < Sam < San, 
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so sar < Sav for any two arbitrary divisions A’ and A” of fa, dj. 
Thus the inequality [,(f) < I*(f) is clear! Moreover, since m; = 


as f(x), keeping the division A fixed, one can find a sequence 
LE|Lj—-1, X45 


{é} of numbers in [x;_1,x;] such that f(é&”) > m; as n — co. Thus, 
as close as we want to sa one can find Riemann sums of the form 
S(f; A; {& ()y) for a fixed A. The same is also true for Sa. Let us assume 
now that f : [a,b] — R is Riemann integrable with I(f) = fe f(x)da 
and let ¢ > 0 be a small real number. Let 6. > 0 be small enough such 
that if ||A]| <6- then 


(2.4) U(f) — S(BAHEDI <5 


for any marking points {€,;} of the division A. Take now two sets of 
marking points {€,} and {€/} with the property that: 


(2.5) |Sa— S(FAs{E)I < Zand [S(F; As{E!}) — sal < 3. 


So, one can write: 


Sa sa = [Sa SANE Hla SAE 1+ 

€ € € € 
+E) — SG AEDI + ISG AED) — sal < gt gt q+ qe 
Thus Sa — sq < € for any division A with ||A|| < 6. We just proved 


an implication of the following basic result. 


THEOREM 14. (Darboux Criterion) f : [a,b] > R is Riemann in- 
tegrable if and only if I.(f) = I*(f), i.e. if and only if for any small 
real number ¢ > 0, there is another small real number 6- > 0 such that 
if A is any division with ||Al|| < 62, one has that Sy — sa <€. 


PROOF. It remains to prove the converse. We denote the common 
value I,(f) = I*(f) by I(f) and let us prove that I(f) is the unique 
limit point of all the Riemann sums S(f; A; {€;}), when ||A|| > 0. Let 
again € > 0 be asmall real number and let 6. > 0 be the corresponding 
small real number such that if A is any division with ||A|| < 6-, one 
has that Sa — sa < e. Since sa < S(f;A;{&;}) < Sa (see 2.2) and 
since sa < I,(f) = I*(f) = I(f) < Sa one obtains that 


ISAS {&:}) — 1A) S Sa-sa<e 
for any division A with ||A|| < 6, and for any set of marking points 
(€,) of A. 


REMARK 11. (Riemann Criterion) It is not difficult to prove that 
f : [a,b] — R is Riemann integrable if and only if there is a real 
number I(f) such that for any sequence {A,,} of divisions of [a,b] with 
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|An|| + 0 as n — oo and for any set of marking points fe oF A: 
fe 12 enone HOS ALAL (fa Nas {E) — I(f), when n — co. Thus, 
if we know that f is integrable on [a,b], we can use some special types 
of divisions, for instance the equidistant divisions, 1.e. those divisions 


Ant @= 8 < Bi So Be Sa < Sy =F for which a; — 224 = = for 


anyi1=1,2,...,n. Here we see that x; =a+t jee so, A, depends only 
of n. Ifn <m, then A, < An and ||A,|| = =* > 0, when n — oo. 
Thus, one can find I(f) as the limit of a sequence {S(f; An; fe} 
for some particular values of the marking points. For instance, one can 


take ew”) = 5 (aj1+2;)=at i and the approximation: 


(2.6) / f(a)dx ~ R(fin) = S(f; Ans {E}) = 


ba 2%—1lb-a 
(7) oe Ys (at ; —*) 


for n large enough, is called "the rectangle method" (explain why?, by 
drawing all...). 


Darboux Criterion is analogous to Cauchy Criterion for numeri- 
cal sequences. Since we usually cannot guess in advance the value of 
ic f(x)dx, or we cannot exactly compute it, at least we need to know 
if it exists. To prove its existence Darboux Criterion is needed. Then 
we can approximate it by different methods. One cannot approximate 
something on which we are not sure that it exists! Let us now apply it 
in some particular but basic situations. 


THEOREM 15. Let f : [a,b] — R be a monotonous (increasing or 
decreasing) function. Then f is Riemann integrable on |a, }). 


PROOF. Suppose that f is a decreasing function and that it is not 
a constant function (we saw that Hs kdxz = k(b — a) in example 26). 
Let us use Darboux Criterion (see theorem 14). Since M; = f(ai-1) 
and m; = f(«;) (f is decreasing) one has that 
(2.8) DAI SA. = » [f (via) — F(s)] (Gi — Bi-1) S 


i=1 


|All (f(a) — £()). 


(2.f)0\ || ne [f (ti) — F(@a)] 


For a small real number ¢ > 0 it is sufficient to take 6- = OMIOE 


Here f(a) 4 f(b) because f was supposed not to be a constant function. 
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Indeed, if ||A|| < 6. = Fam then in (2.8) we get: Sa —sa < 


OMIO! (f(a) — f(b)) =e and Darboux Criterion works. 


THEOREM 16. Let f : [a,b] > R be a continuous function. Then f 
is Riemann integrable. 


PROOF. We again apply Darboux Criterion. Let ¢ > 0 be a small 
real number and let 6. > 0 be another small real number (which de- 
pends on €) such that if |a’ — x”| < 6-, one has that | f(x’) — f(x")| < 
~ (f is uniformly continuous, see [Po], Th. 59). Let us take a di- 
vision A: a = 2 < 21 < Lo <... < Zn = 5 with ||A|| < 6,. Then 
M,—m; = f(a)) — f(zj) < <& for x, 27 € [zi-1, 2], 1 = 1,2, ..., n (see 


[Po], Th. 32). Hence, 


Sa —- SA = SoM _ Mj) (x; _ Li-1) < 


i=1 


< 


E 
pag 1 at tat +43 — 22+... +b) =€. 
i.e. f is Riemann integrable on {a, }]. 


REMARK 12. a) Let f : [a,b] — R be such that f is continuous on 
[a,b) and f has the limit yo = (x) at b, yo A f(b), ue. f is not 


F 


continuous at b. Let f : [a,b] > R, 


It is easy to see that the Riemann sums of f and of f respectively are 
the same with the only exception when €, = b. In this last case, the 
contributions of this marking point to both sums are f(b)(b—Zn_1) and 
Yyo(b — %p_1) respectively. But, when ||A|| > 0, b-— 2,1 — 0, thus 
both integrals exists or not simultaneously and ie fajde= ie f (wag: 
The same is true if f is not continuous ata, but it has finite side limit 
on the right at a. Moreover, if c € (a,b) and if f is continuous on 
[a,c) U (c, 6], but it is not continuous atc, but having finite side limits 
at c then, using extensions like above for f |[a,) (f restricted to the 
interval {a,c)) and for f |(c,» respectively, we obtain that both integrals 


is f(a)dx and ie f(x)dx exist. Moreover, it is not difficult to see that 
ik f(x)dx exists and 


(2.10) / cone i Fees: / ror 
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In particular, when f is continuous on [a,b], then this last relation 
becomes: 


(2.11) [ teoee= f reoaes [fear 


Combining all these above observations, we can recursively prove 
that if cy, C2, ...,CN, AS CL <Q <2 < Cy < Dare the unique N points 
of discontinuity for f at which side limits exist and are finite, then one 
has: 


(2.12) / Sg / Pde i 2 Ades Bonet i. Fae: 


Here we clearly put abs f(x)dx = 0 if such situation appears. The func- 
tion f is the extension of f at the ends of the corresponding intervals 
by the values of the side limits of f . Moreover, it is easy to prove from 
here that two continuous (but a finite number of points eventually, at 
which they have finite side limits) functions f and g, which differs at 
most on a finite set of points in |a,b|, are or not simultaneously inte- 
grable and 


(2.13) / f(a)dr = / g(x)de. 


For instance, 


,g: [0,1] —R, 


1 1 1 
| gd = ‘ GE =, 
0 0 2 


as we just proved in example 27. The morale is that if the function is 
bounded, we do not care with it at a finite number of points from |a, b], 
when we are interested in the integration process of this function. For 
instance, if 


=. 
ne 
I| 
—“— 
os 
8 
IK 
NiR~ele 


is integrable and 


= 1, £E [0, 1) 
fe) ={ 2 £é€ [1,2] ° 
Since 1k jade ie dx + ia 2dx = 1+2 = 3, (see example 26) we do 
not care of the value of the function in its discontinuity point x = 1. 


We can give a more general frame for all of the questions discussed 
above, by introducing a new basic notion. 
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3. Lebesgue criterion and its applications 


DEFINITION 5. We say that a subset A of R has Lebesgue measure 
(L-measure) zero (we write L(A) = 0) if it can be covered by a finite or 
a countable set of intervals {I,}, n =1,2,..., with sum of their lengths 
yo In) as small as we want. This means that for any small real 
number € > 0, there is a set (finite or countable) of intervals {I,,} such 
tat WCU and Se al Tae: 


EXAMPLE 28. For instance, if A = {a}, a point, has the L-measure 
zero. Indeed, let ¢ > 0 be a small real number and let the interval 
I = (a—e/4,a+ €/4). Since a € I and I(I) = ¢/2 < e€, we get 
that the Lebesgue measure of A is zero, i.e. L(A) = 0. It is easy 
to see that if B,C are two sets with B C C and L(C) = 0, then 
L(B) = 0. Moreover, if Ay, Ao,..., A: have Lebesgue measures zero, 
then L (U§_,A;) = 0 (prove it!). What happens if instead of a finite set 
of L-measure zero sets we have a countable set of L-measure zero sets? 
Is their union again a L-measure zero set? 


DEFINITION 6. A mathematical object (a function for instance) has 
a property "P" almost everywhere (a.e.) on a subset D of R if the 
subset A C D of all the points at which this property "P" fails has 
Lebesgue measure L(A) = 0. 


For instance, if D is a domain in R, a function f : D — R is ae. 
continuous on D if the set A of discontinuity points of f has Lebesgue 
measure zero. For instance, if A is a finite set of points. 

A famous criterion was proved by a French mathematician, Henri 
Lebesgue (1875-1941). 


THEOREM 17. (Lebesgue criterion) Let f : [a,b] > R be a function. 
Then f 1s Riemann integrable if and only if it is bounded and the subset 
A of |a, 6] of all the points at which f is discontinuous has the Lebesgue 
measure zero, t.e. if and only if it 1s bounded and a.e. continuous on 


[a, 0]. 


The proof of this result is very technical and it cannot be given 
here. One can find it for instance in [Nik], §12.10. We shall apply this 
basic theorem in order to prove some other properties of the definite 
integral. 


THEOREM 18. Let f : [a,b] > R be a bounded piecewise continuous 
function (it is continuous but a finite number of points at which it has 
finite sided limits). Then it is integrable. 
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PROOF. Using theorem 17 it is enough to see that a set of a finite 
number of points has Lebesgue measure zero. But this last comes easily 
from example 28. 


THEOREM 19. Let f : [a,b] + R be a Riemann integrable function 
and let g : [a,b] > R be a bounded function which is equal to f almost 


everywhere. Then g is also integrable and [? f(@)dx = f° glade. In 
particular, if f is equal to zero almost everywhere, then f is integrable 


and {. f@dx =), 


PROOF. Let A be the subset of [a,b] on which f is not continuous, 
let B be the subset of [a,b] on which g is not continuous and let C’ be 
the subset of those x € [a,b] at which f(x) 4 g(x). We can see that 
the discontinuity points of g are contained in AUC and the Lebesgue 
measure of this last union is zero (see example 28). So g is integrable 
(see theorem 17).To prove the second statement, it is enough to see 
that both real numbers J = i flajdz-and J = te g(x)dz can be ap- 
proximated by the same type of Riemann sums. In any ¢-neighborhood 
of J we can find a number of the form (a Riemann sum): 


S(F;A; {&}) =Yo16) (x; — %i-1), 


where we can choose €, arbitrary in [x;~-1,x;]. Since this last interval 
cannot have the Lebesgue measure equal to zero (why?), it cannot be 
contained in C, so there is at least a €; € [xi-1,x;] such that €, ¢ 
C. Thus, f(&) = g(€;) and S(f;A;{€;}) = S(g; A; {&}). Tf |[Al] is 
sufficiently small, S(g; A; {€;}) belongs to the e-neighborhood of J. So 
the intersection (J —¢, 1 +¢)N(J—¢, J +e) is not empty for any ¢ > 0. 
Hence J = J. 


THEOREM 20. Let f : [a,b] + R be a Riemann integrable function 


and let |f| : [a,b] + R be the function defined by |f| (x) = os : (the 
absolute value of f). Then |f| is Riemann integrable and 
fe | f(a)| da. 


PROOF. Since f is Riemann integrable, then f is bounded (see 
theorem 13). So there is M > 0 such that |f(x)| < M for any x € {a, J. 
But this also means that |f| is bounded. Let x9 be a continuity point 
of f. Then zo is a continuity point for |f|. Indeed, if x, — xo, then 
f(&n) > f (xo) and, since ||f(an)| — |f(xo)|| < [f(an) — f(xo)| (prove 
it!), one has that |f(x,)| — |f(xo)|, ie. Zo is also a continuity point for 
|f|. Hence, if z is a discontinuity point of |f|, it cannot be a continuity 
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point for f. Finally we get that the set A of the discontinuity points of 
| f| is contained in the set B of the discontinuity points of f. Since f is 
Riemann integrable, the L-measure of B is zero. Thus the L-measure 
of A is also zero (see example 28). 


Let now {A,,} be a sequence of divisions of [a,b], A, : a < 7”) 


< 
te << a”) = b, such that ||A,,|| > 0. Then S(f;A,; {66 }) > 


I(f) and S(|f|;An; {66° }) > I(|f|). But 


SF Awe) =|>0 (EP EP —2h))| < 
i=1 


23 FE)| @ 


So |I(f)| < I(fI), Le. 


(n) 


— 0f\) = S(lF|s Ani {82"})- 


|< fF) lax, 


In the following we put together some basic properties of the Rie- 
mann integrable functions space Int|a,b], defined on a fixed interval 


[a, b]. 


THEOREM 21. Let Intla,b] be the set of all Riemann integrable 
functions on [a,b]. 

a) Then Intla, b| is a vector subspace of the vector space of all func- 
tions defined on [a,b]. Moreover, if f,g € Intla,b] and a, 8 € R, then 


(3.1) [iese) + Bg(a)|dx = af Heda +8 [soya 


b) If f,g € Intla,b] and f(x) < g(x) for any x € [a,b], then 
ff) Jd < f. 9(2) dx. In particular, if f(x) > 0, then f° f(x) \dx > 0. 
In snes ie f(x)dx may be zero but f(x) #0 for at least one point 


; c) If c € (a,b) and if f € Intla,c] and if f € Int{c,b], then f € 
Intla, b] and 


(3.2) a f(a)dx = [ toa + [ sea 


If [a,b] A[c, d] = S, we define ern nde = ff )dx+ f° f(x) 
We also put f° f(x)dx = 0 and f. f(x)dx = =e f(x)dx. With this 


notation, let 1, i n be three arbitrary a numbers in i interval [a, 6], 
then for f : [a,b] > R, integrable, one has: 


(3.3) 4 yar = fo Fe yan+ [ Fla)ae 
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d) Let g : [a,b] — [0, co) be a continuous function such that 
i g(x)dx = 0. Then g(x) = 0 for any x in [a, }). 


PROOF. a) Let z be a continuity point for f and for g, where f,g € 
Intla,b] and let a, 8 be two arbitrary real numbers. Then we know 
that z is also a continuity point for af + 3g, where (af + 6g)(x) = 
af(x)+ g(x) for any x € [a,b]. Thus, the discontinuity set of points for 
af+ g is a subset of the union of the set of discontinuity points of f and 
the set of discontinuity points of g. Since these last two sets have the 
L-measure zero, we see that the L-measure of the set of discontinuity 
points of af + Gg is also zero. Now, since f and g are bounded, it is 
easy to see that af + Gg is also bounded. Let us use now theorem 17 
and find that af + 8g is integrable. Formula (3.1) is true for Riemann 
sums, so it is also true for their limits. 

b) Let {A,}, A, :a< 20) <a <Li< a? = b, be a sequence of 
divisions with ||A,,|| — 0 and let EM € |x 700) af), PAD ci Kins, DOD 
corresponding sequence of marking points of it. Since f(x) < g(x) one 
has that 


SHARE YS > (EGY =22)= 
i=l 


< Dia” )@t” - es ens (Gee): 


Taking limits here when n — 00, we get that ie f(x)dx < [? gla)dx 
c) Since the discontinuity set of f on [a,b] is the union of the dis- 
continuity sets of f on [a,c] and of f on [c,b] respectively, we see 
that the L-measure of the first one is zero, i.e. f is integrable on 
[a,b], if it is integrable on [a,c] and on [c, b| respectively. Let {A‘ }, 
NS Ge a” Mic th” < ok an = c, be a sequence of divisions 
of [a,c], with ||A‘|| — 0 and let Elm € [x ne oi), aes te ae Oe 
be a corresponding sequence of ok points of it. Let also {A}, 
TONS ce aL Gee Me Serre 
of [c, b], with ||A”|| — 0 and let er) € [x gi), ie — a ee eel oe 
be a corresponding sequence of ne points of it. We see that 
A, = A, UA" is a division of [a,b] with {£0} = {6} U{El} asa 
corresponding set of marking points. Since ||A,,|| — 0, and because 


SUP Ase SSG Ae) 4 eG Ade), 


one has that [” : f(a)da = f° f(x)dx : fe f(x)dx. Let us use now this 
last equality and the definition f"" f(x)dx = — ii f (@ de tor a <by in 


= c, be a sequence of divisions 


4. MEAN THEOREM. NEWTON-LEIBNIZ FORMULA 63 


order to prove (3.3). Assume for instance that m <n <1. Then, from 


(3.2) we get: 
[ sever = i f(a)dx + if f(ax)dz. 


ie f(x)dx = — ff sles = a f(x)dx ~ f sean, 


or fr” f(x)dx = fi" f(x)dx + f” f(x)dz. 

d) Assume that there is a c € [a,b] such that g(c) > 0 (if g(x) < 0, 
the reasoning is completely analogous). Since g is continuous, there is 
an entire interval [c — ¢,c +e] C [a,b], ¢ > 0, such that g(x) > 0 for 
any x € [c—e,c+e] (see [Po], theorem 34). Moreover, there is a point 
xo € [c—€,c+ 6] with g(xo) = ae ‘ g() (see [Po], theorem 32). 


Thus, g(xo) > 0. But 


io - [ oeayaes f otoyaes f g(a)dx > 2e-g(xo) > 0, 


—E He 


So 


which contradicts the hypothesis. Hence, g(x) = 0 for any x € {a,)]. 


REMARK 13. We say that a number r € R can be well approximated 
with elements from a given subset A (the "approximation set") of R if 
for any small real number « > 0 one can find an element a- of A 
such that |r —a,-| < ¢. For instance, any real number r can be well 
approximated with rational numbers (here A is Q, the set or rational 
numbers). Let now f : [a,b] > R be a Riemann integrable function. 


Then Lf) = [? f(@)dx can be well approximated by an element of the 
set of all Riemann sums of the form S(f; A; {&;}) (see definition 3). 


4. Mean theorem. Newton-Leibniz formula 


In order to estimate a definite integral ie f(x)dx, sometimes we 
need "mean formulas". They are also useful to prove some basic results 
which appear in many branches of pure or applied mathematics. 


THEOREM 22. (Mean formulas) Let f : [a,b] — R be a continu- 
ous function and let g : [a,b] — [0,co) be a nonnegative and nonzero 
continuous function. Then there is a real number € € [a,b] such that 


(4.1) i f(ag(a) de = FO) | g(a) de. 
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In particular, if g(a) =1 for any x € [a,b], we get the classical "mean 
formula": 


(4.2) [t f(x) dx = f(O(b—a). 


This last formula says that the trapezoidal area [AabB] (see Fig.6) 
is equal to the area of the rectangle with the base [a,b] and the height 
equal to the ordinate of f at a point & € [a, 0). 


FIGURE 6 


PROOF. Since f is continuous on [a, 6], it is bounded and its least 
and upper bounds are realized, i.e. there are x; and 22 in [a,b] such 
that m = f(r) = ne) and M = f(x2) = sup f(x) (see [Pol, 

rela, 


x€[a,b] 


Th. 32). Since m < f(x) < M and g(x) > 0, one has that 
mg(x) < f(x)g(x) < Mg(a), 


for any x € [a,b]. Let us use now theorem 21 and find: 


m [af nae s f se) f(x oteyde sat [ g(a) dx 


Since g(x) is continuous and not identical to zero, one has that 


[ se)ar>0 


(see theorem 21), so we can divide the last inequalities by ie g(a) dx: 
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We use now Darboux theorem (see [Po], Th. 33) for the function f 


(f({a, b]) = [m, M]) and find a € € [a, 6] such that hee = P(E); 


i.e. formula (4.1). 


EXAMPLE 29. Let us use Ue classical mean formula in order to 
prove that I = fe —? dr < 53 so I is a very small number. Indeed, 
from formula (4.2) we find that I = 90e~*’, he € € [10, 100), But 


; 2 = é 
the biggest value of e~® ise 1 < 2-1 sol < Sh < sw = ae. 


Let us now reformulate in a more general case the basic theorem of 
Newton (see theorem 1). 


THEOREM 23. (Newton-Leibniz formula) Let f : [a,b] — R be a 
continuous function. Then F(x) = ue f(t) dt is a primitive for f, i.e. 
F is differentiable and F’(x) = f(x) for any x € [a,b]. Moreover, if 
G(x) is any primitive of f on [a,b], then 


(4.3) f(x) dx = G(b) — G(a). 


PROOF. Take 29 € [a,b] and let us study the following limit: 
F(a) —F * f(t) dt — f°? f(t) at 
rT 20 «wt — XO @©~— 2x0 L— Xo 


But, using theorem 21, c), we get 


[oa [soaa f roar [roa f roe 


so, applying the classical mean formula (4.2) in (4.4), we get 


(4.5) tim PO) FUG) hig SE) 20) _ tin pee,), 
I—-XO wt — XO =r—-X0 wt — XO I—~XO 
Since €, is between x and Zo, then €,, — xo, whenever x — Zo. Since 
f is continuous, the last limit in (4.5) is f(xzo). Thus, we just proved 
that "the area function" F' of Newton is a primitive of f on [a, 0]. 
Let now G be another primitive. Theorem 3 says that G(r) = 
F(a) +C, where C is a real constant. Thus, 


G(b) — G(a) = F(b) — F(a) = / f(x) dx 


Newton-Leibniz formula (4.3) is true even for noncontinuous func- 
tions. 
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THEOREM 24. Let f : [a,b] — R be an integrable function and let 
F be a primitive of f on [a,b]. Then f f(z) dx = F'(b) — F(a). 


PROOF. For any division A = {a = 20, %1,...,%, = 6} of the inter- 
val [a, 6] one has: 


n 


OIF) — F(e-1)] = F(b) — F(a). 


i=l 
But, using the Lagrange formula (see [Po], Ch.4, Cor.5) on the interval 
[vi-1, Zi], we find c; € [x;_-1, x;] such that F(x;) — F(ai-1) = f(a) (ai - 
Li-1)- Thus, 

> f(a) (ei — aia) = FO) - FO). 

i=l 
If we take divisions A with ||A|| — 0, we finally find that 


i, f(x) dx = F(b) — F(a). 


EXAMPLE 30. Let us compute if x?dx. To use Newton-Leibniz for- 


mula we need a primitive function for f(a) = x7. Since [ a?dx = a 


3 


1 
1 3 
one: has that {oda = 2 | = 33 = 2 
0 
fre at 


EXAMPLE 31. Let us compute im: Since we have the non- 


determinate case 2, we can apply VHodspital rule. But the function 


Ge) =F edt is a primitive of g(x) = e~* (see theorem 23). So 
G'(x) = g(x) and our limit is equal to lime~* =I, 


EXAMPLE 32. A point is moving on the segment [0,5] in a linear 
field of forces F(x) = asin. Find the work of F on (0, 4). 


The work 


WwW 


Tw Tw 
2 . 2 by parts 
| xsinxzdxr = -{ ECosa da = 
0 0 


x 2 x 
— xcosz|? +f cos xdx 0+sinz |¢=1. 
0 


EXAMPLE 33. On the segment [0,27] we have a density function 
{2S Tee: Let us find the mass of the wire ((0, 27], f(x)). If we 
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change the variable x with a new variable t by the formula tanx = t, 


we get : 
2a 1 0 
mass = [ oe= | Se = OM, 
9 1l+cos*z 0 


which is not true! Where did we make a mistake? Since the mapping 
x — tanz =t is not injective on [0,27], it is not a "change of variable" 
on this last interval. The good interval for this change of variable is 
(—5, z) . So let us make a translation x > x — > = z of the interval 
[0, 27] : 


3x 


20 1 3 1 
(4.6) f oewe-/ 
q Acosta -2 1+sin*z 


because cosx = cos(z + 5) = —cos(m — z— 5) = —sinz. The last 


integral in (4.6) can be written 


3a 


30 T 
2 1 2 1 2 1 
—_,-dz = —_,—dz+ —_—dz 
[. 1esin? 2 [. 1+sin? z i: 1+sin?'z 


If in the last integral of the last sum of integrals we make the translation 
(change of variable) z > z-—17 =u, we get 


3x 


2 1 2 1 
x 1+sin* z -zl+sin“u 


because sin z = sin(a + u) = sin(a — 7 — u) = —sinu. Thus 


3a T T 
2 Al 2 1 2 1 
= 1+ sin* z -zl+sin"z 9 l+sin*z 


In this last integral we can make the change of variable tan z = t and 


obtain: 
2 1 | 
if ee SS if —~ dt = 
9 1-+sin*z o 1+ 2% 


4 [oe) 
5a (v2t) = a arctan V2t) = V2n, 


0 
z =arctant and dz = elt for 2-€ |0;4)..Here 


4 i 1 
al 1+ (v2t) 


Oy Se 
because sin z = yap, 


se 1 def ,. - i 
dt =! | —— 
/ 1 +20 jim, | ie 


i.e. it is a first example of an improper integral of the first type (see 
the next chapter). 
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5. The measure of a figure in R” 


Recall that the n-dimensional real vector space R” is a "geometri- 
cal" space with the Euclidean distance 
d(x,y) = V(y1 — 21)? + (yo — 22)? +... + Yn — 2n)?, 


where X = (%1,22,.-.,%n) and y = (1, Y2,---;Yn) are two arbitrary 
elements of R". An open ball with centre a € R” and radius r > 0, in 
R”, is a subset B(a, r) of R”, of the following form: 


B(a,r) = {x € R”: d(x,a) <r} 


A point a of a subset A in R” is said to be an interior point of A 
(relative to R”) if there is a real number r > 0 such that the entire 
open ball B(a,r) is contained in A. If all the point of A are interior 
points we say that A is an open subset of R”. The boundary OA of a 
subset A of IR” is the union of all the points b in R” such that for any 
r > 0 the ball B(b,r) contains at least one point from A and at least 
one point from the outside of A at the same time. AUQOA is called the 
(topological) closure of A in R". If A= AUOA, ie. if the boundary 0A 
of A is contained in A, we say that A is closed. We say that a subset A 
is bounded in R” if there is a sufficiently large open ball B(0, R) which 
contains A. Here 0 = (0,0,...,0) € R”. Let a and b be two points in 
R” and ¢ a variable point (number) in the real interval [0, 1]. The closed 
subset of IR” 


[a,b] = {x € R": x = (1-—t)a+ tb, for ate [0,1]} 


is called an (oriented) segment in R” with extremities points a and b. A 
subset P = U!="[a;_1, a;] of R” is said to be a polygonal line generated 
by the "vertices" ag, a1, ...,a,. We also say that the points ap and a, 
are connected by the polygonal line P. A subset A of R” is said to be 
connected if any two points of it can be connected by a polygonal line 
P. A figure B in R" is a bounded subset of R". A domain in R” is an 
open and connected subset of IR”. Since all these above notions just 
appeared and were discussed in [Po], we only ask the reader to try to 
find examples and couterexamples of all of these notions, by drawing 
everything, in R” for n = 1,2, and 3. 


DEFINITION 7. A subset A in R” of the form 
A= [a1, 64] x [aa, bo] Ke K [an, bn] 


is said to be a parallelepiped in R". A finite union E = Ut, A; of 
parallelepipeds A;, such that for any i # j the intersection subset A; 1 
A; has no interior point in R”, is called an elementary figure. By 
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definition, the measure (or the volume) of the above parallelepiped A is 
the number 
m(A) = (by = a1)(b2 = a2)...(Bn = Gy 


The measure m(E) of the above elementary figure E’ is by definition 


E) = dm 


We say that a subset B of R” is Jordan measurable (or has a volume) 
in R” and its measure (or its volume) is the nonnegative real number 
m(B) if for any « > 0 there are two elementary figures E<,, and ES, 
with the solounTg properties: 

LYE: nee CB C Bea 

2) m( Ent) S m(B) = m( Lent 

3) m( Pea) m( Ent) <E. 

These three properties say that B is measurable and its measure 
(volume) is the nonnegative real number m(B) if and only if B can 
be well approximated (or covered) "from interior (inside)" and "from 


exterior (outside)" by two sequences {EO }in, {Eo bm of elementary 
figures in R” : 


) and 


(5.1) Pe) ee OG eB ee Bx 
(5.2) @@ BEC ner CE. 
such that 

(5.3) m(B) = lim m(Egey) = lim m(Ef). 


For instance, a parallelepiped in R is a closed interval [a,b]. Two 
such intervals [a,b] and [c,d] have no interior points in common if and 
only if their intersection is empty or it is simply a point (Why cannot 
it contain two distinct points?). The measure (the length in this case) 
of an interval [a,b] is exactly its length b — a. The measure of a finite 
subset of points in R is equal to zero. But what about an infinite subset 
of points in R ? For instance, let us prove that the set C = {+}, has 
measure zero in R. Its enough to construct two sequences like in (5.1). 
We take for all E®) » = 1,2,... the empty set @. For E® we take the 
union 


(@) _, a {1 = 1 1 1 1 
ect =—* Oat n Q(n+2)¢? n + 9(n+2)4 U 0, 24 fe 1 
It is easy to see that this union is a disjoint one, i.e. the intersection 
between any ae distinct segInents of ae ia is empty. es 


the length of E® j is equal to yo ‘ Setar ere rae Since GEE yest < 57 
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one has that m( B®) < sq + sat — 0, when g — oo. Hence the 
measure of C' exists and it is equal to zero. An easy example of a 
nonmeasurable subset of R is the set F = [0,1] Q. Since F' contains 
no interior points w.r.t. R, it cannot contain a nontrivial interval. So, 
if F’ were measurable, its measure would be zero. But this is not true 


because we cannot construct a sequence (EM), where each E® is a 
finite union of intervals, two of which having in common at most one 
point, F c E™ for each q and mE 


ext ext 


in these conditions [0,1] C E® for all q = 1,2,..., thus m(E@ 


ext 


) — 0, where q — 0. Indeed, 
vet 
and so the sequence (BE), cannot tend to 0. In the same manner one 
can prove that if a subset A is measurable in R and has measure zero, 
then it cannot have interior points. Conversely, if it is measurable and 
has no interior points, then its measure must be zero (Why?). The 
measure of a measurable subset A of R is simply called its length, 
[(A). What is the connection between the notion of a subset of R of 
Lebesgues measure zero (see Definition 5) and the notion of a subset 
of R of measure zero? It is clear that a subset of R of measure zero 
(it is enough to be measurable!) must be bounded. It is also clear 
that a subset of IR of measure zero has also the Lebesgue measure zero 
(look carefully to both definitions!). The set N* = {1,2,...,n,...} can 
be covered by the disjoint union 


1 1 


Un- [n 7 Qns+1 pet + Sd 


n=1 
for any s > 1. Since the sum of the lengths of all intervals of this union 


1S 
oo 


yee dy .- ol 
ans 28 1-k 28-1 


n=1 


and since so — 0, when s — ov, we see that the Lebesgue measure 
of N* is zero and it is not bounded, i.e. it cannot be measurable, in 
particular it cannot have the measure zero. 

Another interesting example of a zero Jordan measure set of R is 
the famous Cantor set. Take the interval Ap = [0,1], divide it into 3 
equal subintervals, get out the middle open subinterval (1/3, 2/3) and 
obtain 


A; = [0, 1/3] U [2/3, 1] C Ao. 


Take now each of the both disjoint intervals of A; and proceed in the 
same way. We obtain 


Ag = [0, 1/37] U [2/37] U [2/3, 7/37] U [8/3?, 1] C Ai C Ao. 
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We continue in this way and get a tower of subsets 
Ag D Ay D...An D Anti D -.- 


The intersection C = N°, A, is an infinite subset of [0, 1]. This subset 
is called a Cantor subset. Since m(A,,) = (2)" — 0, when n — oo, its 
measure is zero. In particular its Lebesgue measure is also zero. 

A parallelepiped in R? is simply a rectangular surface (let us abbre- 
viate with "rectangle") with its sides parallel to the coordinates axes 
(see Fig.7). Its measure is equal to its area. Using the area of such 
a rectangle we can deduce formulas for the areas of a parallelogram, 
a triangle or even for a disc (as the limit of the areas of some regular 
polygons inscribed in the circumference of this disc). Look at Fig.7. 


y 
Neem. seh é 
D Cc i | 
d+--» 
A ? 
| | 7 « Bri 
| ‘ 
te 
FIGURE 7 


Indeed, the area of the parallelogram [EF'G‘'H] is equal to the area 
of the rectangle [H H’ JG] = l(EF) -1(HH'). The area of the triangle 
[AK LM] is a half from the area of the parallelogram |K LN M]. To find 
the area of a disc with centre at W and of radius R, we approximate 
the disc with the surface bounded by a regular polygon with n sides 
inscribed in the boundary circle of this disc. Now, the angle a, in 


radians (see Fig.7), is equal to on = =. So the area of the polygon is 
equal to n-2Rsin7- Rcos= - 5. Hence, the area of the disc is 
sin = 
lim R? cos = _—S r= ntR?, 


n—-oo 
n 


The length of the boundary circle of the above disc is 


as 
n 


liimn-2Rsin c= 2a R lim —* = 2rR. 
n—- CoO nN n—-coO = 


n 
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EXERCISE 3. Starting with the formula for the area of a rectangle 
and of a triangle, find formulas for the side areas of a cylinder, of 
a cone and of a frustum of a cone (mR?h, tRV R? +h? and 7(R+ 
r)/(R—- 1)? +h?), where h is the height of the corresponding solid) 


The area of a region bounded by a closed polygonal line can be 
computed as a sum of areas of triangles (see Fig.8). 


FIGURE 8 


The intersection of two rectangles which belong to an elementary 
figure has no interior points w.r.t. R? if and only if either it is empty, 
it is a point or a segment of a line parallel to one of the axes. For a 
plane elementary figure see Fig.9. 

In Fig.10 we see how to cover "from interior" with an elementary 
figure a general plane figure A. 

In Fig.11 we see how to cover "from exterior" with an elementary 
figure another general figure A. 

In Fig.12 we see the simultaneous process of approximation "from 
interior" and "from exterior" with elementary figures €; and €, respec- 
tively, a general plane figure B. 

The measure of a measurable figure A in R? (a plane figure!) is 
simply called its area o(A). The areas of a finite union of points or of 
a finite union of segments of lines are zero (Why?). The same is true 
for a finite union of curves of class C1 (piecewise smooth curves!). 


REMARK 14. To define the area o(A) of a measurable subset A of 
R? we used the above finite unions of rectangles as elementary figures. 
Since any rectangle is obvious a union of two triangles (as surfaces!) 
with their intersections a segment of zero areas and since any triangle 
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FIGURE 9 
y 
i 
| GY 
| 17; Uy 
Ae sh 
=. : 


FIGURE 10 


can be well covered by rectangles, we can use in definition 7 triangles 
instead of rectangles, namely an elementary figure can be a finite union 
of triangles. The same is true if instead of rectangles we use discs, or 
regular polygons, etc. 


A parallelepiped in R? is an usual parallelepiped [a, 6] x [c, d] x [e, f] 
which has its side faces parallel to the coordinate planes. The intersec- 
tion between two such parallelepipeds contains no interior points w.r.t. 
R? if and only if it is either empty, a point, a segment of a line or a rec- 
tangular surface parallel to one of the coordinates planes. The measure 
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OOLLLLLLLLELE 
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FIGURE 11 


FIGURE 12 


vol(A) of a measurable subset A of R? is simply called its volume. The 
volume of a finite set of points, a piecewise smooth curve or a piece- 
wise smooth surfaces (define them by analogy with piecewise smooth 
curves) is zero. In this case we also can substitute parallelepipeds with 
tetrahedrons, balls, regular polyhedrons, etc. 
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EXERCISE 4. Starting with the formula of volume of a parallelepiped, 
find formulas to compute the volume of an arbitrary oblique paral- 
lelepiped, of a tetrahedron, a cylinder, a cone and a frustum of a cone 
(the area of the basisxh, 3x the area of the basisxh, tR? (area of the 
basis)xh, 4 x 7R? (area of the basis)xh and 54(R? + r? + Rr)), where 
h is the height of the corresponding solid). 

It is not so difficult to see that if A, B are two measurable figure (C’ 
measurable = C' bounded) in R”, then AU B, AN B, A \ B are also 
measurable and 
(5.4) m(AU B) =m(A)+m(B) -—m(AN B). 


We also see that if A C B and both are measurable, then m(A) < 

m(B). Ifa subset A of R is measurable and its measure is zero, then its 

Lebesgue measure is also zero. Conversely, it is not true (see A = N). 
The following result is fundamental in what follows. 


THEOREM 25. A figure A of R" is measurable if and only if its 
boundary is measurable and its measure is equal to zero. In particular, 


if one can find a piecewise smooth parameterization for the boundary 
OA of a figure A of R", then A itself is measurable in R”. 


For the case n = 2 one can find a proof in [Nik] or in [Pal]. In 
general, the proof follows a similar way. For an intuitive argument, see 
also Fig.12. 


6. Areas of plane figures bounded by graphics of functions 


Let f : [a,b] — Ry, be a bounded function defined on the interval 
[a, 6] with nonnegative values. Let Dy be the plane figure bounded by 
the lines x = a,x = b, the segment [a,b] and the graphic of f (see the 
hatched figure [ABCD] in Fig.1, Ch.1). 


THEOREM 26. With the above notation f is Riemann integrable on 
[a,b] if and only if the plane figure Dy has a measure (an area) in R? 
and then 


(6.1) m(Dy) = f f(ax)da. 


PRroor. Assume that f is integrable on |a, b]. Then, for any division 


RAGS tie i en SS 


the union of corresponding rectangles which give rise to the inferior 
Darboux sum 
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is an elementary figure which covers D; "from interior". Its area is 
sa(f) (see Fig.8). The elementary figure generated by the union of all 
rectangles which appear in the superior Darboux sum 


covers D, "from exterior". The area of this last figure is equal to Sa (f). 
The integrability Darboux criterion (see theorem 14) says that Dy is 
measurable and its area is the common limit of {sa(f)} and {S,(f)} 
when ||A|| > 0, ie. m(Dy) = vee Jie jde: 

Assume now that Dy is measurable and its area is m(Dy). Let us 
use now theorem 25 and, by looking at Fig.12, we see that for any 
€ > 0, starting with the elementary figures E*,, and E<,, which appear 


in definition 7, we can find a division Ao of the interval [a, b] such that 


Sao(f) — Sa.(f) < €. For any other division A > Ao, let ESS) and 


ant 


Beals ) be the two elementary figures generated by the rectangles which 
give rise to the corresponding Darboux sums from the superior index. 


Then 
(6.2) Been Vee HA Cre 


ant ant ext ext 


and 


(6.3)  m(E8)(= Sa(f)) — m(E)(= sa(f)) <e. 


ant 
Taking now an arbitrary division A’ of [a,b] and denoting by A = 
A’U Ao we see that ||A|| < ||Ao|| and A > Ag. So Sa(f) — sa(f) <e. 
By looking at (6.2) and (6.3) we see that {sa(f)} and {Sa(f)} have a 
common limit when ||/A|| — 0. And this last limit is m(D;). Hence f 
is integrable on [a,b] and [? f(@)dx =m(Dy,). 


REMARK 15. For instance, if f(x) > 0 is bounded and continuous 
on |a, b] except maybe a finite number of points, then Dy is measurable 
and 


[ feoar= mip. 


EXAMPLE 34. Let f(x) = sinz, x € [0,2a]. We are interested in 
the computation of the hatched area from Fig. 13. 

Applying the remark 15 we see that the area of the "+" part is equal 
to [> sinadx = — cosa |§= 2. Now, if we take a division 


AP Sop 2 ES OT 
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a) PY iP i ; 


FIGURE 13 


and a set of marking points {€;}i-1n, & € [i-1, xi], then the corre- 
sponding Riemann’s sum 


Sp(A; {6;}) =Yo16 (a; — x41) 


is negative, because f(€;) = sin€; < 0. Thus the area (which is a non- 
negative number) is the limit of the following sums 


—S9(A; {€;}) 


T 
| 
a 
cane 
= 
| 
= 
ce 
| 


oS lF(Ei)| (wi Bi-1) = Sip(A5 {E;}). 


Hence its value is — vm sinz dx = cos |?"= 2. Thus, the hatched area 
is equal to 4 and it is not equal to he sin rdx = O!. 


In general, if f : [a,b] — R is continuous almost everywhere (the 
noncontinuity set of points A has the Lebesgue measure 0), then the 
area bounded by the graphic of f, [a,b] and the lines x = a,x = b is 
equal to the hatched area in Fig.14, ie. 


(6.4) area(D;) = [ le (oe ela 


in this more general case. 
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/ y =It(x)I 


y =f (x) 


FIGURE 14 


EXAMPLE 35. Let us compute area(Dy) for f : [-2,1] — R, where 


Since 
—x—1, x € [-2,-1), 
|f(z)| = ae te 0) 
a, £0.01 
one has 


area(D rf) , Fwoldc= in (—x —1)dx+ 


Suppose that f,g : [a,b] — R are two functions continuous almost 
everywhere and f(x) > g(x) for any z in [a,b]. Then it is clear that the 
hatched area in Fig.15 is equal to 


b 
a 


[seoae— [oyar= fe) - sere 
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FIGURE 15 


But whenever on a subinterval [c,d] C [a,b], g(x) > f(x), x € [c,d], 
we compute the area "between g and f" by the formula 


i [o(x) — f(x)|dx = i f(x) — g(x)| de. 


Thus, in general, the hatched area areas, between f and g in Fig.16 
can be computed by the formula 


b 
aredfg = i: | f(a) — g(x)| de. 
Indeed, 


arcary = f (g(x) ~ fla)jde + f [f(e) - g(e)]ar+ 


+f Io)- Felde+ fle) ~g (lar = fIste) - 2) | dx. 


EXAMPLE 36. Let us compute the area between f(x) = sinx and 
g(x) = sin2x, x € [0,7]. The best way is to look at the graphics of f 
and g in Fig.17. 

Since the intersection points of these graphics are x = 0, x = 5 and 
v=T, one can write: 


TT 
areaf.g = i; |sin x — sin 22| dx. 
0 
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FIGURE 17 


Since a continuous function keeps the same sign between two consec- 
utive zeros of it (Why?-see Darboux theorem in [Po]), the sign of the 
function h(x) = sinx — sin 2x is the sign of h(4) = a —1<00o0n 
the interval [0,3]. The sign of h(x) on the interval [5,7] is the sign of 


h(2t) = 4, +1> 0. Thus, 


3 
arearg= sin 2x — sinx)dx + sin x — sin2x)dx = 
fg 
0 


rT 


x 
3 cos 22 |" 


2 


cos 2% 
2 


+ cos x Ie —cosx |z + 


a 


0 
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ana fae eee 
A OG a) ae ee 


Assume now that we have a plane parametric curve 
o=a7b) 
| ie , «Ea, dj, 
Mf pay Teed 
such that x(t) is an increasing function of class C' and y(t) is a non- 
negative continuous function (see Fig.18). 


FIGURE 18 


Then the area of the domain Dir), bounded by (I), the segment 
[z(a),2(b)] and the lines x = x(a), x = x(b), can be approximated by 
Riemann’s sums of the form: 


(6.5) Sery(A; (&:)) = ms y (Si) (w(ts) — 2 (tia), 


where A: a= to < t, <... <b =t, is a division of the interval |a, }] 
and (€;), i = 1,2,...,n, €; is an arbitrary set of fixed marking points 
for A. One can use Lagrange’s formula for function x(t) restricted to 
[és_1, ti] and find: 

x(ti) — 2(ti-1) = 2"(n;)(ti — tia) 
for an n; € (t;-1,t;). When ||A|| — 0, 7; and €; become closer and 
closer. Since x’(t) is continuous, x’(7;) and 2’(€;) become closer and 


closer. So the area above can be well approximated by sums of the 
form: 


Sir(A; (Ga)cs do yé)2"(&) (ase 
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But these last sums are Riemann’s sums for a new function f(t) = 
y(t)a'(t), t € [a,b]. Hence the area above can be computed by the 
formula 


(6.6) area(Den) = f y(t)a'(t)dt. 


If x(t) is increasing or decreasing almost everywhere (it is increasing 
or decreasing on each subinterval of a fixed division a = cg < cy < ... < 
Cr, = 6), then obviously formula (6.6) must be substituted with a more 
general formula 


(6.7) area( Dir) = y(t) |a’(t)| dt. 


The same formula works if in addition to this last generalization, x(t) 
is a smooth piecewise function on [a,b] and (or) y(t) is piecewise con- 
tinuous on the same interval. 


EXAMPLE 37. Let us compute the area bounded by the axis Ox and 
the arc of the cycloid 


_J x=a(t-—sint) 
(I) 7 { ie a(1 — cost) ’ te [0, 27], 

where a > 0 is a parameter. Since x'(t) = a(1— cost) > 0, we can 

apply formula (6.6) and find 


20 20 
area = a | (1 — cost)?dt = a | (1 — 2 cost + cos? t)dt = 
0 0 


2 2 
= 2ra?+0+ S | (1 + cos 2t)dt = 37a”. 
0 


Sometimes our curves are represented in polar coordinates M(p, @), 
where p is the distance from O to M and @ is the angle in radians 
between Ox-axis and OM. So p > 0 and @ can be in general any real 
number. For any fixed @ in a fixed interval [a, 3], we give p = (9), i.e. 
we prescribe the distance from M to O on the positive direction of the 
half axis corresponding to that #. Let us compute the area bounded 
by the graphic of a continuous (or piecewise continuous) mapping 0 > 
p(0), 6 € [a, 8] and the rays 6 = a, 0 = 8 (see Fig.19). 

Let us consider a division A : a = 0) < 0, < ... < 0, = 6 of 
the interval [a, 3] and an arbitrary set {€;},¢€; € [9;-1,0;] of marking 
points for A. Let us approximate the small area bounded by the arc 
(0;-10;) and the rays 0 = 6;-; and 0 = 6; by the area of the sector 
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circle of 
a = fo \) 


FIGURE 19 


of the disc of radius p(€;) and centre O, bounded by the arc (6;-16;) . 
A very known elementary formula says that this last area is equal to 
5[e(E,)]?(G: — 6;-1), where 0; — 6;_, is measured in radians. This last 
formula is in fact the area of a triangle of basis p(€;)(0; —;-1) (the real 
length of the arc (6;-16;) of that circle) and height p(&;). So the total 


area can be well approximated by the following sum 


“1 
Sp(0)(As {&}) = S- 5P (Ei) 6: = Ue): 
i=1 
But this last sum is exactly a Riemann sum for the function 6 > $(6), 
6 € [a, 6]. Hence our area is equal to the corresponding Riemann inte- 
gral 


1 £2 
(6.8) area = =f p*(0)d0. 


EXAMPLE 38. The cardioid is the curve p = p(@) = a(1 + cos), 
6 € [0,27) anda > 0 is a parameter (see Fig.20). Let us use formula 
(6.8) in order to compute the area bounded by this cardioid: 


1 2 - j az 2 5 
area = 5 a“ (1+ cos 6)*dé = is 2a + cos“ 6d0} = 
0 0 


37a 
2 


az 20 
= Ta? + ei | (1 + cos 20)d@ = 
0 


EXAMPLE 39. Let us consider the snail p = p(@) = 30, where 0 € 
[0, °=] (see Fig.21). Let us find the area of the hatched region of Fig.21. 
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Yo 


FIGURE 20 


Since the ray OM , M(p(@), 9) covers the double hatched region I two 
times the area of the hatched region is: 


5am T 
ae as ae 9373 
area= 5 |” optdo— 5 f° 96s = 
2 J, 2 J, mn 


i 


FIGURE 21 


EXAMPLE 40. The graphic of the curve p = p(@) = asin 30, where 
6 € [0,27] has the form of a clover with three leaflets (see Fig.22). 
Since sin 30 must be greater or equal to zero, we have that 
T 27 An 5a 
Sue que, %. 


6 € |0 
e} 3.” oes 
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Compute the area of the hatched region in Fig.22. The symmetry of 
the figure with respect to the three distinct lines (see Fig.22) gives rise 
to 


Ta 


ile fa 
area= 3-5 f a’ sin? 30 do = —. 
2 fe 4 


mp 


FIGURE 22 


7. The volume of a rotational solid 


Let f : [a,b] + R ; be a continuous function defined on the interval 
[a, b] with nonnegative real values. Let D be the solid obtained by the 
rotation of the arc y = f(x), x € [a,b], around Oz-axis. An arbitrary 
division A: a= % < 4% <... < , = 5 gives rise to a division of 
D into n solids D,, Do,..., Dn. D; can be obtained by the rotation of 
the same arc y = f(x), but restricted to the interval |a;_1, 7;]. We can 
well approximate this arc y = f(x), x € |aj-1,2;] with the segment 
[Mi-1Mi], where Mia Ges J (te24)) and Mi (ai, f(a:)). So the solid Dd; 
can be approximated by a frustum of a cone with r = f(a;-1), R = 
f(a;) and h = x; — 2-1. (look at Fig.23 and make the same reasoning 
for cylinders instead of frustums). 

Using now a formula from the exercise 4 we find that 


vol(D;) © = (ai — vi_-1) [f(@i-1)? + f(a)? + f (tis) f (za) . 
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y yot(x) 


fae 


ea 
=F 
3 


FIGURE 23 


Hence, 


n 


S> [F(wi-s)? + f(s)? + F(w-r) f(aa)] (ws — 21-1). 


i=1 


(7.1) vol(D) & 


09] 3 


Let us fix now a set of marking points (€,);, €; € [vi1, x],7 = 1,2,...,n. 
Since f is continuous, if the norm ||A|| of the division A is smaller and 
smaller, then f(x;) and f(2;_1) are closer and closer to f(€;). Thus 
formula 7.1 becomes 


(7.2) vol(D) & m = F(E:)"(@i — Bi-1) = Sny2(A; (E)), 


a Riemann sum for the function 7f?, the division A and the set of 
marking points (£;). So 


(3) vol(D) = rf f? (w)dz. 


Formula (7.2) says that we can well approximate the volume of the ro- 
tational solid D with the sum of volumes of the cylinders C;, generated 
by the rotation of the line y(x) = f(€;) for any x € [a;-1, x;], around 
Ox-axis (see Fig.24). 


EXAMPLE 41. Let us find the volume of a ball of radius R > 0, in 
R3 


Such a ball is the rotational solid generated by the rotation of the 
arc y = VR? — x?, x € [—R, R] of the circle of radius R, x? +y? = R?, 
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FIGURE 24 


around Ox-axis. Thus, 


R R 
vol = wf (R? — 2" \dx = an | (R? — 2" \dx = 
0 


—R 


ria 
= 2n | Rx - — 
ae 


8. The length of a curve in R® 


RR ArR3 


6 3 


Let (I) be a curve in R® represented by the parametric path 


C=O) 
(8.1) (r):2 y=vlt) , t ad} 
Z2=2(0) 


Let A: a= to < ty < ... < t, = Db be a division of the interval 
[a, b] and let M;(x(ti), y(ti), 2(ti)), i = 0,1,...,n, be the corresponding 
division on (I), i.e. the image through the vector mapping 7 (t) = 
(x(t), y(t), 2(t)), t € [a,b], (the deformation mapping of the segment 
[a, 6] onto the curve (I) as a subset of R*) of the division A. Let 1(A) 
be the length of the polygonal line [MpM,...M,). 


DEFINITION 8. We say that the curve (T) is rectifiable if there exists 
a nonnegative real number I(T), such that for any €« > 0, there exists 
6- > 0 with the following property: if A is a division of the interval 
[a,b], ||Al] < 62, then \l(A) —1U(T)| < ¢. This nonnegative real number 
I(L) is called the length of (() and it can be well approximated by lengths 
of polygonal lines of the form |MoM,...M,]| (described above). 
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It is not difficult to prove that the property to be rectifiable does 
not depend on the parametric representation of (I). The same is true 
for the length of (I). This number /(I) defined above is unique. Let 
us estimate now I(T). 

Let us consider a parametric representation of a smooth curve (I) 
(see (8.1)), a division A: a = ty <t, <... < ty =b of the interval |a, }] 
and a set of marking points (€;);, €; € [t;-1,¢;] for any 7 = 1,2,...,n. 
By definition 8 we can approximate the length /(I’) with 


2) $=). iam 
i=l 


= a [a (ti) — e(ti-r))? + [y(ti) — y(ti-a)/? + [24a) — z(t). 


(see Fig. 25). 


| J aches z()) 


AREA 
{a bi tj thy bely 


FIGURE 25 


Since x(t), y(t) and z(t) are of class C', applying Lagrange formula 
to them on each interval [t;_1,t;], we get 


a(t) — e(ty1) = 2'(a:) (tj — te) © 2'(E,) (ts — tea), 
y(ti) — y(tsa) = y" (bi) (ta — tea) & y'(Ei) (i — tea), 


Ai)AZzG) = 2 (Geta) 22 e) Gta), 
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where aj, b;,c; € [ti-1, ti] for each « = 1,2,...,n. Thus, S can be well 
approximated (when ||A|| > 0) with 


Sy = V2! (;)? ee ey) te (Gy) — Et), 


Indeed, since the function 

Au, v,w) = Va'(u)? + yw)? + 2/(w)?, 
u,v, w € [a, b] x [a, 6] x [a, b] is uniformly continuous, then for any < > 0, 
there exists 6. > 0 such that 


€ 


(u,v! w") — Hu, 0",w)| < 


if 
/ 


jul ul], [ol =o" |, Jw! —w"| <b. 


. Thus, if ||A]| < 6. one has that 
|S — Sy] < So | H(ai, b:, ¢;) — AE, &s &)| (ti — tea) < 
i=l 
e28 
~ b-a 
But this sum 5S) is a Riemann sum for the function 
f(t) = Va'(t)? + y(t)? + 2'(4)?. 


So our curve (TL) is rectifiable and its length can be computed by using 
the formula 


(8.3) () = i, Jal? + yb? + Pade. 


-(b-—a) =e. 


The expression ds = /x'(t)? + y'(t)? + 2'(t)?dt is called the element 

of length on the arc T, i.e. it is "the limit" of the length of the arc 

M,_1M, on I’, when the distance between M;_,M; is small enough. 
Let us compute the length of the astroide 


_ 3 
{ Be GOOEY iO Or 4 0 
y=asin't 
This curve is a plane curve, so z(t) = 0 in the above formula. We see 
that the Cartesian form of the parametric equation of the astroide is 
13 +y3 = a3. Thus the curve is symmetric relative to Ox and Oy axes. 
Hence its length is 
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5 5 
(=A i V/ 9a? cos‘ t sin? t + 9a? sin‘ t cos? tdt = 12a i V cos? t sin? tdt = 
0 0 


2 2 x 
= 120 | |cost sin t| dt = va [ sin 2tdt = —3acos 2t|} = 6a. 
0 0 


EXAMPLE 42. Let M(x) be a moving point on the segment {a, b] 


in a field of forces es parallel to the Ox-axis oriented like the direct 
orientation of [a,b], i.e. "from a to b”. (see Fig.26) 


FIGURE 26 


Let the norm (modulus) of this field be a continuous function f(x), 
x € [a,b]. If 
NOH 35 = = 1s Se Se a SH 


is an arbitrary division of [a,b] and {€,} is a set of marking points 
of it, then we can well approximate the work of f along the oriented 
segment [xi-1, xi] with f(€;)(v; — vi-1). Thus, the work of f along 
[a,b] can be well approximated with the Riemann sum S(f;A; {&;}) = 
Soe £(E;) (vi — vi-1). If the function f is integrable, then the work 


=> 


Wat) f of f along the segment |a, b] is just fo f@)de. 


9. Approximate computation of definite integrals. 


Let f : [a,b] — R be an integrable function. The definition itself 
of the notion of integrability (see Definition 3) is equivalent to the fact 
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that we can well approximate the number J = ie f(x)dzx with Riemann 
sums of the form 


S5(A; {E:}) =o) (x; — 2-1), 


where A: a = % < 4% < ... < %, = 6 is a division of [a,b] with 
|| A|| small enough and {€;} is an arbitrary set of marking points, €; € 
(7:1, @;] for any 7 = 1,2, ...,n. Let us take a particular type of divisions, 
namely equidistant Haisons Let n be large enough and let h = &2 


"the increment" of the division 
Ag G79 6 Oth SH oi = ac SOT eH Sa Sy SH oO Pah 5: 


This division is an example of an equidistant division because x; — 
aj-1 = h, a constant number. Let us take €; = “=, the midpoint of 
the interval [1;-1, 2;]. Thus, 


‘ a+ (i=Dh+atih | %-1 
2 2 
So we can use in practice the following approximation: 


(9.1) [ Pda (« i “h) | 


This formula is called the rectangles formula. In Fig.27 the integral 
f f(«x)dz is just the area of the plane surface bounded by the graphic 
of f(a), when x € [a, b], the Ox-axis and the vertical lines x = a, y = b. 
The approximate R(f;n) from formula (9.1) is exactly the hatched area 
of Fig.27, i.e. the sum of the areas of all the rectangles D;, where D; 
has as a basis the segment [x;-1, 7;] and as height f(€;), €; being the 
midpoint of [xj~1, x]. 

We can also be interested in the error err = |[ — R(f;n)|. If our 
function is integrable, this error becomes smaller and smaller, when 
no. 


fis 


EXAMPLE 43. Let us use the rectangles formula to evaluate the 
definite integral I = fo ede. Higher Mathematics show that function 
i= e-*” has not any primitive which could expressed by elementary 
functions. For an approximate computation, take n = 5; then €,; = 
mF — 0.1, € = 2 = 0.3, €&, = 2S = 0.5, &, = mato a4 — 1.7 and 
Es ='0.9..S0, 


1 
(92) Is = lexp (—0.01) + exp (—0.09) + exp (—0.25) + 


(9.3) + exp (—0.49) + exp (—0.81)]. 


92 2. DEFINITE INTEGRALS 


FIGURE 27 


But what about the error we just have made in this last approxi- 
mation? 

Let us evaluate the error in the case of rectangles formula (9.1), 
when f is a function of class C? on [a, 0]. 

For this, we fix ani € {1,2,...,n} and we try to estimate the error 
err; made by substituting eae f(a)dx with the area f (=) (x; — 
xi-1) of the rectangle which has the basis the segment [x;-1, 7;] and 
the height f(c;), where c; = “=1** is the midpoint of this last segment 
(see Fig.28). 


y4 


(ey, Nea) 


ty 
tee | 
fee 


FIGURE 28 
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Let us denote by Mz = sup |f”(x)| and let us apply Taylor formula 


x€[a,b] 
of order 2 around the point c;, i.e. 
/ C; " Cc 
@4) fe) =F) + Pee) + Foe — oy, 


7 as Sey (en ad = nt = Mea) 


The global error 


err =|T— 3° fle)(ar—2-0)]=|S0 fre) - Fle) aa] < 
41, i=l Y Vi-1 
“ M. 
S Doorn Sm geist - aren a)? 
Thus 
M. 
(9.5) err < wee (b—a)?, 


where Mz = sup |f”(z)|. 
x€[a,b] 
Let us come back to example 43 and evaluate the error we have 


made by approximating J = ie e-*'dr with R Ge 5) . Let us evalu- 
ate Mo: 
fil) = —2xe~™; f" (xv) = (—2 + 42?)e™”. 
Thus, | f”(2)| <2 when x € [0,1] and 
err < ——— - Siero, 
~ 24-25 300 =: 100 
Hence, the sum from (9.2) approximates our integral with at least 2 


exact decimals. 
The general idea above is to substitute the original function f : 
[a,b] — R with another one, called an interpolating function, usually 
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more elementary then the initial one. In our case of rectangles ap- 
proximation, we substituted f with f such that f(#) = f(c) for any 
x € |2;-1,2:), 7 = 1,2,...,n. Then we approximated J = . e- dr with 


[Few =S [ Heyae =F Flees — 21-4) = RUM. 


In (9.1) we interpolated the function f(x), 7 € [aj-1, x;] with a polyno- 
mial of degree 0, which has the same value as our function at the point 
c, = +" the midpoint of [;_1, x;]. If instead of a polynomial of de- 
gree 0, we interpolate f(x), « € {xj-1, x;] with the unique polynomial of 
degree 1 (a segment of a line), which has 2 points in common with the 
graphic of f, namely the points M;_1(2;-1, f(a;-1)) and M;(a;, f(«;)) 
(see Fig.29), we get 


I = [ tears f Ferae= 


= ae f(ax)dx = S- areala;—12;Mj_1 Mj. 
i=1 “ Ti-1 i=1 


Since the figure [2;-17;M;_-1M;j] is a trapezoid, its area is equal to 


FIGURE 29 


oe [f(ai1) + f(x,)]. Thus, 


(9.6) Te ds “—" [f (ea) + f(aa)] = 
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= 254 | ra) + £04290 f(a) & TUF). 


2 
st i=1 


This last formula is called the trapezoids formula. One can also estimate 
the error err = |[ — T(f,n)| in this case: 


(9.7) err (b—a)*, 


2 
Pig tiiticds 
— 12n? 


where Mz = sup |f”(x)|. For a proof of this last inequality see for 
x€[a,b] 


instance [GG], pag.139. 

Even our feeling says that trapezoids formula gives a better approx- 
imation than the rectangles formula, the mathematical estimation of 
errors (9.5) and (9.7) say contrary, namely, the estimation of error in 
the case of the rectangles formula is two times smaller than the estima- 
tion in the case of the trapezoids formula. In practice, sometimes the 
error in the case of the trapezoids approximation formula can be less 
than that one in which we use rectangle formula (for the same equidis- 
tant division). Sometimes it is greater! (by drawing, find out some 
examples!). Since both R(f,n) and T(f,n) are convergent to J, when 
n — oo, for n large enough one can use either rectangles or trapezoids 
formula. 

In order to obtain "better" approximation formulas we need to "in- 
terpolate" our integrand function f(a) by a polynomial P(x) of a fixed 
degree n. This means to fix n + 1 distinct points %j < 4 <<... < Xp 
in [a,b] and to find a polynomial P(x) of degree n such that P(x;) = 
f(x;) for any i = 0,1,...,n. We shall see that this last polynomial 
is unique and it is called the interpolation polynomial of f at the 
nodes {20,%1,...,2n}. In practice, we usually do not know the ana- 
lytical expression of the function f(«). In fact we measure some values 
{Yo; Yi; +++) Yn} Of it at a given finite number of points xp < 41 <<... < Un. 
Thus, f(x;) = y; for i = 0,1,...,n. Having such an interpolation poly- 
nomial we can force the approximation f(x) ~ P(x), x € [a,b]. One can 
prove that if the number of nodes is greater and greater and if they are 
"uniformly" distributed (for instance if we use equidistant divisions of 
[a, b]), then the error || f — P|| = sup {| f(x) — P(«)|} becomes smaller 


x€la,b 
and smaller (see [GG] for instance). Let us use this last approximation 
in order to find an approximation of the integral 


/ f(a)dx & i een 
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This last integral can be easily computed even the degree of P is very 
large (we can derive an elementary formula which is a function of the 
coefficients of P and of a and b). Thus, the approximate computation 
of ie f(x)dx reduces to an easy task. 

Let us reformulate our general problem. Given n+ 1 nodes (points, 
numbers, etc.) 9 < 21 < ... < Zp» and a fixed arbitrary set of n + 1 
real numbers {Yo, yi, ---; Yn}, let us find a polynomial L,,(x) (here L is 
from Lagrange) of degree n such that 


BAe y= Yi tHe Net 


i.e. the polynomial function L,,(x) is passing through the rOy-plane 
points M;(x;,y;), 7 = 0,1,...,n (see Fig.30). 


Lx) 


FIGURE 30 


Such a polynomial L,,(a) is called a Lagrange polynomial corre- 
sponding to the nodes x < 41 <... < , and to {Yo, Y1, ---; Yn}- 


THEOREM 27. Given %9 < 41 <.... < fp and {yo, 1, ---, Yn}, there 
is a unique Lagrange polynomial L,,(x) of degree n which is passing 
through the points M;(x;,y;), 1 = 0,1,...,n. 


PRooF. Any polynomial L,,(2) of degree n can be represented as 
En(x) = a9 + at +... + Ont”, 


where do, @1, ..., @, are unknown coefficients. To determine L,,(”) means 
to find these coefficients ao, a1, ...,@n. Conditions L,(2;) = yi, 7 = 
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0,1, ...,n can be also written as a linear system in variables ag, a1, ..., Gn : 


agp +Q14X%o +... + AnXo = Yo 
COE eb Oye Hai 

Qo + Q1X%n—1 +... + aa = Un-1 
Cg Gate aw Onde, = oa 


The determinant of the system is a Vandermonde determinant equal 
to 
I] (x; — 2;), which is not zero because x; # x; for any i F 7. 
0<i<j<n 
Thus the solution exists and it is unique. 


To compute directly ag, a1, ..., dn by solving this linear system is not 
a good idea because computation of large determinants is a difficult and 
not always an exact methods (a big number of cumulative errors may 
lead to a very big final error!). To escape of this difficulty, the great 
mathematician J. L. Lagrange (1736 — 1813) invented a nice alternative 
method. We know that the monomials {1, 2, x”, ...,2"} is a basis of the 
real vector space P,, of all polynomials of degree less or equal to n. This 
means that any polynomial P(x) of degree less or equal to n can be 
uniquely written in the form 


P(x) =agp tart... + 4n2”, 


where x is the variable (it can take any value on R) and ao, 4, ..., dn 
are real numbers which completely define our polynomial P. The great 
idea of Lagrange was "to change" the initial basis {1, 2,27, ...,2"} of 
P,, with another one more suitable for our situation. Let us define n+1 
polynomials of degree n in Py, : 


Here xp < 21 <... < Zp are our fixed nodes and let us remark that the 
polynomial wo(x) does not contain the factor (# — x9), wi(x) does not 
contain the factor (x — 71), we(xz) does not contain the factor (x — x2) 
and so on. Let us also remark that 


(9.9) w;(x;) = 0 for any 7 Ai and w;,(x;) ¥ 0. 
THEOREM 28. a) The set of polynomials 


{wo(a), wi(X),..., Wi(Z), ...Wn(x)} 
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is a basis in Py, the real vector space of all polynomials of degree less 
or equal to n. 

b) The unique Lagrange polynomial L,,(x) which is passing through 
the set of points M;(x;,y;) (see theorem 27) can be represented as a 
linear combination of the polynomials wo(x),w1(X), ...,Wn(x): 


ot ag wv). 


(9.10) Ln (x) = —e wo (x) + 


Fe wi(%) +...+ 


w1(21) 

PROOF. a) Since the dimension of P,, is n + 1 ({1,z,2?,...,2"} 
is a basis of it!), we cannot have more than n + 1 linear independent 
elements in P,, (see any course in Linear Algebra, for instance see [Po1] 
or [Po2]). Thus, it is enough to prove that the set of polynomials 
{wo(x), w(x), ...,Wn(x)} is linear independent. Indeed, let us take a 
linear combination of them: 


(9.11) Agwo(x) + Aw1(L) +... + AnWn(x) = 0, 


for any « € R. Let us put x = Zo in (9.11). Since wo(rp) # 0 
(Xo, 21,---;2n are distinct), wi(%o) = 0,...,Wn(%o) = 0, we get that 
Ao = 0. If we put now x = 2, in (9.11), we find \; = 0, etc. Finally 
we find that all \’s are zero, ie. the set {wo(xr),wi(x),...,Wn(x)} is 
linear independent in P,,. Having n + 1 elements and dimension be- 
ing n+ 1, any other polynomial @ cannot be outside the linear sub- 
space generated by {wo(x),wi(2),...,wn(x)}. If we could find such a 
polynomial, we could enlarge the number of linear independent ele- 
ments to n + 2 which is not possible because the dimension is exactly 
n+ 1 (see a course in Linear Algebra, for instance [Po1] or [Po2]). So 
{wo(), W(X), ...,Wn(x)} is also a generating system for P,,, i.e. this set 
of polynomials is a basis of Pp. 

b) Since {wo(x), wi(2),...,Wn(x)} is a basis, one can write L,,(x) as 


(9.12) Ln (a) = bowola) + fywi(@) + + MpWn(@). 


To compute ig, fly, ---; Un, We successively make x = 2%, 71,...,%, in 
(9.12). For instance, if « = x9, we get 


Yo = Ln(to) = LgWo(Xo), 


because w (2), ...,Wn(x) are zero at rp. Thus, pip = BNC In the same 
Yn 


way we get that pu, = PACT “ate Gan? i.e. we just proved formula 


(9.10). 


EXAMPLE 44. (interpolation with parabolas) Let us interpolate three 
points My(x1, y1), Mo(x2, y2), Ms(x3, y3) with a parabola, i.e. with a 
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Lagrange polynomial of degree 2. Let us use formula (9.10) and find 


ee Cae eee eee 
(9.13) L(x) = w1(2x}) ( ae wo(x2) ( ye w3(2x3) ( ) 


where w1(x) = (@ — £2)(%& — 3), Wo(x) = (4 — 41)(“@ — 23) and w3(xr) = 
(x — 21) (a — 2). 

EXERCISE 5. Write Lo(x) for x; = 0.1, r2 = 0.5, 73 = 0.9 and 
y= 1, yo = 1.5, y3 = 0.5. Draw the graphic of the resulting parabola! 


Assume now that in Example 44 x2 is the midpoint of the segment 
[x1, 23]. Thus, v2 = 44". Let us denote by h the differences 
(9.14) t2— %1 = 3 — XQ = 


Let us evaluate I = I[x1, 23; yi, Yo, Y3] = tee L(x)dx. Let us use now 
formula (9.13) to compute this last integral. Since 


XL3 x3 x3 x3 
i, Lo(x)dz = nf eile) av+in | wal) deta | wala) dx 
Ly ry w1(21) ry W2(x2) ry W3(r1) 


it is enough to compute the three integrals which appear on the right 
side of the formula (9.15). For this, let us change the variable x with 
a new variable s : 


t=2,4+ sh. 


is men dg =  [G He= iss 
[ on Gee / s(s — 2)ds = 
[ eu) a= an s(s — 1)ds = 


and formula (9.15) becomes 


Thus, 


ae 28 


x3 
3 3 3 
Let us consider now a continuous function f : [a,b] > R and an equidis- 
tant division a = x < 4% < 2 <... < Lo, = b of the interval [a, 6] with 
2n nodes, where n is a nonzero Hatirdl number. Let h = x;—-2j;_1 = = a 
We take ‘thie following set of triple points: {xo, 11, V2}, {x2, v3, x4}, .. 
{Xon—2, Lan-1; Hon, Fe For each {9j-2, T2i-1, Xai} we approximate the re- 


striction of f to the interval [:2;-2, x2;| by the Lagrange polynomial 


L® (x) which corresponds to the node points x;-2, £2;-1, 2; and the 
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value yoi-2 = f(Xai-2), Ya-1 = f(€x-1) and yo = f(ta) for i = 
1, 2,...,n. If one approximates if: f(x)dzx with 


S(f,n) = > LS? (x)da 
’ 2 
i=l % 2i-2 


and if one uses formula (9.16) to compute each term of this last sum, 
one gets 


[ forte =" 17(00) + Flen)+ 
(9.17) 
+4(f (01) + fas) +. + f(@an—1)) + 2(f(@2) + flea) +. + f2n-2))]- 


This approximation formula is called Simpson formula and if f is 
of class C* then the error can be estimated by 


2 (b—a)?° 
[ feyae- stm] < 


where My, = sup |f“Y)(x)| (see [G@G]). For n = 2 look at the Fig. 31 
x€ [a,b] 
to see how we approximate the graphic of f with two arcs of parabolas. 


err — 45 


FIGURE 31 


If we take an equidistant division a = % < 4% < %2<...< 4% =b 
and if we interpolate the arc M;_,M;, where M;(2;, f(x;)), with the 
Lagrange polynomial of degree 1, i.e. with the segment [/;_,M;], we 
get the above discussed trapezoids formula (see (9.6)). 


EXERCISE 6. Take n = 4 and f(x) = x? defined on [0,1]. Then 
if x?dx = z Use the three approximate formulas R(f,n), T(f,n) and 
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S(f,n) discussed above to approximate the integral fo x?dx. Compare 
the results with the exact computation, i.e. with 1/3. 


10. Problems and exercises 


tl Compute the ee definite integrals: 
a) [° ™£da; b) 0 ve Ida; c) [° "dz; 


d) Jo ar 5 0 Treated; 
2. Prove ae iff ye a,a] + R, a> 0, f is continuous and even, 
then [“, f(a)dx = 2 JP f(a)de. 
So Prove ae if f : [-a,a] — R, a > 0, f is continuous and odd, 
then f°, f(z)dx = 0. 
4. Prove ian if f : R > R is continuous and periodic of period T > 
0 > means that f(a+7) = f(x) for any x in R, then ie i de = 


Tr 
op x)dx for any a € R. In particular, prove that ibe f(xajdr = 


Io f 
: : aloe the area bounded by the curves (help yourself by draw- 
ing everything!): 

y=] Sr faa and & =e: 

mee and x? + y? = 2, z > 0: 

c) = = 5)? y + ws? = 0; 
oy y = 2x and y = $2 

e)y = Se a 

f)y = 2 and x =2—y-—y’. 

6. The curve y = sin, x € [0, 5] rotates around Ox-axis and then 
around Oy-axis. Compute the two volumes of the revolutionary bodies 
which result. 

7. Find the area bounded by the arc of the parabola y = 4x7, Ox- 
axis and the lines z = 0 and x = a (a > O), using only the definition 
of definite integral with Riemann sums. 

8. Find the area bounded by the curvilinear trapezoid generated 
by the hyperbola y = 1/z, x =a, x =b (0 < a< b) and Oz-axis. 

9. Let f : [0,1] — R be a continuous function defined on the 
interval [a,b] with values in R. Prove that 


tims os (E) = ff rea 


Use this formula to Come the vane limits: 
a) S= lim (4+3+4+...4 53); 


102 2. DEFINITE INTEGRALS 


c) s— ketch ch aa) 

d) S= im (he + arya be + ene) 

ce ae ae 

10. Using the fact that F(x) = f” f(t)dt is a primitive of f(z), 
compute: 


a) lim fe ae b) lim fo 2 fo Frat -¢) lim Jo ves 


11. Find the eaohie of the hance n f(e = fy Sidi, c ER. 
12. Compute the limits ‘km fe ” Cos 4 dx and 
iim fe a sin bada. 


13. Find the area bounded by the curves y = 2 — x? and y? = 2”. 
14. Find the area bounded by the Ox-axis and the arc of the cycloid 


{ as ene ,t€ [0,2n],a > 0. 

15. Find the area bounded by the curve: p = a(1+cos 26), 6 € [0,7] 
(Draw it!). 

16. Find the area bounded by the Bernoulli’s lemniscate: p? = 
a’ cos 20, 6 € [—4, 4] U [84, *]. 

17. Find the length of the curves: a) y = Inz, x € [V3, V8]; b) 
= jy? —3lny, y € [1,e]. 
18. Find the lengths of the following curves: 
_ aA _ ,t € [0,27],a>0, 
b) the cardioid: p= a(1 + cos 6), 0 € [0,27] and 
c) the astroide: «3 + y3 = a3, a>0. 

19. Find the volume of the reuolunionae ellipsoid determined by 
the rotation of the ellipse z + ve = 1, a) around Oz-axis; b) around 
Oy-axis. 

20. Use the formula S = 27 Lug + y'*dx to find the area of 
the parabolic mirror generated by the rotation of the arc of parabola 
«= yay’, y € (0, 4a], around Oz-axis. 

21. The curve y = acosh® (catenary), a > 0, « € [0,a] rotates 
around the Ox-axis and gives rise to a surface called catenoid. Find 
the area of this catenoid. 

22. Find the revolutionary areas obtained by the rotation around 
the Oz-axis of the a) cycloid, b) cardioid and c) astroide from the 
problem 18. 


a) the cycloid: 
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23. The circle x? + (y — b)? = a?, b > a, rotates around Oz-axis. 
Find the side area and the volume of the resulting solid (torus). 

24. The parabola y = x”, x € [0,1] rotates itself around the first 
bisectrix y = x. Find the side area and the volume of the resulting solid 
(Hint: use Riemann’s sums to find appropriate formulas or make first 
of all a rotation of axes of 45°). 


25. Compute: a) 3 v ae dx; b) ee [Ina — 1| dz; 


c) sf max [(4)° ,3°] dz; 

26. Let us denote by J, the following definite integral Ie sin” edz, 
n= 1,2,.... Prove that, = sr Then compute J; and I¢. 

27. Find the coordinates of the mass center of the plane domain 
bounded by the arc of parabola y? = x, y > 0, the Ox-axis and the 
line x = 2. 

28. Find the matrix of the momentum of inertia for the arc of the 
helix: 


x= acost 
H:=¢ y=asint , a,b>0,t € [0,27]. 
2= DL 
Tic Le Lip 
(Hints f= | Ley day Lye | so where da. = 5 (y? + 27)ds, Iny = 
Lez Lg ie 


fie z27ds, etc., i.e. the square of the distance of a point M(x, y, z) of H 


to the Ox-axis, to the Oxy-plane, etc. Here ds = \/a? + y? + z’2dt is 
the element of length on the curve H. 

29. Use the formula ds = ,/x2’?+ ydt to deduce an analogous 
formula, ds = ,/p?-+ p’d0, for a curve given in polar coordinates: 
p = (0). Use this last formula to compute the length of the cardioid: 
p = a(1+cos6), 6 € [0,27], where a > 0. 

30. The parabola y = z x € {0,3], rotates around Oy-axis. Find 
the volume of the resultant solid. 

31. Find the coordinates of the mass center of the figures bounded 
by the curves: 

a) +H =1,2,y>0, 2=0, y=0; b) y=2", y= Vz, > 0. 


104 2. DEFINITE INTEGRALS 


32. Use the formulas (see also the chapter with line integrals of the 
first type): 


27 
= | Jul? + y'dt, 
0 


x? + ydt 


LQG = 


soa yr x? + y?dt 


YG= 


in order to compute the coordinates of the mass center of the line: 


x = a(t — sint) 
{ y = a(1 — cost) t € [0, 27). 

33. Let Mi(0,5), Mo(1,1), M3(2, 3), M4(3,1) and M3(4, 5) be 5 
points in the xOy-plane. Write the Lagrange’s polynomial for these 
points and compute the area bounded by it, the lines x = 0, x = 4, 
y = 0 and the graphic of this polynomial. 

34. Use the trapezoid method with n = 5 to approximately compute 
i xdx. Compute this integral by Newton-Leibniz 

formula and observe the committed error. 


CHAPTER 3 


Improper (generalized) integrals 


1. More on limits of functions of one variable 


Usually, whenever we say that a sequence {z,,} is convergent to 
b, b is considered to be a real number. Let us extend the notion of 
convergence to the "completed" real line R = RU {—o0, oo}. If b = 0, 
we say {z,,} is convergent to b if for any real number M, there exists a 
rank Ny such that ifn > Ny, then x, > M. If b = —ov, we say that 
{xz,} is convergent to 6 if for any real number M, there exists a rank 
Nw such that ifn > Ny, then 7, < M. 

Let A be a nonempty subset of R. We say that b € R = RU 
{—co, oo} is a limit point of A if there exists a nonconstant sequence 
{a,,} of elements of A which is convergent to b. For instance, 0 is a limit 
point of A= {+} and oo is a limit point of A = {n}. For an interval I 
(finite, infinite, closed, open or neither closed nor open) any point of I 
or of OI, the boundary of I in R, is a limit point of I (prove it!). 


DEFINITION 9. (limit of a function at a given point) Let f: A—R 
be a function defined on a subset A of R with real values and let b€ R 
be a limit point of A. We say that L = L(f,b) € R is the limit of f 
at b if for any sequence {x}, LZ, € A, which is convergent to b, the 
sequence {f(x,,)} ts convergent to L. If L is finite, i.e. if L € R, we 
say that f has the finite limit L at b or that f has the limit L at b. We 
note this by L = lim f(x). 


If in this definition we take only sequences {x}, 2, € A, Ln < 6, 
Ln — b then, if the limit L)(f,b) = lim cyt (fn) exist and it is the 


same for any such sequence, we say that Li(f,b) is the left limit of f at 
b. If we take sequences {x,}, tn € A, tn > b, Ly, — 6 then, if the limit 
DA. 0) = lim ee f(@n) exists and it does not depend on the sequence 


{tn}, we say that L,(f,b) is the right limit of f at b. Sometimes it is 
not possible to define one of these limits. For instance, if f : [0,1] — R 
and 6 = 0, it is not possible to define the left limit of f at 0. In this 
case we call L,(f,0) = L(f,6) the limit of f at 0. L)(f,b) and L,(f, 0) 
are called the side limits of f at b. Let us use the above definitions to 
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compute the side limits and the limit of f : R — R, f(z) = 2? +1 at 
x= 2. If ty, — 2, ty, < 2, then f(tp) = 22+1—5. So Li(f,2) =5. It 
is easy to see that L,(f,2) = L(f,2) = 5. But, if 


go ih D 

fe=| BF itese  fROR 
then L,(f,2) = 4, L,(f,2) = 3, and L(f,2) does not exist because, 
generally speaking, any sequence {z,} which is convergent to 2 and 
which has an infinite number of terms on the left and on the right of 


2, can be written like a union of two subsequences of it, ae} and 


{2} , such that a < 2 and 2) > 2. This means that f GO) ae A 


and f (2?) — 3, thus the whole sequence {f(z,)} has not a unique 
limit when n — oo. This is why we say that this f has not a limit at 2. 

The following theorem makes light on the relation between the side 
limits and the limit itself. 


THEOREM 29. Let A be a nonempty subset of R and let b be a limit 
point of A in R. Let us assume that both side limits of f at b exist and 
that they are equal to M. Then f has a limit at b and this limit is equal 
to M. 


PROOF. Let {z,,} be a sequence of elements of A which is conver- 
gent to b. If this sequence has either a finite terms on the left of b or a 
finite terms on the right of b, then the limit of the sequence { f(x,) fis 
either Li(f,b) or L,(f,b) respectively. Since both these numbers are 
equal to M, the limit of {f(x,)} is M in this case. Assume now that 


the sequence {x,,} is the disjoint union of two subsequences es and 


nm 


ae} such that the terms of a are on the left of b and the terms 


of jz} are on the right of b. Here "disjoint" means that these last se- 
quences have no terms in common. Since the left limit at b and the right 
limit at the same point are equal to M, { f (2)} and { f (2?)} are 
both convergent to M. Let us prove that the whole sequence {f(x,,)} is 
convergent to M. For this let us take an e-neighborhood (MM —«, M +e) 
of M. There are two natural numbers N; and N»2 such that if k, > Ny 
and t, > No one has that F(z) € (M—e, M] and f(2) € [M, M+e). 
Let N = max{N}, No}, the greatest element of the set {Ni, No}. Now, 
ifm > N, then x,, is either a a with k,, > N, ora 2?) with t,, > No. 
Thus f(t%m) € (M —¢,M +.) in both cases. Hence, f(tm) — M 
whenever m — oo and the proof is complete. 
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REMARK 16. Since on the real line R we have two directions around 
a given point b, on the left and on the right, we might be inclined to 
generalize theorem 29 to the case of a function of many variables, say 
of two variables, in the following sense. Let A be a nonempty domain 
(open and connected, see [Po] for instance) of the cOy-plane and let 
b = (b1,b2) be a limit point of A. Let f : A — R be a function of 
two variables defined on A with scalar real values. The temptation is 
to say that if the limit along any straight line which is passing through 
b exists and it does not depend on the direction of these lines (this 
means that there exist a real number L such that if {Mn = (Xn, Yn)} ts 
a sequence of points on a line y — bo = m(x — by) for all slopes m, i.e. 
Yn — b2 = May — bi) for any n, then f(%n, Yn) has a limit at b). But 
this statement is wrong as follows from the example bellow. Let 


f:R—R. Take b = (0,0) and an arbitrary line y = max which passes 
through (0,0). If (an, Yn) is such that yn = Mary, then 
3 
mies 
f(2n, Yn) aha ar een 0, 
1+ ma3 
then 


1 
f(Zns Yn) = 3 80: 


Thus 0 cannot be the limit of f at (0,0). Hence, even f has the limit 
0 on any lines which is passing through (0,0), it has limit 1/2 on the 
cubic curve y® = x. It can be proved that a function f defined on a 
plane domain A has limit L at a point b of A if and only if it has the 
same limit L along any smooth curve y which is passing through b and 
is contained in A. This comes from the fact that any sequence of points 
Mi (2n; Yn) which converges to b can be interpolated by a smooth curve 
y which contains the point b too. This last statement reduces to the fol- 
lowing fact. For any n = 2,3,..., three distinct points Py_4(%n—1, Yn—1); 
Pi(@ns Yn); Prsi(Ln41; Yn4i) and two straight lines dy_1, dn41 which is 
passing through P,_, and P,.1 respectively, there 1s a parametric curve 
of class C of the form 


a(t) = 2n-1+ Apilt-—n+1)+ Apt —2n + 1)?+ 
+Aniui(t—n+1)?+Cruilt—nt+ 14, 

y(t) = Yr1 + Bra(t-—n+1)+ B,(t-n+1)?+ ’ 
+Brii(t—n +133 + Dryi(t —n + 1)4 


P= 


108 3. IMPROPER (GENERALIZED) INTEGRALS 


t € [n—1,n+ 1] such that it passes through our three points and is 
tangent to dn—1, dn4, at the points P,-, and Py11 respectively. For 
t=n—1, 2(n—1) =2p_1 and y(n—1) = yn_1. Since x’(n—1) = Ani 
and y'(n—1) = By_1, one can find A,_,and B,,_1 respectively as being 
the direction of dy_1. Let (Insi,7Mn41) the direction of the line dn4+1. 
Then the coefficients Ay, Anyi, Cn41 can be determined by solving the 
following linear system (in theses unknowns A,,, Ani, and Cr+) 


AA, + 12An41 + 82Cr41 = lg — An-1 
An a Anti + C. 41 = Ln — Ln-1 — Anat 
4A, a 8Anit 2 16C;, HL = Un41 — Un-1 — DAy 4 


The determinant of this linear system is equal to —16, so the system 
has a unique solution. This last system came from the conditions that 
I, be tangent to dns, at Pyii, x(n) = tp, and y(n) = yn. An anal- 
ogous system for y(x) will determine the coefficients B,, Bns, and 
Dyi1. Finally, in order to obtain an interpolating curve T of class Ct 
for a sequence {Py(Xn,Yn)} which converges to b, such that T passes 
through b, we take a sequence of straight lines {d,} with its sequence 
of slops {m,} convergent to a real number, say r and T to be the joint 
union of all T,, n = 2,4,6,..., constructed above and the point b itself 
with the coordinates x(co) and y(co). When t runs from 1 up to ov, 
t €R, the corresponding point M(x(t), y(t)) goes from P,(x1, 41) up to 
P(b,, bz). Moreover, M(x(t), y(t)) is passing through P, P3,...,Pr,... 
successively. 


Practically, how do we prove that a function f : A > R has a limit 
L at a limit point b € R of A and how do we compute it? We simply 
take an arbitrary sequence {z,}, x, € A for all n, which converges to 
b and then ask ourselves if the sequence {f(z,)} is convergent to L. 
If we do not know the value of L in advance, we compute the limit of 
{ f(vn)} if it exists and, if this limit exists and if it does not depend of 
the sequence {x,,} which converges to b, we must conclude that f has 
this last limit just computed at the point b. 

For instance, let us study if the function f(z) = In(z?+ 1) has a 
limit at « = 0. For this let x, — 0 be a sequence which converges to 0. 
Then, taking count of the usual elementary operations with sequences, 
we get that x2+1— 1. Since the function In : (0, 00) — R is continuous 
as being an elementary function (see [Po]), we get that the sequence 
In(z? +1) — Inl = 0. This last number does not depend on the 
convergent to zero sequence {z,,}, so the function f(x) = In(x? + 1) 
has the limit LZ = 0 at x = 0. In particular, the both side limits of f at 
zero are equal to zero. 
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The following two criterions are very useful in this chapter. 


THEOREM 30. (€-6 criterion) Let A be an interval in R and let b be 
a limit point of it inR. Let f : A— R be a function defined on A with 
real values. a) Assume that b if finite, i.e. itis in R. Then f has a limit 
L € Ratb if and only if for any > 0 (usually small) there exists a real 
number 6 which depends on € such that whenever x € AN (b—6,b+0), 
then f(x) € (L—¢,L +6), ie. |f(a) —L| < ©. This means that if we 
go with x very close to b, then f(x) becomes very close to L. b) Assume 
now that b= co. Then f has a limit L at b if and only if for any « > 0 
(usually small) there exists a sufficiently large number 6 > 0 which 
depends one such that whenever x € (6,b = co) (a neighborhood of oo), 
then f(z) € (L—e,L +6), ie. |f(x) — L| < ¢. This means that if we 
push x very close to co, then f(x) becomes very close to L. If b = —on, 
then 6 <0 and —6 is large enough, 1.e. in this last case 6 is very close 
to —co. Moreover, the expression "x € (6,6 = co) (a neighborhood of 
oo)" must be substituted with "x € (—co,6) (a neighborhood of —co)". 


PROOF. a) Suppose that f has a limit D € R at b € R, ie. for all 
sequences x, — b one has that f(x,) — L. If for a fixed « > 0 sucha 
number 6 did not exist, then, for every natural number n = 1, 2,..., we 
could find a z, € AN(b—1/n,b+1/n) such that f(z,) € (L—«, L+e). 
Thus z, — b and {f(z,)} does not converges to L, i.e. L cannot be 
a limit for f at b, a contradiction! Hence such a 6 with the required 
properties in the statement of the theorem must exist. 

Conversely, assume that for any <¢ > O there exists a 6 with the 
property described in the theorem. Take x, — 6, x, € A and take also 
a small ¢ > 0. For the corresponding 6 (which depend on ¢) one can 
find a natural number N which depend on this 6 such that ifn > N, 
then x, € AN (b—6,b+6). Use now the assumption and conclude that 
forn > N, f(tn) € (L—¢,L+¢), ie. f(an) — L, so L is the limit of 
f at the point b. 

b) If b = on, let us assume that L is the limit of f at b = o, ie. if 
In > &, LZ, € A, then f(x,) — L. If one could find an € > 0 for which 
such a large number 6 (depending on ¢) with the property described 
in theorem, b), did not exist, then, for this « and for any n = 1,2.,... 
we could construct a y, € AN (n, oo) such that f(yn) € (L—¢, L +6). 
Hence, Yn, — co and f(yn) ~ L, a contradiction! So such a 6 must 
exist. 

Conversely, if for any small ¢ > 0 there exists a 6 with the properties 
described in theorem, b), take a sequence t,, — b = 00, tn € A. For 
such 6 one can find a natural number M such that if n > M, one has 
that t, € AM(d, oo). Let us use now the hypothesis and conclude that 
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f(tn) € (Lb —¢,£+4+ 6) for any n > M. Thus f(t,) — L and the proof 
is completed. 


Sometimes we cannot even guess the limit LZ in order to use the 
above definition of the limit of f at b. For instance, let A = [0, 00), 
b> oo and Je) = ie edt, the famous Laplace error function which 
is a basic mathematical tool in statistics. In higher mathematics it 
is proved that the function g(t) = e~” has no elementary primitives, 
so we can never express f(x) as a composition of elementary func- 
tions (polynomial, rational, trigonometric, exponential and logarith- 
mic functions). Thus, if x, — oo, how do we prove that the sequence 


{ CAC eon hd eat} is convergent? How do we compute its limit? 


The following criterion of Cauchy can decide if a limit of a function f 
at a given point b € R exists or not, without guess a number L which 
could be a good candidate for the limit itself. 


THEOREM 31. (Cauchy criterion) Let A be an interval of R and let 
bER be a limit point of it. Let f : A— R be a function defined on A, 
with values in R. a) Ifb is finite, i.e. ifb € R, then f has a limit at b if 
and only if for any small real number ¢ > 0 there is a real number 6 > 0 
such that if two numbers x’ and x" are in AN(b—06,b+4+ 6), then the 
distance between f(x’) and f(x") is less thane, i.e | f(a’) — f(a")| <e. 
b) If b is not finite, say b = co, then f has a limit at b if and only if for 
any small real number ¢ > 0 there is a large real number 6 > 0 such that 
if two numbers x’ and x" are greater than 6, then the distance between 
f(a’) and f(x”) is less than «, i.e. | f(a’) — f(x")| < €. For b = —oo 
we must replace this last 6 with a negative, near to —ov, 0, i.e. in this 
case 0 <0 and —6 is very large. Moreover, the expression "x' and x" 
are greater than 6” must be substituted with "xc' and x" are less than 


6”. 

PROOF. a) Assume that L is the limit of f at b. Use now ¢-6 cri- 
terion (see theorem 30, a)) for ¢/2 instead of ¢. Thus, there exists a 
6 > 0 such that if rc € AN (b— €/2,b+ ¢/2), then |f(x) — L| < €/2. 
Take now this 6 and for 2’, 2” € AN (b— ¢/2,b+ ¢/2) one has that 
| f(a’) — L| < €/2 and |f(x") — L| < €/2. But 

f(x!) — fl2")| < f(@’) — LE] + |f@") - £| <e/2+2/2 =e. 
Conversely, suppose that for any ¢ > 0, there is a real number 6 > 0, 
such that if two numbers 2’ and x” are in AN (b— 6,b+4+ 6), then the 
distance between f(x’) and f(x”) is less than ¢, i.e | f(x’) — f(x”)| <e. 
We must prove that f has a limit D at b. For this, let x, — 6, x, € A, 
and let fix a small <¢ > 0. For this ¢ we take that 6 > 0, defined by 
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the above hypothesis. Let N be a natural number such that ifn > N, 
then xz, € AN(b—6,b6+6). Applying our hypothesis to that fixed ¢, we 
get that for any n,m > N, one has that |f(x,) — f(a@m)| < ¢, ie. the 
sequence { f(x,,)} is a Cauchy sequence which has a limit L, depending 
on the sequence {z,,} which converges to b. If we take another sequence 
Yn — 6 and the same fixed ¢ with its corresponding 6, since pn, Yn © 
AN (b—6,b+6) for any n > N,, common to both sequences, one has 
that |f(tn) — f(Yn)| < €, ie. the sequences {f(r,)} and {f(yn)} have 
one and the same limit LZ. Thus this L is the limit of f at b. 

b) Assume now that b = oo and that f has the limit L at oo. Use 
again €-d criterion (see theorem 30, b)) for ¢/2 instead of ¢ and continue 
the same reasoning as in the finite case a). 

Conversely, assume that for any small real number ¢ > 0 there is 
a large real number 6 > 0 such that if two numbers x’ and x” are 
greater than 6, then the distance between f(x’) and f(«”) is less than 
é, ie. | f(a") — f(a")| < e. We must prove that f has limit at b = oo. 
For this take a sequence 7, — 00, ©, € A and an arbitrary small real 
number ¢ > 0. For this ¢ take the above 6 and take a natural number 
N such that ifn > N, then z, > 6. Take now n,m > N. Thus, 2n, 
Lm > 6 and |f (an) — f(&m)| < €, ie. the sequence { f(x,)} is a Cauchy 
sequence. So it is a convergent to L sequence. Like in the proof of a) 
one can prove that this ZL does not depend on the sequence {z,,} which 
converges to b. Hence L is the limit of f at b = oo. 


EXAMPLE 45. (Laplace error function) Let us use Cauchy criterion 
described above to prove that the famous Laplace error function f(x) = 
ie edt, x > 0, has a (finite) limit at b = co. Take for this x’ and 
x” > 0 and let us evaluate the distance between f(x’) and f(x") : 


i ” 


/ edt / e ‘dt 


where x’, x" > 1. Take now a small ¢ > 0 and choose 6 > 0 large 
enough such that if x > 6 one has that e-* < ¢/2. This is possible 
because e* — 0, when x — co. Coming back to formula (1.1) we 
finally get that 


(1.1) [f(.) — f(@")| = = 


—y7! — 
=|e*-e* 


Ifa’) — f(a") <e/2+e/2 =e. 
Thus Cauchy criterion works and so f has a limit at oo. This limit is 
denoted by ire edt and its computation will be given in the neat two 
chapters. It is a first example of an improper (generalized) integral. 
It is called in the literature the "Poisson integral" and its value is cid 


2 
Why an "improper integral"? Because the interval on which we perform 
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the integral computation of the function e is not finite (bounded). In 
the next section we shall systematically study such type of integrals. 


2. Improper integrals of the first type 


Up to now we have studied integrals on closed and bounded intervals 
or on some finite unions of these, namely on subsets of the form A = 
U?_,[a:, b;], where a; < bj < aizi < bj41 for any i = 1,2,...,.n—1. Let us 
call such type of subsets, elementary subsets.We shall now extend the 
usual notion of Riemann integrals on such type of subsets to unbounded 
intervals or on a union between an elementary subset and one or two 
unbounded intervals of the form [a, 00) or (—oo, b] under the hypotheses 
that any two of such subsets have in common at most a point. For 
instance, 

B = (—o0, —5] U [—5, 0] U [1, 2] U [5, co) 


is such a union. Since we can define lei f(x)dx by 1 Be f(—y)dy (make 
the "change of variable" y = —x in your a we can Sey every- 
thing to the definition of an integral of the following type ee f(x)dax 
where f is a function defined on [a, co). For ies f(x)dx we simply de- 


fine it by Jim is ; ‘ x)dz. If this last limit exists, then it is equal to 
A ees ° f(x ee fo f x)dx (see their definitions bellow). If the limit jim 
i f(x)dx exists, we call it the principal value (pv) of oe improper 
ee ee f(x)dx. For instance, take the integral (ie ar: 


—oo aa 


a, ool 
pu Ie pag = jim i‘ pai® = tan” 'oo— tan 7'(—oo) = 7. 


DEFINITION 10. Let f : [a,oo) — R be a function defined on the 
unbounded interval (infinite interval) |a,oo) with real values such that 
it is integrable any subinterval of the form [a,x] C |a,oo). If the 
new function F(a ot be f(t)dt, F : |a,oo) > R has a limit L € R at 
b = ov, we say a the symbol Aisa f(x)dx is convergent (or exists) and 
its value is that L, 1.e. 


[ f(@jde=-im " f(t)dt 


xwL—0o 


if this last limit exists. If the limit does not exist as a real number, we 
say that the integral i keg f(x)dx is divergent or that it does not exist. 


Such integrals like [* f(a)da, fs. f(x)da, or [™. f(x)dx are called 
improper (generalized) Loy of t the Me type. 
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1 


. [oe) . 
For instance, Af dx is convergent because 


14x? 
rae a dt = lim [aret tan0] = — 
im ——-dt = lim [arctan x — arctan0] = =. 
too Jo 1+ t2 L—00 2 
Thus; |. = ade =>. 


EXAMPLE 46. (Gabriel’s trumpet) Let us take a > 0 and f(x) = + 
defined on the infinite interval [a,co). Let us take A > a and let us 
rotate the arc of the graphic of f restricted to [a, A] around Ox-azis. 
The side surface of the solid obtained in this way is like a trumpet. Let 
us make A go to co. The "infinite" trumpet obtained in this way is 
called a Gabriel’s trumpet. The infinite area bounded by the graphic of 
f(x), x € [a, oo), the lines x = aa and the Ox-azis (see Fig. 1) 


be 
[AY 
44 


WY 
(Uj: . 
0 = ee 


FIGURE 1 
18 


/ ae = lim Eat = lim [nz —-Ina] =~, 


G rL— 00 oi @L— 00 

so this last improper integral is divergent. Let us compute the volume 

of the revolutionary solid bounded by the Gabriel’s trumpet: 
cae a | 1 1 7 
rf —dx = 7 lim —dt=alim |—-—+-—-| =-. 

Oe i zoo J, t? roo | x a a 

Thus the volume of this infinite solid is finite, namely =. Hence the last 
improper integral of the first type is convergent. If a > 0 goes to zero, 


the volume goes to oo. Very strange! The area of a longitudinal central 
section of the Gabriel’s trumpet is infinite and its volume is finite! 


THEOREM 32. (zero criterion) Let us consider the conditions and 
notation from definition 10. If the integral io f(x)dx is convergent, 
then there exists at least one sequence {qn}, Gn — 00, such that f (qn) 
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0. In particular, if the integral Ae f(x)dx is convergent, and if lim f(x) 


exists, then it must be zero. Thus, if the integral ay f(x)dx is conver- 
gent, if f is continuous and if lim f(x) exists, then f must be bounded. 


Hence, if lim f(x) exists and it is not equal to zero, then the improper 
integral ar f(x)dx is divergent. 


PROOF. Let no be the least natural number greater then a. Then 


[ seoae= fo teyan+ [peer 


n=ng 


But 
n+1 n+1 
i fla)de = fldn) / ix = (0), 


where g,, € [n,n+1] (mean theorem). Since the series }7°~_,,, ae f(x)dx 
is convergent, its general term f(q,) converges to zero, when n — oo. 
The other statements are simple consequences of the definition of a 


limit of a function at co (lim f(x) = lim f(q,) = 0 for any sequence 


dn — co) and of the basic properties of sequences on a compact inter- 
val (see [Po], Weierstrass theorem). Indeed, if f were not bounded, 
there exists a sequence {z,}, Z, € [a,oo) for n = 1,2,..., such that 
f (an) — 00 (say; you can easily put —oo instead oo). If {x,,} itself is 
bounded, there is a subsequence {,, } of {a} with x, — ro € [a, 00) 
(Cesaro’s Lemma, a particular case of Weierstrass theorem, see [Po]). 
The continuity of f implies that f(x;,,) > f(xo). Since {f(x;z,,)} is a 
subsequence of { f(z,,)}, then f(,,) > co. The uniqueness of the limit 
of a sequence implies that f (a9) = oo, a pure contradiction! Thus the 
sequence {x,} is not bounded to oo. Let {2z;,} be a subsequence of 
{tn} with x, — oo. Since Jim f(x) = 0, one has that f(z) — 0. But 


f (x4,,.) — 00, {2,,,} being a subsequence of {,,}, thus we again obtain 
a contradiction (0 = oo!). Hence f cannot be unbounded. 


Here is an example of an unbounded function f(x) on [a,oo) such 
that f° f(x)da is convergent (contrary to a Riemann integral on a 
finite and closed interval {a, b|!). Take N large enough such that N > a 
and define f : [a,co) > R, f(N +2) = N +7 for any i = 0,1,2,... and 
f(x) = 0 for any x € {N,N +1, N +2,...}. Using only the definition 
of an improper integral of the first type and theorem 19 we see that 
si f(x)dx is convergent and it is zero, in spite of that fact that f is 
unbounded: f(N +7) = N +i -— oo, when i > oo. 

The following example is a standard example. 
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EXAMPLE 47. Let a be a positive real number. For any a € R we 
define I(a) = Hs dz. Then this integral is convergent if and only if 
a > 1. Indeed, if a =1, I(1) =Inz |= co. Assume that a 4 1. Then 


x 1 fret av -—a+l1 -—a+l 
F(x) = | —dt= a 
ge Ob SOP! vSsavee dl Sabb 


Since lim x~°*! is finite and 0 in this case, if and only if —a+1 <0, 


wo 


ae a>. 


There is a great number of similarities between the improper in- 
tegrals of the first type and the numerical series. First of all, for a 
function f : [a,oo) > R4, such that for any x > a the "proper" inte- 
gral i f (t)dt exists, let us write formally (for a fixed natural number 
N >a): 


(2.1) ie Nee [fees Yew 


where Cy = oe f(x)dz,n = N,N +1,... . It is clear that the improper 
integral is convergent if and only if the last numerical series on the 
right is convergent (sketch a proof!). If f has positive and also negative 
values "up to co”, this statement is not always true. Indeed, let f(x) = 
sin 27x, x € [0,0o). Since 


cos 2rt |” i) 
es =igGgD 
Tare oe 


Cae | sin 2atdt = — 
0 


and since cosz has no limit at oo, F(a) has no limit at oo. Thus the 
improper integral te sin 27xdzx is not convergent. 

However, Cn = fer sin 27x2dx = O and the series on the right in 
formula (2.1) is equal to zero! 

We recall a nice theorem (theorem 21-the integral test, [Po]) which 
is stated here in language of improper integrals. 


THEOREM 33. (series test) Let f : [a,co) > R,, be a function f 
defined on an interval [a, co),a > 0, with nonnegative values. Assume 
also that f is a continuous and a decreasing function. Let N be the 
first natural number greater or equal to a and let c, = f(n) for any 
n= N,N-+1,.... Then the improper integral dy f(x)dx is convergent 
if and only if the numerical series \~”-_y Cy is convergent. 


Since the proof of this result was done in [Po], theorem 21, we omit 
it here. 
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For instance, the integral ia = dr, a > 0, is convergent because 


EST 


the numerical series )>~~ is convergent (apply the limit com- 


=[a]+1 qq | 
parison test with the Riemann series for a = 100 > 1, etc.). To try 
to compute directly a primitive for sy is a crazy idea! And, if we 
know that this integral is convergent but we cannot compute it ex- 
actly, where is the practical gain? There is a big one! If we know that 
this integral is convergent we can approximate it with ie zi00 sz ae, 
where WM is a large natural number. But this last integral can be easily 
approximately computed by using some specialized software. 

If we try to use approximate methods for computing a divergent 
improper integral is another crazy idea! This means to obtain different 
numerical values which are randomly distributed to oo. Thus these 
values cannot approximate some unknown number! 

This is way we need some tests in order to decide if an improper 
integral is convergent or not. A basic test is obtained by applying the 
Cauchy criterion for limits of functions (see theorem 31). 


THEOREM 34. (Cauchy criterion for improper integrals I) 

Let f : [a,oo) ~R a ; function which is integrable on any finite 
interval (a, «| for x € . Then tie f(x)dx is convergent if and only 
if for any small e > 0, oo exists 0 a ee and depending on «, 


such that if x’,2" € [b,00), then 


Jd <¢. This is equivalent 
to say that ve f(x)dx — 0, ee x’, a" > o. 
PROOF. We simply apply theorem 31, b) to the function F(x) = 
f° f(t, ete. 
EXAMPLE 48. Let us study the convergence of the integral I = 


a arctone dx. Practically we want to prove that the limit of the func- 


tion G(a', 2") = f 


al! : 
- arian da is equal to zero, whenever x’, x" — oo, 


independently. Indeed, use the basic mean theorem (see theorem 22) 
and find 


gl! 
arctan v 
—,, dz 
x! x 


when x’, x" — oo. 


= jarctanc| 


This last test is very used to derive other more useful in practice 
tests. In many cases the following test reduces the study of the im- 
proper integrals of the first type tes f(x)dx to the case of the nonneg- 
ative function | f()|. If the integral {~* f(«x)| dx is convergent, we say 
that (he f(x)dx is absolutely convergent. 
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THEOREM 35. (absolute convergence implies convergence) Suppose 
that the integral fe f(x)dx is absolutely convergent. Then it is also 
convergent. 


PROOF. Since ofa f(x)dx is absolutely convergent, one has that 
the integral {| f(x)|da is convergent, so by using Cauchy criterion 


we have that 
J, lt@lae 


whenever 2’, x” — oo. Since 
gl! 
[, @lae 
gc! 


| 7 f(x)dx 


one has that ie f(w)de| — 0, whenever 2’, x” — oo, i.e. our integral 


— 0, 


< 


e) 


J-° f(x)dz is also convergent. 


For instance, let us prove that the integral J = f sm dar is con- 
vergent. We shall prove that it is absolutely convergent. Indeed, 


” . 
*" |sin | come 

5 dx —dr 
gl x g 


when 2’ and x” go to oo. Applying again Cauchy criterion, we get that 
the integral J is absolutely convergent. 

We give now some convergence criteria for improper integrals of the 
first type of nonnegative functions. 


< 


THEOREM 36. (comparison test 1) Let f,g : [a,oo) + R, be two 
functions defined on the interval [a,0oo) with nonnegative values, inte- 
grable on any subinterval [a,x] C [a,co) and such that f(x) < g(a) 
for any x € [a, co). 1) If Geax is convergent, then A f(a jdx-4s 
also convergent. ti) If et f(x)dx is divergent, then i g(x)dx is also 
divergent. 


PROOF. We apply the Cauchy criterion in both cases. 
i) If [-* g(a)da is convergent, then 


MW 


/ g(x)dax 
when 2’, x” — oo. But 


is f(x)dx i’ g(x)dax 


— 0, 


< 


118 3. IMPROPER (GENERALIZED) INTEGRALS 


sO 


i f()da| — 0, whenever 2’, x” — oo. Hence [™ f(x)dz is con- 
vergent. 

ii) If ie g(x)dx were convergent, from i) we would have that 

she f(x)dx is convergent, a contradiction. So NE, g(x)dx must be 
divergent. 


For instance, since 
1 1 


< _—— 
en. ae 
and since fe +s dx is eel (a = 8 > 1 in example 47), this last 
theorem tells us that ee dx is convergent. Since 


ny 


ae | oe | | 
fp ———dzr ——~d 
/ oe / re+7 +f Pome ae 


and since iG = da i is a proper integral, one has that i = pda is a 
convergent integral. This is because 


x 1 x 


lim ——dt = lim 8 z zat + lim ait = 


zoo fg t8 7 roo fg + z—00 fy +7 


- [ pet [ eae 
dg BET , +7 0 


THEOREM 37. (limit comparison test) Let f,g : [a,co) — Ry, be 
two functions defined on the interval [a,co) with nonnegative values, 
integrable on any subinterval [a,x] C |[a,oo). Assume in addition that 
g(x) > 0 for any x € [a,co) and that the following limit "exists": 
lim 42 = L € RU {oo}. 


ae 00 9(@) 
i) If L £ 0,00, then the improper integrals [~~ f(a)dx and [> g(x 
have the same nature, i.e. they are simultaneously caine or Ae 

gent. 

ii) If L =0 and f™ g(x)dx is convergent, then [~~ f(x)dx is also 
convergent. 

iii) If L = co and {~™ g(x)dx is divergent, then [~ f(x)dx is also 
divergent. 


PROOF. i) Take ane > O sufficiently small such that L—e > 0 (since 
f and g have nonnegative values, L is nonnegative). Since lim a3 = 1% 


there exists a large enough 6 > a such that if x € [d, 00), then 


(2.2) je ACs aves 


g(x) 
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or 
(2.3) (L —€) g(a) < f(x) < (E+ )g(2). 
If f° f(x)dx is convergent, then [°° f(x)dx cs Aba £2) de are also 


convergent; since g(x) < fe) <, one has that {9 5 9(x)dzx is also convergent 
(see theorem 36). Since 


[ seyax = f ‘aus [ seae, 


we have that ae g(x)dzx is ee If fs ” g(x)dz is convergent, then 

(L+e) f° g(x Ae and (L +) f>° g(x)dx are also Sea Use 
the es inequality io 2:3 a theorem : to see that A 5 J(x)dz is also 
convergent. Since 


(2.4) [ J oar= a f(a)dx + [ sou 


one has that [~ f(2)dx is convergent. 

ii) If L = 0, in formula (2.3) we use oe the last ea to see 
that if [ g(a ear is ae then e f™ g(x)dx and e f° g(x)dx are 
also convergent so [-° f ; J(«)dz is convergent. From formula 6. we get 
that [ f(x)dz itself is convergent. 

iii) If L = oo, then for any fixed M > 0, there exists a large number 
6 > asuch that = > M ifz € (6, eo Since f(x) > Mg(x), x € . oo) 
and since [” g(x)dx and M f>° g(x)dzx are divergent, then [> f Ae 
is divergent. Now we apply again ae (2.4) to see that [™ f(x 
is divergent. 


For instance, since 


. Seal 
lim ——— =| 
xL— CO aT 


and since {7~ <3 dex is divergent (a = 2/3 in example 47), this last 
theorem says that Vie wade is divergent. 


If in theorem 37 we take a > 0 and g(x) = 4 


=p we get a very useful 
test. 


THEOREM 38. (test p) Let f : [a,oo) + Ry, be a function defined 
on the interval [a, co) with nonnegative values, integrable on any subin- 
terval [a,x] C [a, co). Let 

lim z? f(z) = L € RU {oo}. 


«wL—0oO 
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i) If L £0,co and p > 1, then ee f(x)dx is convergent. If L 4 0,00 
and p <1, then Aig f(x)dx is divergent. 

ii) If L=0 and p> 1, then A ae f(x)dx is convergent. 

iii) If L = co and p <1, then (ie f(x)dx is divergent. 


If L # 0,00, we call the number k = —p, Abel’s degree of f(x). 
For instance, Abel degree of f(x) = x? + 1 is equal to k = 3 because 
lim 2~3(a? + 1) = 1. The Abel degree is uniquely determined. Indeed, 


w—0oO 


lim 2? f(x) = lim x” f(x) = L 4 0 implies that lim x?~”’ = 1, or that 
p=p. 


Test p is very useful in apparently complicated problems. For in- 
stance, is it possible to use an approximation like this: 


ie ween a ie , 
Var2+1 
aoe 


Yr241 
us prove that this improper integral of the first type is convergent and 
then everything will be clear. 
For this, let us use test p (see theorem 38): 
ey ve VitlawV/e i ae 
1m = im frmart 
pace” 2 + 1 00 (4 /g+1+/z) a/e2 +1 


P ee 
ee = lim Tz #0,00 


if and only if p = z which is greater than 1. Thus, our integral is 


convergent (see theorem 38) and we can use that approximation. The 


approximate integral Ah ae dei is a Riemann integral and it can 


be easily approximated by one the usual method described in Chapter 
1. 


To find an a primitive of is not a good idea! Let 


Except Cauchy criterion, all the other tests given above are about 
improper integrals of a nonnegative function. Here is a basic and use- 
ful test on improper integrals of functions which are not necessarily 
nonnegative. 


THEOREM 39. (Dirichlet’s test) Let f, g be two continuous functions 
defined on |a, - with values in R. Assume that the Newton primitive 
function F(x Se f(t)dt is bounded on |a,oo), t.e. there exists a 
number M S 0 such that |F(x)| < M for any x € |a,oo). We also 
assume that g is a function of class Ct on [a,co) and Jim g(x) 0s 


Then [° f(x)g(x)dx is convergent. 
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PROOF. We simply apply the Cauchy criterion (see theorem 34). 


vw 


[ He Ja(o)ae = f F'(x)g(a)dx "2" F(x) g(x) |2) — 


/ 


a | F(a)g'(z)de LP" F(a") g(a") — F(a’) 9(2")- 


—F (eye) [g(v") — g(a’)|, where cya” € [x’, 2”). 


[sear < 


<|F(x")g(2")| + |F(e')g(2’)| + | (cer,2")| [lo(@")| + lo(@’)I] S 
(235) 
M [l9(2")| + |o(2")I] + M [lg(2")| + |o(e)|] = 2M [|9(x")| + |g(2’)]]- 
Take now a small ¢ > 0 ane let 6 > O be large enough such that if 
x € [d, 00) then |g(x)| < 7;. This is true because Jim n g(x ) =0. This 6 


is the searched for 6 in Cauca criterion: 


fF reos eae: 


if x’, x” € [5, 00). 


Thus, 


< 2M [lg(2")| + l9(@')I] < 2M [= + Zo] =<, 


EXAMPLE 49. (Dirichlet’s integral) If 8 is a real number, the fol- 
lowing integral je sin Be dep is called the Dirichlet’s integral. We can 
assume that 8 > 0. Let us prove that this integral is convergent. First 
of all let us remark that the function she defined initially only on 
(0,00) can be extended to a continuous function 


h(x) -{ sine if £E (0, 00) 


By a= 0; 
1 ha on [0,co). Thus, we can substitute the initial integral with 
Joh x)dx. This last one is "identical" with the initial one because 


does ae matter what we put in x = 0, the value of the integral does 
not change if that one is convergent. Since 


ve sin Ox [ sf mE. 
0 wt 0 x 1 x 


it will be enough to prove that the last integral be Sn Pe dy is convergent. 
In order to prove this we apply the rans s test by putting f(x) = 
sin Gx, which has the Newton’s primitive F(x =a a sin Gtdt = one 


cos cos Pe 


bounded by 2 3 on[l,co), and g(x) = 4 is of class or and 


gv? 
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decreasing to 0 at oo. Hence the Dirichlet’s integral is convergent for 
any fixed 0 ER. 


EXAMPLE 50. (Fresnel’s integrals) The following integrals 

I= fy sina*dx and J = f° cosx?dx are called the Fresnel’s inte- 
grals. Let us prove that I is convergent (in fact both are convergent!). 
For this, let us write 


lee) 1 lee) 
i sin 12dx = | sin x?dx + | sin x7dz. 
0 0 1 


It is enough to prove that i sin x2dx is convergent. Let us denote 
F(x) = fy sint?dt and let us change the variable t = \/u. So 


2 
ae 1 ff” 1 
sint?dt = — i, — sin udu. 
/ 2), Vu 


Since any real number z € [1, co) can be written as z = x for anz € 
[1, 00), it is enough to see that the integral ie aa sin udu is convergent. 
Here we apply again the Dirichlet’s test for f(u) = sinu and g(u) = Tr 
So the first Fresnel’s integral is convergent. We leave as an exercise 
for the reader to prove (in the same way!) that the second Fresnel’s 
integral is also convergent. 


3. Improper integrals of the second type 


Let f : [a,b] — R be a (Riemann) integrable function on the closed 
and bounded interval [a,b]. Theorem 13 says that in this case f must 
be a bounded function, i.e. there exists a real number M > 0 such that 
|f(a)| < M for any x € [a,b]. The next result tries to say something 
on the reverse statement. 


THEOREM 40. Let f : [a,b) — R be a bounded function on the 
interval |a,b) which is integrable on any closed subinterval |a, x|, where 
x € (a,b). Then f is integrable on the entire interval [a,b] and 


(3.1) [ seoae= lim [ sou 


a—b,a<b 


If f is integrable on any subinterval ly, b], where y € (a, 6], then again 
f is integrable on the entire interval [a,b] and 


(3.2) [ fea = lim f (t)dt 


ya,y>a y 
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PROOF. Since the proof for the second part of the statement is very 
similar to the proof of the first part, we shall prove only this last one. 
To prove the integrability of f on [a,b] we shall use Darboux Criterion 
(theorem 14). Since f is bounded on [a,b] one can choose M > 0 such 
that |f(2)| < M on [a,b]. Let ¢ > 0 be a small positive real number 
and let 6; = €/2M. Let 6 > 0 such that 6 < 6; and for any partition 
A = {a = 2%, %,...,2n-1 = b — 6,} of the interval [a,b — 6,] with 
||A|| < 0, one has: 


Sa - 8a = >) (Mi — mi) (a — 24-1) < €/2. 


Here M; = sup f(x) and m; = ant J) Let us consider now 
rE[a4~-1,2%] LE |Lj—1 Lj 

the partition 

(3.3) De te Oy eaten = bl SA 


of the interval [a,b]. If we keep the above 6 fixed, any partition A” of 
[a,b], ||A”|| < 6, can be represented as a partition A’ like in formula 
(3.3), with a 6, < 61, instead of 6. Thus 


Sar — Sar < Sa — 8a + (Mn — Mn)b1 < €/24+M-€/2M =e. 
Applying Darboux Criterion we get that f is integrable and 


b 
a)dx= lim Sa = lim Sa = 
: Ma) |A-0 Ao0 


b—61 x 
= lim fiajée = lim [ flow 


610 Gs r—b,a<b 


For instance, applying this last result we find that the noncontinu- 
ous function f : [0,1] ~R 


_ f a, ifx € (0,1) 
fe)={ 2ife=1 ’ 


is integrable and 


1. x 9 1 
i f(z)dx = lim | tdt= lim > = 
0 


arla<l 0 a—le<l 


We say that a function f : J — R, defined on an interval J with 
real values is unbounded at a limit point b of I if there exists at least 
one sequence {x,,} with x, € I, x, — b such that the sequence { f(x,)} 
is not bounded. For instance, f(z) = 1/x , x € (0,1] is not bounded 
at 0. We also say that 0 is a singular point for f. We can also write 
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lim = oo, thus f(x) = 1/2 is not bounded at 0. In our definition 


we can take x, = 1/n. 


DEFINITION 11. Let [a,b] be a bounded and closed interval in R 
and let f : [a,b) + R such that f is integrable on any subinterval |a, x], 
x € (a,b) and f is unbounded at b. We say that f is integrable on |a, b] if 
the following limit im, ihe f(t)dt exists, is finite and in this case we 


denote it by Hi f(t)dt. This last integral is called an improper integral 
of the second type with singularity at b. We also say that the integral 
ie f(t)dt is convergent. 


EXERCISE 7. Let f : (a,b] — R be an integrable function on any 
interval [x,b], x € (a,b] such that f is unbounded at a. Define the 


convergence of {- fat in this last case. 


For instance, f(x) = 1/x, x € (0,1] is unbounded at 0 and i sda 
is divergent because 
1 
1 
lim -dt= lim [nl—Inz]=o. 
z—0,2>0 J, t z—0,2>0 


But i aadx is convergent because 


1 
3 Win E = 2x3 ~ 9. 


x—0,x>0 


1 
1 
lim —dt= lim 2¢ 
xz—0,x2>0 a aft x2—0,2>0 


If f is unbounded at an interior point c of [a,b] but all the integrals 
Pf Odi. et S-a,a << and fr fat, y>c,y < 0 exist, then, by 
definition, ie f(x)dx exists (is convergent) if both improper integrals 


of the second type f f(x)dx and if f(x)dx exist (are convergent). In 
this last case we write 


iE i(pjar= [ toa + [ seoae 


For instance, J = fs gad is convergent because both integrals J; = 


ie gadx and Ip = if gad are convergent. Indeed, 


lim ie og, = ii Fa _ | = ae 

x20,7<0 -1 we x—0,2<0 | 2 2 2° 
ua oa | 3) ae a 3 
wn, aaat= tim, [8 - Bed] = 3 
x2—0,2>0 t z0,2>0/2 2 2 


Thus, L= K+, = 0. 
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In the case when at least one of the integrals [* f(x)da or te f(x)dx 
is divergent (nonconvergent) one can define the principal value of 


is f(x)dx 


by the following formula 


b 
po | f(a)da “lim 


If this last limit exists, in practice one can work with it, but,...very 
carefully, because its value is only a convention. 
For instance, fie sda is divergent because neither (cs sda, nor 


its <dzx is convergent. 
However, the principal value of foe *da is 0. Indeed, 


ot eRe Fal 
i —dx= lim / —dx +f ra] = 
12 e0,e>0 | J_y & - & 


= lim [Ine—Inl+In1- Ine] =0. 


e—0,e>0 
To use in practice the definition 11 is usually a very difficult task 
because we must compute integrals of the type is f (t)dt. In practical 
problems we want to know if our improper integral of the second type 
ie f(x)dx with singularity at b is convergent or not. If it is convergent, 


then we can approximate it with es f(x)dx for a very small chosen 
positive number e¢. For instance, ¢ = 10~°. Now, to compute this last 
Riemann integral fa f(x)dx one can use any approximate formula 
just studied in Chapter 2. To decide the convergence of an improper 
integral of the second type Ee f(x)dx with singularity at b, we need 
some "tests". 

We begin with a standard example. 


EXAMPLE 51. Let I(a) = ti Gaede be an improper integral of the 
second type with singularity at b, where a is a fixed positive real number. 


Let us prove that our integral is convergent if and only if a < 1. Indeed, 
: ie. bil 
(3.4) I(a) = tim, f =p" 


But 


’ 


a 1 Hes _(b = zg) is (b =. a) es 
q (b—t)% —a+l1 —a+l1 
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ad 1 b—a 
a 
/ G08 ee 


if a = 1. It is easy to see that the limit in (3.4) exists if and only if 


a <1. In this last case I(a) = bay 


If F(x = f(t)dt, x € [a,b) is the area function of Newton for 
function : which appears in the last definition, then ie f(t)dt is con- 
vergent if and only if the function F': [a,b) — R has a (unique) finite 


limit at the point b. Thus we can apply the general Cauchy Criterion 
(see theorem 31, a)) for the function F' and obtain: 


Lae ly and. 


THEOREM 41. (Cauchy criterion for improper integrals II) Let f : 
[a,b) > R bea function which is integrable on any finite interval [a, x] 
for x € [a,b). Then ie f(x)dx is convergent if and only if for any small 
€ > 0, there exists 6 AG enough and depending on ¢, such that if 


x’, x” € (b—4,b), then 


| <e. This is equivalent to say that 
ia f(x)dx — 0, whenever x’, x" — b, x’, 2" € [a,b) and x’, 2" < b. 


EXAMPLE 52. Let us apply this last Cauchy criterion to see if the 
improper integral of the second type i adx is convergent or not. 


Here x = 1 is the unique singularity of f(x) = Se on (1,2]. Take an 
si Sneda| . Using the mean 


€ > 0 and let us evaluate the quantity 
formula (see theorem 22), we get 


Wt 
* sin x 


f aL — sine [” Sl 


Thus, 


<2Vae" —-1+4+2Va2'-1l<e, 


/ sin x =a 
o 

et Vrt— 

if x’, vc” € (1,146), with d6= ae Here a neighborhood of 1 in (1, 2} is 

of the form (1,146), with 6 small enough. 


The similarity with the improper integrals of the first type is now 
very clear. Indeed, it is enough to put instead of oo, the real number 6 
and instead of the neighborhood (6, co) of infinite, with 6 large enough, 
the "neighborhood" (b — 6, b) = [a,b) N(b—6,b+ 6) of bin A = [a,). 
Even the other results relative to improper integrals of the first type 
can be transferred almost word by word for improper integrals of the 
second type, to be clear, we prefer to present them here with proofs. 
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Cauchy criterion is very used to derive other more useful in practice 
tests. In many cases the following test reduces the study of the im- 
proper integrals of the second type ie f(x)dx, with singularity at b, to 
the case of the nonnegative function | f(x)| . If the integral fe | f(x)| dx 


is convergent, we say that ie f(x)dzx is absolutely convergent. 


THEOREM 42. (absolute convergence implies convergence) Suppose 


that the integral of the second type, fe f(x)dx, with singularity at b, is 
absolutely convergent. Then it is also convergent. 


PROOF. Since f f(«x)dz is absolutely convergent, one has that the 
integral ie |f(x)| dx is convergent thus, by using Cauchy criterion, we 


have that 
[, lt@lae 


whenever x’, x” — b. Since 
[, \t@lae 


il " f(x)dax 


one has that ie f(w)de| — 0, whenever x’, x” — b, i.e. our integral 


— 0, 


< 


’ 


{-° f(z)dzx is also convergent. 


For instance, let us use this last result to prove that the integral 
ot 4 
‘ie i sin) dar, with the unique singularity « = 0, is convergent. We 
shall prove that it is absolutely convergent. Indeed, 


”" Isin(/a)| i 1 
ETON NM SZ] =: ass, — |2 a) ‘| 
[ fat lava" —2va"| = 0, 


when 2’ and x” go to 0. Applying again Cauchy criterion, we get that 
the integral I is absolutely convergent. 

Thus, first of all we give some criteria for improper integrals of the 
second type of nonnegative functions. 


da < 


THEOREM 43. (comparison test 1) Let f,g : [a,b) > Rx, be two 
functions defined on the interval [a,b) with nonnegative values, in- 
tegrable on any subinterval [a,x] C [a,b), unbounded at b and such 


that f(x) < g(x) for any x € [a,b). i) If J. g(x)dx is convergent, 
then {2 f(a@)dx is also convergent. ii) If ie f(x)dx is divergent, then 
J? g(x)dx is also divergent. 
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PROOF. We apply Cauchy criterion in both cases. i) If ie g(x)da 


is convergent, then 
| g(x)dx| — 0 


when 2’, x” — b, where x’, x” € [a,b). But 


i. ” la)de < i © g(a)de| 


fig f(w)da| — 0, whenever 2’, x7” — b. Hence [? f(@)dx is conver- 


sO 


gent. 
ii) If Hh g(x)dx were convergent, from i) we would have that te f(x 


is convergent, a contradiction. So if g(x)dx must be divergent. 


For instance, since 
1 as 1 
Ja(l+a2) Va’ 


and since i, sada is ada (a = 1/2 < 1 in example 51), this last 


for any x € (0, 1], 


theorem tells us that i CEE) ; cee Jatt at i is convergent. 


THEOREM 44. (limit comparison test) Let f,g: |a,b) — Rx be two 
functions defined on the interval [a, b) with nonnegative values, with b as 
the unique singularity and integrable on any subinterval [a,x] C [a, b). 
Assume in addition that g(x) > 0 for any x € [a,b) and that the 


following limit "exists": ims = LERU {oo}. 


i) If L 40,00, then the improper integrals cb f(x)dzx and f° g(a)dx 
have the same nature, i.e. they are simultaneously convergent or diver- 
gent. 


ii) If L = 0 and ? g(a) dx is convergent, then ibe f(x)dzx is also 
convergent. 


wi) If L = oo and f° g(a) dx is divergent, then ie f(x)dx is also 
divergent. 
PROOF. i) Take ane > 0 sufficiently small such that L—e > 0 (since 
f and g have nonnegative values, L is nonnegative). Since lima =, 
there exists a small enough 6 > 0 such that a < b—6 and if x € [b—6,b), 
then 
LD-e< f(a) <D+e€; 


g(x) 
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or 
(3.5) (L—e) g(x) < f(x) < (L+e)g9(z). 
If ihe f(x)dz is convergent, then he f(x)dx and ioe {Bde are also 


convergent; since g(x) < fa) one has that fie ;9(x)dx is also conver- 


gent (see theorem 43). Since 


[oeree= [ oeyaes [ote 


we have that ti : g(x)dx is convergent. If Ay g(x)dzx is convergent, then 
(L+e yale g(x)dx and (L +e he 5g(a)dx are also ha ces Use 


the last inequality of (3.5) and theorem 43 to see that shat a 5 f(x)dz is 
convergent. Since 


b b-6 b 
(3.6) i, flicj\dr= f(a)dx + Mo flajde 


one has that i f(x)dx is convergent. 
ii) If L = 0, in formula (3.5) we use only the last inequality to see 


that if J? gla)dx is convergent, then ef? g(a)dx and € f. 5 9(x)dx are 
also convergent and fe ; /(x)dx is convergent. From formula (3.6) we 
get that i f(x)dz itself is convergent. 

iii) If L = oo, then for any fixed M > 0, there exists a small 
number 6 > 0 such that rot > M if x € [b—6,). Since f(x) > Mg(z), 
rE ee 6,b) and since f/ ” g(x)dx and M fas 5 9(x)dx are divergent, then 
eek ; f(x)dz is also divergent. Now we apply again formula (3.6) to see 
that : f (x)dzx is divergent. 


For instance, since 


lim Pa =e 
xz—0,xz> Ve 


and since i sada is aes (a = 1/2 < 1 in example 51), this last 
theorem says that i aa) ai —=— dx is peer 


If in theorem 44 we take g(x) = we get a very useful test. 


THEOREM 45. (test q) Let f : [a,b) + R, be a function defined on 
the interval |a,b) with nonnegative values, with the unique singularity 
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b and integrable on any subinterval [a,x] C [a, oo). Let 


lim (b—<2)’f(z) =LeE RU {oo}. 


ar—b,a<b 


i) If L 40,00 and q <1, then fe f(x)dx is convergent. 
ay dy b= Orand ¢ <1, then ft f(x)dx is also convergent. 
i) df = 00 and: GV. then iC f(x)dx is divergent. 


Test q is very useful in apparently complicated problems. For in- 
stance, is it possible to use an approximation like this: 


pea 0.99999 73 +3 
Slat 1- a 0 Vy 1-2“ 


ee = is not a good idea! Let us 


prove that this improper integral of the ea type is convergent and 
then everything will be clear (see definition 11). 
For this, let us use test q (see theorem 45): 


dx? 


To find an elementary primitive of 


743 
PETE Fs 


if and only if g = = Then L = 2. Since gq = 1/5, test q says that our 
Name 


Se is convergent and so we can use the indicated ap- 


proximation. ihe approximate integral [, . eae 2d 


integral and it can be easily approximated by eae the usual method 
described in Chapter 2. 

Except the Cauchy criterion, all the other tests given above are 
about improper integrals of a nonnegative function. Here is a basic and 
useful test on improper integrals of functions which are not necessarily 
nonnegative. 


integral ho = 


Sd i is a Riemann 


THEOREM 46. (Dirichlet’s test) Let f,g be two continuous functions 
defined on (a,b) with values in R. Suppose that f and s are unbounded 
at b. Assume that the Newton primitive function F(x =a f(t)dt is 
bounded on |a,b), t.e. there exists a number M > 0 as that |F(x)| < 
M for any x € [a,b). We also assume that g is a function of class C! 


on [a,b) and limg(z) =). then: L? f(a) g(a)dx is convergent. 


PROOF. We simply apply Cauchy criterion (see theorem 41). 


uw 


[ fle Jalo)de =f F(a)g(ade "2" F(a)g(a) [2' - 


/ 
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a " F(a)g (wae LPC" \g( ac") — F(a’) g(x!) 


—F (eye) [g(v") — g(a’)|, where cya” € [x’, 2”). 
Thus, 


~ f(e)g(a)dr| < 
<|F(x")g(2")| + |F(e')g(2’)| + |F(cer,0")| [lo(@")| + lo(@’)I] S 
(3.7) 
M [|9(2")| + |o(2")I] + M [lg(2")| + |g (e)|] = 2M [|9(x")| + |g(2’)]]- 
Take now a small ¢ > 0 and let 6 > 0 be small enough such that if 
x € [b—6,b) then |g(x)| < 4;. This is true because limg(x) = 0). This 


6 is the searched for 6 in the Cauchy criterion: 


[- Heyate ar} < 207 (ole) + [oe] < 2M [F+ ] = 


if x’, x” € [b—6,b). 


Let us use this last theorem to decide if one can approximate the 


improper integral of the second type, : » Eas, with singularity 


at 1 (why?), by the usual Riemann integral [; ee nd, This 
last one can be approximately computed by using one of the meth- 
ods described in Chapter 2. Thus we must show that the integral 


ah a sin Vee sin V1“ dz is convergent. Let us use the above Dirichlet’s test. For 


this we take f(x) = = and g(x) = sin V1 — 2. A primitive of f is 
F(x) = —2,/1 — x, which is bounded on [0,2) (|F(x)| < 2). Since g is 
decreasing to 0 when x — 1, Dirichlet’s test tells us that the integral 
is convergent. 

Sometimes an improper integral can be a "combination" between 
improper integrals of the first type and improper integrals of the second 
type, i.e. mixed TADFOPEL integrals. For instance, let us see if the 
integral [ = die Gai) apy i is convergent or not. Here the integration 
interval is danouiied and the integrand function is also unbounded at 
x =1. Take a > 1 and write formally: 


i! 


oo i » 
LS ——— Sy i t+ 
/ (x? + 1)V¥r—1 ‘ / (x? +1)V¥r—1 7 
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The first integral in sum is an improper integral of the second type. We 
can use test gq for g = 1/3 < 1 to prove that it is convergent. The second 
integral in the above sum is an improper integral of the first type. It is 
also convergent because we can apply test p for p= 2+1/3 = 7/3 > 1. 
Their sum will be by definition the value of J. It is easy to see that 
this value does not depend on the choice of \ > 1. Such an integral 
I is also called an improper integral. We must be very carefully with 
the operations with improper integrals. For instance a sum between a 
convergent integral and a divergent one is always a divergent integral. 
But, a sum between two divergent integrals is not always divergent as 
the following example shows. Let J = feck (sinz — sinx)dx = 0, but 
both I, = ee sin xdx and I, = ae —sin x)dzx are divergent. Thus, the 
decomposition J = J, + Jz has no meaning at all! 
We end this chapter with a more sophisticated example. 


EXAMPLE 53. Let us see if the following integral I = i esas x 
exists, t.e. if it is convergent. Let us see what happens on the interval 


[(0, 00) with function f(x) = a are It is easy to see that this function 


could be unbounded only at x = 0. But 


; sin © er ae 
hn $=: lim a =). 
20,2>0,/x + sin x lin a a. 


so that our function is bounded on (0, co) and the integral is an improper 
integral of the first type, i.e. it has a singularity only at oo. Let us write 


l=h+h, 


where I, = i Feisne dt and In = ee Jere de: In order to prove 
that I is convergent (divergent) it is enough to prove that Iz is conver- 
gent (divergent) because I, is a proper integral, i.e. an usual Riemann 
integral on [0,2]. And any proper integral is convergent! Let us write 
now 
sin © sin © sin? x 
Jetsing Jr VJa(.fe+sinz)’ 

Applying Dirichlet’s test (theorem 89) to the integral i Seda we get 
that this one is convergent. Thus the nature of the integral Ip is the 


same like the nature of the vere ie. en le. But this time 
the integrand function a is nonnegative and we can compare 
it with an easier nonnegative function g(x) = at < < $a) = 


sin? sin? « 


aa aay It is enough to prove that Lz Taal) Ss dx is divergent to 
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conclude that Nie test is divergent and so Iz would be diver- 
gent. Since the integral 
tf? f= 9 sin + fe cose 


— —_—_——-drt = -= ——_—_——-dr 
2 Jo fZ(4/e +1) 2), Vr(fx+1) 
1s AR Y (apply again Dirichlet’s test) and since the integral 
a oUEG WEE == dx is divergent (apply test p for p= 1), from 


sin? x 1 of 1 Osin? se 


Viet)” 24, agents | Faery 


sin? x 


we conclude that the integral Lz Teer dx is divergent. Thus Ip and 
I are also divergent. This information is very important because it will 
be a crazy idea to approximate with something a divergent integral. You 
can say "maybe the given integral has something wrong in its form if 
somebody insists to compute it!". For instance, if instead of \/x one put 
Vx? the new obtained integral ee Ta angtt were convergent (prove 
this following the same steps as above!). 


We saw that there is a close connection between the improper inte- 
erals of the first type and the numerical series (see theorem 33). One 
has an analogous result for the improper integrals of the second type. 


THEOREM 47. (series test 1) Let us consider the improper integral 
of the second type I = ea f(x)dx, with the unique singularity at the 
point b. We also assume that f is continuous on |a,b). Let us take a 
sequence a = bo < by < ... < bn < ... < b such that b, — 6b and let us 
consider the numerical series S = yy) Un, Where Un = ges J (eda: 
Then, if the integral I is convergent, the series S' is also convergent 
and S = I. Moreover, if in addition f has nonnegative values on {a, b), 
then the converse statement is also true. Namely, if the series S is 
convergent, then the integral I is also convergent and I = S. 


We leave the proof of this theorem as an exercise for the reader. 
What happens with the above result if b = oo. For instance, in order 


to compute the series —25°~, Eas — J , one take the function 


fae = aS and compute Hae x)dxz = 2. Hence the series is conver- 
gent and its sum is equal to 2. Here we take b, = 1 — i, etc. 

Can we reduce the study and the computation of an improper in- 
tegral of the second type fe f(x)dx with the unique singularity at b 
to an improper integral of the first type? The answer is yes! Let us 
take a small arbitrary number 6 > 0 and let us perform the change of 


134 3. IMPROPER (GENERALIZED) INTEGRALS 

variables: t = >, « = b — 3, in the integral [(6) = joe f(x)dx. Thus 
a 

rt) a ee (b _ +) . sdt. Let us denote by g(t) the new function 
b-—a 


= U 
of t, ied, Since lim (6) is the same with lim [“:_ g(t)dt, the study 
— Uu—-CO  b-a 


of ie f(x)dx was reduced to the study of [7 g(t)dt. We leave as an 
b-a 
exercise to the reader to prove the test g by using this last reduction 
and the test p. 
Here is a last remark which is useful in the following chapter where 
we need to consider improper integrals of both types at the same time. 


REMARK 17. Let b be a real number or oo (b € RU {co}) and let 
a aany fixed real number less then b. If |a,b) is the obviously defined 
interval we say that V is a fundamental neighborhood of b in [a,b) if 
V is of the form (b—6,b), 6 being any small nonnegative real number 
withO < 6 < b—a, forb 4 ~ and V = (M,coo) with any M >a 
for b = ow. Let f : [a,b) > R be a function defined on |a,b) with real 
values such that it is (Riemann) integrable on any subinterval {a, c] 
witha <c < b. We say that b is the unique singular point of f if 
either b = co and f is bounded at any point c € [a,co), or b # 
and f is unbounded at b and bounded at any other point c € [a,b). Let 


f be as above with the unique singularity at b. The integral fe f(x)dx 

is called a (simple) improper integral. It is convergent if and only if 

the limit lim J* f(t)dt exists. Its value is called the value of the 
L—->0,x2>a 


improper integral ibs f(x)dx. All the other results which were given when 
we separately discussed improper integrals of the first and of the second 
type can be reformulated in language of improper integrals defined like 
in this remark. For instance, Cauchy criterion says that fi f(a )dx 48 
convergent if and only if for any small e > 0, there exists a fundamental 
neighborhood V- of b in [a,b) such that whenever x’, x” € V- one has 


that | is f (x)de < e. We invite the reader to check that this last 


criterion is equivalent to each one of the Cauchy criterions given for the 
particular situations: b = co and b 4 co. We also leave as an exercise 
for the reader to state the general form of the Dirichlet’s criterion for 
the general definition given here in this remark. 


By a proper integral we mean an usual Riemann integral ve j(edaz, 
where f : [a,b] — R is an integrable function on [a,b] C R. Here 
the function f has no singular point. Moreover, being integrable it is 
bounded (see theorem 13). We say that this proper integral is con- 
vergent because the Cauchy criterion works in this case for the point 
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b. Indeed, let ¢ > 0 be a small number and let M = sup |f(z)|. 


Let 6 > 0 be small enough such that b— 6 > a and 6 < 4. Let 2’, 
x” € |b — 6,6] for this choice of 6. Then 


/ " f(x)de 


Thus Cauchy criterion works in the case of a proper integral. This 
is why we say that a proper integral can be viewed as a convergent 
improper integral of the second type. 


é 
< Mla’ —2"|<M-—=e. 
< Ma! —2"| <M. = 


4. Problems and exercises 


1. Test a a of the foun OP, integrals: 
_adz_. 2 dr, co se 
a) fT re eas det Verqi? b) fo Fa vena Oly ve ==; d 1 Ing? €) uy dx; 
CO x x3 (x sla ade dz, . 
Hide a dx; g) fy rast h) {? 1 Get i) fo cos(x 2 de 


+) 0° CO arctgx x?+1)dx 1 dx 
jo 2° cos 2ada; k) fo” “Fda; Nf 7 (— Goat ;m) fr eet 0) Meret 
2 2 
0) f-~ Ween, where t > a > b> 0; ie (<# _ ot) dx. 
2. Compute (in the convergence case!) the following improper 
integrals: 
a) {> e~?* sin 3adz; b) {5° e~* cos bada, a > 0; c) fy~ watery’ 


d) f° deere 6) (eget), sin tede a). xe~* da; 
h) 


ee ke" da, k > 0. 
3. Can you use a computer to approximately compute the improper 
integrals?: 
a) ay Vernet be are oot 
c) fo a a(1— 2)" 3dzx; d) 1 eee oe 2e “da; 
e) [o° eda; £) fr° e- 4 da; g) fo? Be tan 2 dar: h) [,° cos.a*dz. 


(4+2?) 


CHAPTER 4 


Integrals with parameters 


1. Proper integrals with parameters 


EXAMPLE 54. (a motivation) A linear wire is a segment |a,b| with 
a density function f defined on it. We assume that physical properties 
of the wire are changing during time. Thus a = a(t), b = b(t) are 
functions of time and the density function f = f(x,t), where x € 
(a(t), b(t)) is a function of time and of the point x. When time t varies 
in an interval J, we suppose that the extremities a(t), b(t) of the wire 
belong to a fixed interval K. At any fired moment t € J, the mass of 
the linear wire 1s: 


b(t) 
(1.1) M(t) = ie f(z, tax; 


if the function g(x) = f(x,t) ts integrable on a(t), b(t)] for any t € 
J. We just obtained a new function M : J — R which describes the 
variation of the mass of the wire as a function of time t. Since the 
integral on the right in formula (1.1) depends on a "parameter" t, we 
say that this last integral is "an integral with a parameter t’. 


Here is a more general definition for the notion of an integral with n 
parameters ty, ta, ..., tn. Let J be a subset of R” and let t = (t1, ta, ..., tn) 
be an arbitrary element of J. Let a,b: J — K C RU {+00} be two 
functions of n variables defined on J with values into a fixed interval Kv 
of RU {+00} such that a(t) < b(t) for any tin J. Let f: Kx J—OR 
be a (scalar) function of n + 1 variables (2, t1, te, ...,tn) = (x,t) which 
is integrable with respect to (w.r.t.) 2 on K for any fixed t in J. This 


means that for any fixed t in J, the integral /(t) = Lie f (a, t)dz exists 


for any fixed vector t in J. 


DEFINITION 12. The function I: J — R defined by the formula 


(t) 
(1.2) Keys ie f(a, t)dx 
137 
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is said to be an integral with n parameters ty, ta, ...,tn. If for anyt € J 
this last integral ee f(x,t)dx is a proper integral we say that our 
integral is a proper integral with parameters ty, ta, ..., tn. 


Let us now consider some examples of integrals with parameters. 
The integral [(A) = Ie sin Ardx with a parameter is defined for any 
\ €R. Thus J = R in this case. Functions a(A), b(A) are constant in 
this case, a(\) = 0, and b(A) = 1 for any A € R. Thus K = [0,1] and so 
our integral is a proper integral with a parameter . Since a primitive 
F(a) = f sin Avdx can be computed in this case: F(r) = —%*, if 
A #0 and F(x) = 0 if A = 0. Hence 


cosA 1 1—cosA 
Neat 


if \ ~ 0. If \ = 0, 7(0) = 0. A natural question arises: Is the func- 
tion I(A) continuous at 0? Since lim! An=> vege iim sin = 0, 
the answer is yes, because [(0) = 0. This example is the easiest pos- 
sible case which can appear. Usually, the primitive with respect to x 


cannot be computed (expressed as an elementary function!) in J(t) = 


ies f(x,t)dz, so we need to use other "indirect" computation of this 


integral. For instance, [(c) = fs edz, for c > 0 is an improper 
integral with a parameter c. Here J = (0,00), K = (0,00), a(c) =, 
the identity function and b(c) = oo. For any fixed c > 0 our integral 
is convergent (apply the test p for p = 2). Since any primitive of er 
is not an elementary function (this is a very deep result in Math and 
cannot be proved in this course!), any primitive of eon c > 0, is not 
also an elementary function (why?). Thus we cannot directly compute 
I(c). In the next section we shall see how to compute such integrals 
with parameters (not exactly this last one! We shall only compute 
I'(c)=e° (+-1). 

Let us consider in the following only proper integrals with one pa- 
rameter, because we can ignore all the others parameters while we sepa- 
rately work with one of them. Thus, let us consider I(t) = he f(a, t)dz, 
t € J CR, J an interval, a,b: J — K CR and f(z,t) is integrable 
w.r.t. the variable x on the interval kK. The first natural question is if 
the function J is continuous on J if the functions a(t), b(t) and f(z, t) 
are continuous on J and respectively on K x J. 


THEOREM 48. (continuity theorem) With the above notation, if 
functions a(t), b(t) and f(x,t) are continuous on J and respectively 
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on K x J, then the new function I: J > R, I(t) = Sig F(a, t)de is 


also continuous on J. 


PROOF. Let us fix a point tp in J and let us prove that the function 
I is continuous at this fixed point tg. For this let us take an arbitrary 
sequence {t,,} in J such that t, — to. To prove the continuity of J at 
to it is enough to prove that I(t,) — I(to). For this last statement, let 
us evaluate the difference I(t,) — I(to) : 


b(tn) b(to) 


Hera / iy fete = 


(1G) / 


a(tn) 


a(to) b(to) b(tn) b(to) 
/ Fle,ty)de ee tn)de+ | Fla, ta)de— f F (ato )das 
a a(to) b(to) a(to) 


To evaluate the integrals ee f(x, tn)dxz and ne f(x,tn)dx we apply 


the mean formula (see theorem 22) and find: 


a(to) 
(1.4) i soy [ertndle = Heat) alto) ~ alt) 
and 

b(tn) 
(1.5) : dg, {titel = Fda ta}OC) ~ (0) 


where c, is between a(t,) and a(to) and d,, is between b(t,,) and b(t). 
Since functions a(t) and b(t) are continuous and t,, — to, we see that 
the sequence {c,,} converges to a(to) and the sequence {d,,} tends to 
b(t). Since f is a continuous function as a function of two variables, 
we see that TChsta) =2 f(a(to), to) and F(dni.ta) 5 f(b(to), to). But 
a(to) — a(tn) — 0 and b(t,) — b(to) — 0, so that 


a(to) 
/ py [ertalde > Flalto) fo) -0-=0 


and 
b(tn) 
i f(,ta)dx > f(b(to), to) -0 =0. 
b(to) 


Thus, in formula (1.3) it remains to prove that 
(1.6) 


b(to) b(to) b(to) 
a(to) a(to) a(to) 
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whenever n — oo. By taking a sufficiently rich division A : to = a(to) < 
best ee = Die 

of the interval [a(to), b(to)| and by using the uniform continuity of 
f, one can easily prove that 


(Uf (@, tn) — f(a, to)]dx — 0. 


Why this last theorem is important? For instance, let [(t) = 
2 
a cube et’ dx, t € R and the problem is to compute L = lim! (t). Usu- 


0 
ally, we make t = 0 in the integral expression of /(t). But, making this, 
we just intrinsically applied the above continuity theorem. Indeed, 
L= lim/(t) = {(limt) = 10) = if dz = 2. Of course, the continuity 


conditions on a(t) = t?+2, b(t) = 0 and on f (x,t) = e~*” are obviously 
satisfied (in order to be able to apply the continuity theorem). 
In many practical problems we need to see if the function 


Lp ie f(x,t)dzx is differentiable or not and, if it is so, how do 
we compute its derivative? The great German mathematician G. W. 
von Leibniz (1646-1716) discovered a very nice and useful formula for 
the computation of J’(t), the differential of function J(t). 

We start with the case when both functions a, b : J — R are 
constant, say a(t) = ap and b(t) = bo for any t in J. We also assume 
that f(x, t) is differentiable with respect to t for any fixed x in K and 


that its differential oF (a, t) is a continuous function w. r. t. ft. 


THEOREM 49. We assume that the functions a, b and f verify these 
last properties. Then the integral I(t) = ios f(x,t)dx is differentiable 
and 


(1.7) Lt) = —(x,t)dr 


for anyt € J. 


PROOF. Let us fix to in J and let us evaluate the ratio 


t — to t — to 
For any fixed x in [ao, bo] we define g, : [t, to]= + R by gx(¢) = f(a, ¢). 
Here [t, to]* = [t, to] if t < to and [t, to]* = [to, t] if tp < t. Let us write 
Lagrange’s formula for the function g, on the interval [t,to]* (i.e. we 
must consider 2 cases, t < to and t > to respectively). In both cases 
one has: 


Je(t) — Ge(to) = g',(Cx,t)(t — to), 
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where c,z € [t, to]. Thus 


HE) = Mo) _ In CeO =to)de fF, 
t — to 7 (t — to) = Ot XL, Cat )aX. 


ao 
Since oF (a, Cz) iS a new continuous function h(x,t) of two variables, 
we can apply the continuity theorem 48 to the proper integral 

bo 


f ‘i 
Sele. cay)da = f h(a, t)dx 


ao ao 
with parameter t and obtain 


_ bo bo 
a So) =) limh(z,t)dx = ieee 


t—to t— to 5 t—to ao Ot 


because c,, — to, whenever t — to. Hence I(t) is differentiable at to 
and formula (1.7) is true. 


Let us use this last theorem to compute the derivative of the func- 
tion I(t) = 2 est? qa. It is known in a very high level of Mathematics 
that in general no primitive of function g(x) = “S* can be an elemen- 
tary function (in literature the primitive [ “<dzx is called the integral 
cosine). Thus, it cannot be computed with the usual Newton-Leibniz 
formula. Sometimes we are not interested in the mathematical expres- 
sion of [(t) but, for instance, we are interested to compute "its velocity" 
I'(t). To do this, let us use formula 1.7 


Bags 2 a! T 
r(t)=- sin tadz = 7 cosmt — cos >t 


We now consider the case when one of functions a(t) or b(t) is 
constant and the other is not constant but it is differentiable on J. 
Take for instance a(t) to be nonconstant and b(t) to be a fixed constant 
bp.We also assume that f(x,t) is continuous with respect to both of its 
variables and that oF (a, t) is continuous w.r t. t. 


THEOREM 50. We assume that all of these last conditions are sat- 


isfied for the integral of a parameter t, I(t) = i flebds, ce. T(t) = 


Le f(«x,t)dx in our case. Then function I(t) is differentiable and 


(1.8) Pty = —(ax,t)dx — a’(t) f (a(t), t) 


for anyt € J. 
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PROOF. Let us fix a point to € J and let us evaluate the ratio 


I(t) — Hto) _ Say festa — Siig Fertolde Sey” Fe, t)] ae 


t —to a a 
fi". Uf(@,t) — F(«,to)] da 
=F 


The limit of 


when t — to is exactly 


(see the proof of theorem 49). Thus, it remains to prove that the 


a day Li (e.t)]de 
limit of “°{{—— when t — to is equal to —a'(to)f(a(to), to). To 


do this, let us apply mean formula of theorem (22) to the integral 
fa aw de: 


a(tg) 
ih Ulett = Fda) alto) ~ at) 


where d; € [a(t),a(to)|” . Since a(t) is also continuous, a(t) — a(to) 
and so d; — a(to), whenever t — to. Thus, 


a(to) fe ye _ 
tim Jat 0) de = f(o(to),to)-Jim So) — 2) a) 


toto ¢t— to —to t— to 


= —a'(to) f (a(to), to): 


Finally we put together both limits computed above and obtain: 


_ It)-1) .. So U@ ld Ley [Ae - fe, to)] ds 
lim ————— _ = lim +lim = 
t-to t— to toto t-— to t—to — to 

bo ra) 
-a'(to)f(atto).to) + ff SE (a, to)de, 
a(to) Ot 


i.e. we just obtained formula (1.8) for t = to. 


Let us apply this last formula to compute the following limit: 
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Let us see that we are in the nondeterminate case 7 and so we can 
apply l’Héspital rule: 


1 2 
1 2 x 
: fee” 0x Sine © du _ 4. (—costje™* é 
ae 9 e@de t8 fo end ' t5§ (sint) eo"? 
cost “oat © 0 


Here we applied formula (1.8) to compute the both derivatives 


/ / 
| J. = : en dar and | ine : em dar ; 
We are now ready to give the general formula of Leibniz for a proper 


integral with a parameter t. 


THEOREM 51. (Leibniz formula) Let I(t) = faces be an 
integral with a parameter t € J, where both functions a(t) and b(t) 
are differentiable on J and f(x,t) is continuous and of class C’ with 
respect to the variable t. Then the function I(t) is differentiable and the 


following Leibniz formula is true: 


b(t) 
(1.9) ro=f, (0, t)de + (O) F(O(),t) — allt) (alt), 2) 


PROOF. First of all let us see that this formula generalizes both 
formulas (1.7) and (1.8). We shall see that these last formulas are 
enough in order to deduce the general Leibniz formula (1.9). Let us fix 
a ty € J and let us write 


b(t) a(to) b(to) b(t) 
it) = io Jitids= / Fle, tder [ f(a, t)dx+ Pie ae: 


(t) a(to) b(to) 
It will be enough to prove that each integral-function of ¢ on the right 
of this last formula is differential and to separately find a formula for 
its derivative. 
Indeed, from formula (1.8) we see that 


a(to) : a(to) 
(1.10) in fete = hes a, t)dx — a'(t) f (a(t), t). 


From formula (1.7) we find 


b(to) : b(to) 
i fa ddz| = i OL Ge, t)dx. 
a(to) a(to) Ot 


At last, from formula (1.8) one has: 


o(t) b(to) 
(1.11) | fetta =— if fete a 


b(to) (t) 
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If we make the sum of both sides for these above three formulas we get 


a(to) b(to) 
rj= f° Aenar-aosat).n+ f° Petar 
a(t) Ot alto) Ot 
b(to) Fa) 
=f Peatide + YO FOU.) 
b(t) 
But 
a(to) of b(to) of b(to) of 
artntlae + f ae etiae — f —(x,t)dx = 
I a) a(to) a) b(t) a) 
a(to) of b(to) af b(t) of 
= srtestlda + | selntide +f —(2,t)dr = 
[, a a(to) a) b(to) ge 
b(t) af 
= [, Bp (hs tas 


Let us compute J’(t) for I(t) = tig snttdy, for t € R. We simply 
use Leibniz formula and find 


# sint? sint?  sinta|” sin t? 
I(t) =) cos tarda + 2t — = + 2sin¢® — —— = 
t t an t 
sin t? sin t? 


_ =o 2sint?. 
t t - 


The following result was discovered by the Italian mathematician 
Guido Fubini (1879-1943) in a more general form. This is why it is 
called Fubini’s theorem. We state this result here in a particular form. 
This form is enough for us in the following applications. 


THEOREM 52. (Fubini’s theorem) Let K = [a,b] and J = {c,d} be 
two real closed intervals and let f : K x J — R be a continuous function 
f(«x,t) of two variables. Then 


(1.12) [ (Hic yas - ( se.a2) dt. 
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PROOF. 1) First of all let us explain what formula (1.12) says. Let 
us denote J(x) = he f(x, t)dt, a proper integral with a parameter x and 
let denote by L(t) = if f(a,t)dx, a proper integral with a parameter 
t. Formula (1.12) says that i J(a\de= fo L(t, i.e. we may change 
the order of integration. 

For proving Fubini’s formula we put F(u) = [" ( fe f (x, t)dt) dx 


and G(u) = fe ([\" f(x, t)dx) dt for any u € [a,b]. If we succeed to 
prove that F(u) = G(u) for any u € [a,b], by making u = b, we would 
obtain formula (1.12). Let us carefully use Leibniz formula (1.9) to 
compute F’(u) and G"(u). 


=f reunat, G"(u =f ruta 


Thus, F’(u) = G’(u) for any u € [a,b]. Hence F'(u) = G(u) + C, where 
Cina consanh a ak u. Let us put wu = a and find F(a) = G(a) +C 
and, since F'(a) = G(a) = 0, we find that C = 0, ie. F(u) = G(u) and 
the first proof is completed. Here is another proof. We present it at 
an intuitive level. But, by using the uniform continuity of f, one can 
improve it up to a corect mathematical proof. 

2) Let us consider two arbitrary divisions 


NET ES By Oe a OH 
and 
CaS pe ae = 
of the intervals [a,b] and [c,d] respectively. Let us denote by M, = 


i J(x)dx and by Mz = fo L(dt. We can approximate very well the 
number M, by Riemann sums of the form 


(1.13) >: J(E;)(%i — %i-1), 


where €; € [xi-1,x;] for any 7 = 1,2,...,n. Here divisions A, and 
€; € |a;_1, 2] are arbitrary and if the norm ||A,|| — 0, then the above 
Riemann sums become closer and closer to M,. Let us fix now such 
a division A, and a set of marking points {€;} such that the corre- 
sponding Riemann sum to be as close as we want to M,. Each number 
BE Ge ie f(€,,t)dt can be well approximate by Riemann sums of the 


form 
m 


S- F (Sis 03) (tj — tyr). 


j=l 
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Thus MM, can be well approximate with sums of the type 


(1.14) SO SS FE ny) (ti Sta) Ge Fi): 


i=1 j=l 


In the same manner we can prove that My = fi L(@t)de can be well 
approximate with double sums of the form 


(1.15) So SS F (Eis my) (@i — vi-1) (ty — ty-1). 

j=l i=1 
Since the sum and the product are commutative we see that the above 
double sums are equal. Hence the numbers M, and M2 can be well 
approximate by the one and the same set of numbers of the form 


Ss" Ss" F (Sis nj )(t; Se ig a) 
i=1 j=l 
Let us denote by A this set of numbers. Assume that My 4 M). Then, 


taking ¢ such that 0 <e< pier 


(M, —€,M, +6) MN (Mz — ¢, M2 +¢) = ©. 
But there exist an infinite number of elements in A which are contained 


in this intersection! Thus, our assumption that M, 4 Mg is not true. 
This means that M, = Mo, i.e. Fubini’s formula. 


, one sees that 


To change the order of integration could be a real necessity in some 
cases. For instance, the computation of ie ( he inte da) dt in this or- 


der, i.e. first of all we compute J(t) = i ints der and then we compute 
ie J(t)dt, is more complicated than to change the order of integra- 
tion (Fubini’s formula), namely to compute Te ( fP inte dt.) dx (convince 


yourself!). 


REMARK 18. If f: D —R, where D is the rectangle |a,b| x |c, dl, 
then a double sum of the form 


m n 


SoS FE) (i — Bia) (ty — 3-1) 


j=l i=1 


is called a Riemann double sum for the function f. If all this double 
sums becomes closer and closer to a number I, we say that I is the 


double integral of f on the rectangle D. Write I = [ {te t)daxdt. 
D 
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Fubini’s formula says that if f is continuous, then this last number 
always exist and it can be computed as: 


[ [#0 t)dedt = i (ico dx = [ ([ #e.b22) dt. 


Such formulas are called iterative formulas for the computation of a 
double integral on a rectangle D = [a,b] x [c,d] (see more on this topic 
in chapter 6). 


2. Improper integrals with parameters 


A function f with n parameters t = (t1, to, ...,tn) € J C R”, where 
J is a domain in R”, is simply a function f(z,t) of n + 1 variables, 
f :K x J —R, where K is a real interval, finite or not. Let b be a 
limit point of K, ie. b € RU {+00} and it is a limit of at least an 
infinite sequence of elements of K. We assume that for any fixed t in 
J the following limit g(t) = lim f(a,t) exists. The obtained function 


g : J — R is called the simple (pointwise) limit of f at b, along 

the set of parameters J. The limit function g is said to be uniform 

w.r.t. (along) the set of parameters J if for any small ¢ > 0, there is a 

neighborhood V; of b in Kk (it is of the form (b— 6,b+6)N K, (M, ov) 
if b = co, or (—oo, M) if b = —oo) such that 
lg(t) — flx,t)| <e 

for any x € V, and for any t € J. 
For instance f(z,t) = e”, © € 
b 


uniform function limit g(t) = 1 at 
if 


(0,1), ¢ € J = (—3,2] has the 
0. Indeed, if ¢ > 0, Je’ -—1] <e 


ie 5 = min {5 In cgi.) 


for any t € (—3, 2]. If instead of J = (—3, 2] we take J = R, we easily 
see that g(t) = 1 is a simple limit of f(x,t) =e” at b = 0, but it is not 
uniform. 

It is obvious that if a function f(x, t) of a variable x and with a set 
of n parameters t = (t1, te, ...,tn) € J C R", J a domain, x € K, where 
K is a real interval in R, has a uniform limit g(t) at b, w.r.t. J, then 
it is also a simple limit at b. 

Following the proof of theorem 31 it is not difficult to prove the 
following analogous result. 


THEOREM 53. (Cauchy criterion of the uniform limit) Let K be an 
interval of R and let b € R be a limit point of K. Let f: Kx J—>R 
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be a function with n parameters t = (t1, ta,...,tn) € J CR", where J is 
a domain in R". a) If b is finite, i.e. ifb ER, then f has an uniform 
limit g(t) at b along the set of parameters J, if and only if for any small 
real number € > O there is a real number 6 > 0 such that if two numbers 
x’ and x" are in K 1 (b—6,b+ 6), then the distance between f(x’, t) 
and f(x",t) is less than «, i.e |f(a’,t) — f(x",t)| < € for anyt € J. 
b) If b is not finite, say b = co, then f has a uniform limit at b along 
the set of parameters J if and only if for any small real number ¢ > 0 
there is a large real number M > 0 such that if two numbers x’ and x” 
are greater than M, then the distance between f(x',t) and f(x",t) is 
less than €, t.e. |f(a’,t) — f(a", t)| < € for anyt € J. For b = —c 
we must replace this last M with a negative, near to —oo, M, i.e. in 
this case M <0 and —M is very large. Moreover, the expression "x! 
and x" are greater than M must be substituted with "x' and x" are less 
than M". 


EXAMPLE 55. Here is a more complicated example of how we apply 
this last criterion. Let us define f(«,t) = fy aunty aes geek = 
[0,co),t € J=R. Let us study the limit lim f(z,t) = g(t). Here 
b= © 1s a limit point of R and it is the unique singular point of our 
integral because lim actly = =t, ie. 0 is a false (illusory) singular 


point. For any fixed t in R this limit is nothing else than the improper 
integral ie arctan tu diy, This integral is convergent because 


u( (u+1) 
arctan tu arctan tu arctan tu 
is ee es [ LOE ae ‘a ey 
9 u(ut1) 9 u(u+1) , u(u+1) 
arctan tu T 1 
u(ut1)]|~— 2u(u+1) 


and 


oS 1 
/ u(u + nie 


is convergent (apply ra p with p= 2). Thus our limit exists for any 


fixed t in R. Since g(t) = Jy” teri ae we cannot (for the moment) 


compute g(t) and to use the definition of the uniform limit to 
decide if this limit is or 1s not uniform w.r.t. t. Let us use Cauchy 
criterion 3 to prove that our limit is a uniform one. For this let us 


x” arctan tu 


CESS du for x’, x" very close to co (large enough). Sim- 


evaluate Abe 


a! 
ie "mretante du becomes smaller and 
u(u-+1) 


smaller when x’, x" become larger and larger independent (uniformly) 
with respect to the parameter t. Here we use a simple and efficient idea 


ply, it is sufficient to prove that 
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of K. Weierstrass. Namely, let us put instead of [ucente 


function h(u) which does not contain the parameter t at all and then try 
to prove the Cauchy criterion for the improper integral Le h(u)du. In- 


< $4, h(u) = 3 


— 2u(u+l1)’ 


Qa greater 


arctan tu, 
u(u+1) 


integral (without a parameter) & [-~ 


and, since the improper 


deed, since 


wT 1 
ee 


meh aD ——— du is convergent (apply test 


p with p = 2), so the Cauchy criterion condition works, one has that 
for any os € > 0 there exists M > 0 such that if 2’, x” > M we get 


z Cee CHER went <e. Thus, since 
©" arctan tu "| arctan tu a} [® 1 
——du| < —— <a ———du] <e 
2 ulu+1) a |u(ut1) 2lJe u(ut1) 


we obtain that il 


att 
y seentt dy <E for any Bie z" > M. Hence 


°° arctan tu T arctan tu °° arctan tu 
g(t) = —_—<—du = ——_—_—-du + —— du 
9 u(ut+1) 9 u(u+1) 1 u(ut1) 


is the uniform limit of f(x,t) relative to the parameter t. 


THEOREM 54. (continuity theorem) Let f(x,t), f: Kx JR, 
where K is a real interval and J is the domain of parameters t = 
(ti, to, ...,tn), J CR". Assume that f is continuous with respect to the 
variable vector t and that f has a uniform limit g(t) at a limit point 
b of K. Then g(t) = lim f(z, t) is a continuous function of its vector 


variable t. Thus, for any fixed to € J, 


(2.1) dim lim F(a, t)| = lim f (2, to). 
—t9o xr—b i Pee 
PROOF. Let us choose a fixed point tp in J and let us prove the 
continuity of g at this point to. For this, let us evaluate the difference 
(2:2) 
|g(t) — g(to)| < |g(t) — F(x, t)|+| f(a, t) — f(a, to)|+1 f(a, to) — g(to)]. 


Since f has a uniform limit g(t) at b, for a fixed small ¢ > 0, there is 
a neighborhood V, of b in K (see the above definition of this notion!) 
such that 


(2.3) (g(t) — F(@,t)| < Z, and |f(@, to) ~ 9(to)] <5 
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for any x € V, and for any t € J. Now let us fix such an x € V) and 
write again the inequality (2.2) for x = x0: 
(2.4) 
|a(t) — g(to)| < |g(t) — F(xo, t)|+]F(o, t) — f (xo, to)|+| (xo, to) — g(to)] 
Since function t — f(zo,t) is continuous at to, there is a small real 
number 6 > 0 such that if ||t — to|| <6, we get 

E 
(2.5) If(v0, t) — f(xo, to)] < 5. 
Let us use the three inequalities (2.3) and (2.5) in the evaluation (2.4) 
to finally obtain: 

g(t) — g(to)| < € 

for any t € J with ||t — to|| < 6. But this exactly means the continuity 
of the function g at to. 


EXAMPLE 56. Let us take the function g(t) = f5° seri au (this 


is an improper integral with a parameter t, see - definition bellow) 
obtained as a uniform limit of f(x, t) = arctan tu gy when x — co and 


u(u+1) 
let us compute 


. arctan tu 
limg(t) = lim —— du 
t—0 t—0 0 u(u ++ 1) 
Since g is continuous (see the last theorem above), we can write 0 = 
g(0) = limg(t). Thus this limit is equal to 0. We simply put x = 0 
under the integral sign. But, we must be very careful and not to do this 
before you did not prove that the limit is uniform! 


With the supplementary condition that f(x,t) has a finite limit at 
a limit point to of J, one can extend formula (2.1) for this more general 
case. For instance, if a > 0, then 


too J, u(u + 1) 
(What happens when a — 0?). 
The above theorem is sometimes used to decide if a limit is uniform 
or not. For instance, take f(x,t) = t”, where x € R and ¢ € (0,1]. If 
g(t) = lim f(z, t), it it easy to see that 


Osi te 
att) ={ Lai 
Since this function in not a continuous function, the above limit cannot 
be uniform with respect to the parameter t. This is also a counterex- 


ample to the fact that the hypothesis on limit to be a uniform one is 
necessary. 


°° arctan tu / °° arctan oo 7 a 
= ——du = —=ln ; 
a ulut1) 2 a+il 
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THEOREM 55. (integration theorem)Let K and J be real intervals, 
let b be a limit point of K and let f: Kx J—R, f(x,t), be a function 
which has a uniform limit g(t) at b, relative to the parameter t. Assume 
that [a,c] is an interval contained in J and that f is continuous with 
respect to t on [a,c]. Then g is integrable on [a,c] and 


(2.6) / GOa= lim / " f(a, tat, 


or 


Cc 


(2.7) lim | f(x,t)dt = / “lim f(x, t)dt. 


a 


PROOF. Let ¢ > 0 be a small real number and let V, be a neigh- 
borhood of 6 in kK such that |f(«,t) — g(t)| < = for any x € Vy and 
for any t € J. Since g is continuous on [a,c] (see theorem 54) it is 
integrable. Let us evaluate the difference 


[ tenae— f otoae < f ise.) - alae < =f at=e. 


Thus | f° f(x, t)dt — f° g(t)dt| < € for any x € V, and for any t € J. 
But this is equivalent to saying that |“ g(t)dt = lim ial: 


This theorem is useful in practice. Let us compute for instance 
lim de e~* dt. We know that the primitive of e~*” as a function 


wL—-0O 


of t cannot be computed because it is not an elementary function. 
Function f(x,t) = e~*”, x € [0,00), t € [0,1] has an uniform limit, 
g(t) = 0, when x — oo. Let us apply now the last theorem and find 


woo w—0o 


1 1 
lim edt = i lim e~ dt = 0. 

0 0 
The hypothesis on the limit to be uniform is necessary. For instance, 
let f(a,t) = cte™”, t € [0,1] and x ER. Let g(t) = limate™” =0 


for any fixed ¢ in [0,1]. If this limit were a uniform one, then formula 
(2.6) would be true. But, 


1 
1 
lim rte dt = lim =o 


@wL—-0O 0 wo 


1 
1 
=- 0. 
0 4 a 
Thus the limit cannot be uniform. To directly prove that this limit 


is not uniform w.r.t. ¢t is not an easy task. Hence the condition of 
uniformity in the last theorem is necessary. 


THEOREM 56. (differentiation theorem) Let K and J be real inter- 
vals, let b be a limit point of K and let f: K x J >R, f(a,t), be a 
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function which has a simple limit g(t) at b. Assume that f is of class 

C1 on J and that the function OF (x, t) has a uniform limit h(t) at b. 

Then g(t) is differentiable on J and g'(t) = h(t) for any t in J. We 
also can write this as 

Be Op 

[tim f(a, e)] = lim (2,0) 


PROOF. For any u € J we define 


P(o,u) =f A@,nat= Flew) ~ fe,0), 


where a is a fixed point in J. Taking the uniform limits in both sides 
we get 


t 0 
tim [SE vat t)dt =e tim? t)dt = ‘ h(t)dt = 
= g(u) — g(a). 


From the last equality we get that u — g(u) is a differentiable function 
(it is expressed as an area function of Newton!) and g’(u) = h(u) for 
any u € J (here we applied Leibniz formula for a proper integral). 


We can now apply the above theory to our main topic, improper 
integrals with parameters. What is such an integral? Assume that 
in the symbolic expression of an integral I(t) = ie f(a, t)dx, with 
a parameter t € J, one of the functions a(t) or b(t) is a constant b € 
RU{+o00} (we just fixed b(t) to be a constant!) and for any t € J, on the 
interval {a(t), b]*, b is a singular point for the integral ie ) f(a,t)dx and 
it is unique with this property. Such an integral is called an improper 
integral with a parameter t. The same ere can be given for many 


seat instead of one. For instance, I(t = ad ery On tS 0; 
or I(t =f ar ‘“ dx are improper integrals - a parameter t. In the 


first es b = oo and the improper integral is of the first type. 
In the second case, b = 1 and the improper integral is of the second 
type. To study such an integral, we simply need to study the nature 
of a limit at the singular point b. Namely, let I(t) = ae i elas 
with b as the unique singular point. In fact, (t) = lms (x,t), where 
Pes eS me f(u,t)du. If for any fixed t € J, this limit exists, i.e. the 
usual improper integral ie f(x, t)dx is convergent, we say that our 
improper integral with parameter t is stmple convergent. If the limit 


I(t) = limF(z,t) =tim [ f(u, t)d 
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is a uniform limit at b (a limit point of A’) w.r.t. parameter t, we say 
that our improper integral is uniformly convergent. It is clear that a 
uniformly convergent integral is also a simple convergent one. Let us 
give a list with the above results, initial stated for limits of functions 
with parameters, applied here to the fixed integral I(t) = M yt (at da, 
with a parameter t. We shall always assume that f(z,t) is defined on 
K x J, where K and J are intervals and that f is continuous with 
respect to x on K. Recall that a: J — K is a function defined on J 
with values in Kk. The following theorem is simply a translation of the 
results obtained in general for limits of functions with parameters in our 
particular case of limits of functions of the type F'(z,t) = Sew) f(u,t)du, 
with u in K, between a(t) and x € K. This is why we do not give a 
complete proof for the next theorem. 


THEOREM 57. With the above notation and hypotheses, one has the 
following statements: 
a) The integral I(t) = f. 


a 


; ) f(a, t)dz, with singularity b (a limit point 


of K ), is uniformly convergent if and only if for any small real number 
€ > 0 there is a neighborhood V, of b in K, such that ce fen t)da| <eé 
for any x’, x" in V, (Cauchy criterion). 

BO) Ef LG) = ae f(x,t)dx is uniformly convergent on J, then I(t) 
is continuous on J (continuity theorem). 

6) Il) = (ins f(a, t)dx is uniformly convergent on J and |a,c] C 


K , then 
Elem ff ne 


(Fubini theorem). If a or c is the unique singularity of I(t) in K, the 
set of the limit points of K in RU {too}, and if all the integrals with 
parameters t or x are uniformly convergent, then the last formula is 
also true. 

d) Let us assume that the integral I(t) = [ 


a 


and, in addition, that the integral H(t) = hss of (x, t)dx is uniformly 


convergent. Then I(t) is differentiable and: 


e f(x,t)dx is convergent 


(2.8) P@).= i Fe, t)dx — a'(t)f (a(t), t), 


for anyt € J (Leibniz formula). 
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e) (Weierstrass test) Let I(t =e f(x,t)dz, a € R, be an improper 
integral with a parameter t with he b. If there exists a 
function s(x), s : K — R such that a t)| < s(x) for any x € K, 
t € J and if the improper integral [Ps x)dx is convergent, then I(t) is 
uniformly convergent. 


PROOF. Let us prove for instance Leibniz formula d). 

Let F(x,t) = fr, «) f(u,t)du. Since the integral I(t) = re rican 
is convergent, the function F'(z,t) has sf a limit at b, exactly the func- 
tion I(t). Since the integral H(t) = [ na) 9 So l(a, t)da is uniformly conver- 
gent, the function L(a,t) = [” () of L(u,t)du has as a uniform limit the 
function H(t). Applying theorem 56 we get that 

6) 
(0) = lin H(o.0) = him | ft DE (u, t)du — a’(t)f(a(t), t)| = 


xr—b 


> of 
sag pp (tr tdu — a(t) f(a), t) 


Here we just applied Leibniz formula for the proper integral 5 ) f(u, t)du 


with parameter t. 

Let us prove now Weierstrass test e). In order to prove that the 
improper integral [(t) = i f(x,t)dx with parameter t is uniformly 
convergent, we use Cauchy criterion a) of the same theorem. Let ¢ > 0 
be a small real number and let V, be a neighborhood of b in K such 


that for any #'. x” © V; one has | i : s(x)de| < € (here we used the 


x 


fact that the improper integral fis x)dx is convergent). Since 
[setae < [ eolars [” sear <e 


fies F(a t)de!| < for any 2’, x” € Y. Applying 


we finally derive that 


again the Cauchy criterion a), we get that the integral /(t) is uniformly 
convergent. 


Let us use Leibniz formula d) of this last theorem i improper in- 
tegrals with a parameter) to compute the integral I(t) = [)~ Ea? dz, 
t > 0. We can easily see that this integral is onde convergent (for 


applying Leibniz formula this is not necessarily!). To see this we write 


T 1 
~ 2a(14+ 2?) 


arctan tx 
x(1+ 2?) 
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Since the improper integral > ie may is convergent (apply p- 
test with p = 3), Weierstrass test e) in the above theorem says that 
{2 my ae is uniformly convergent. Since lim arctan’ — ¢t, the in- 


a(1+a?) 
tegral Mi aang dx is a proper integral. It is easy to see that a sum 


between a proper integral and an uniformly convergent improper in- 
tegral is also an uniformly convergent improper integral (prove this!). 
Thus 


ie= [ arctan tx i: 7 arctan tx came ‘af arctan tx -” 
9 «(1+2?) 9 t(1 +27) , «(1+2?) 
is an uniformly convergent integral. We also need that the integral 
° ~ | arctantr ey 1 
H(t) = oot dee = d 
O- [ glarea|@-f amore” 


of the derivative function with respect to ¢ be uniformly convergent. 
Since 


ie : dl -[ : ie 
» Gt2)0+P22) J, A+22)0 +22)” 


+f : dl 
, O42) 4822)" 


and since rh dx is a proper integral for t ¥ 0, it is sufficient 


1 
(1+?) (1+t?x?) 
to prove that A ie dx is uniformly convergent. Since 
1 eZ 1 

(1+2?)(14+ #2?) ~ 142? 


dx is convergent (test p for p = 2), applying again 


af 
(1+?) (1+t?x7) 


and since [7~ a Tae 


Weierstrass ot e) we get that sia dz is uniformly conver- 


1 
(1+2x2)(1+t?x7) 
gent. Now we can apply Leibniz formula for a(t) = 0 and b = co 


ee 1 
IQs d 
(t) : (+2214 222)" 
But 
1 1 1 +? 1 


(+22)1+@22) 1-2 lta? 1-@ 1402 
for any t £ 1. Thus, 


it. ye 5 fey 
a 162 
(t) a / l+n2" ee. 1+ 22 


1 00 
= arctan z|,° — 
— 72 0 


t 
1-# 
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Taking the primitive on both sides in 


we get I(t) = $In(1 +t) + C, where C does not depend on t. Since 
I(0) = 0, we obtain C = 0. Thus, /(t) = 5 In(1+t) for any t > 0,¢ £1. 
Since both functions J(t) and }In(1 +t) are continuous with respect 
to t, the equality is true even for t = 1. 

Let us use now Weierstrass test e) of this last theorem to prove 
the uniform convergence of the integral [(t) = f,° **}£dz. For this, let 
€ > 0 be a small real number and let M > 0 be a sufficiently large real 


number such that if 2’, 2” > M then fo dx < € (here we use the 
fact that the integral te dx is convergent, see test p). But 


gl! - gl! 5 x 
sin tx sin tx 1 
gz! Xv zg! xv g = 


for any x’, x” > M. Thus, the Weierstrass test e) tells us that the 
integral I(t) = f;° “4d is uniformly convergent. 
Now we give some applications to the effective computation of some 


classes of integrals with parameters. 


EXAMPLE 57. Let us compute the value of the following integral 
with two parameters a and 2: 


CO .-axr —Ba? 
(2.9) (a3) = | nace 0. 
(0) x 
Since 
2 eae? _ Ba” a 0 = ~2are- — 2Bxe—Pe a 
x—0 x 0 z—0 1 , 


for any fixed a and 3, the integral has only b = o as a singularity. 
Considering successively I(a, 3) as an integral with a parameter a and 
then, with a parameter @ respectively, we can apply Leibniz formula 
separately for a and 3 respectively. Let us prove the simple convergence 
of I(a, B). Since 

—ax? — Bax? 


: € . 
lim x? = 0, lim 2? 


xL—0O Xx L— 00 aG. 


= 0, 


if a,b > 0, the p-test with p = 2 gives us the simple convergence of 
I(a, 8). We need now the uniform convergence of 


ol 0 9 | eo? — Px" a = Lal 
sa eS ef xe da. 
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For any fixed a, > 0, this last integral is uniformly convergent on the 
interval J = [a1,00). Indeed, 


—ar2 = 2 
Spee a ge 


ee 


and dase re dx is convergent (apply test p for p = 2), thus applying 
again Weierstrass test e) of theorem 57 we obtain that the integral 
— ie re dx is uniformly convergent w.r.t. a. In the same way we 
can prove that the integral 


al i O | 02 — @~B2” [ ee 
Ry 8s dx = xe P* dx 
Op 0 Op | x | 0 


is uniformly convergent on any interval [3,,00) with respect to 3 if 
B, > 0 ts fixed. Thus 


ol se 1 1 
(2.10) — = -{ te da = —e | = —— 

Oa 0 2a ‘i 2a 
and 

or 2 1 2|°° 1 
yzalal — = ze PO" dx = ——e PF | = —., 
OT) a= if 2° |, 2B 


Integrating with respect to a in the equality (2.10) we get 
1 
(a, 8) = -5 Ina + C(8). 


Let us introduce this expression of I(a, 3) in formula (2.11): 


so C(B) = 5InB +k, where k does not depend either on a or on {3. 
Hence B 


1 1 1 
I(a, B) =—jlinet+ inft+k= gin +k. 


We see that if a= 8, I(a,a) =0=k. Finally, I(a, 8) = In. 


This last example can be generalized in the following form. 


THEOREM 58. (Froullani’s integrals) Let f : [0,0o) — R be a con- 
tinuous bounded function with f(co) = r. For any0 <a <b we define 


I(a,b) = a f(ax) ~ flex) | 


x 
a) Then the integral is simply convergent and 


(2.12) 1(a,) = [f(0) — f(oo)] m2. 


a 
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b) If in addition f is of class C1 on 0,00) and if for anye > 0, M >0 
there is a continuous function g(x Q such that |f’(xt)| < g(x) for all 
x € (0,00), t € [e, M], and J>° g(x)da is convergent, then I(a,b) is 
uniformly convergent on any ee of the form [e,M] (i.e. a,b € 
le, M]), where0<e< M. 


PROOF. a) Let 0 <6 < A < o™ and let us estimate the integral 


(2.13) [ Has) — er) 7 Stay gees | Te). f 1) 5, 


ba=2z Jags = % b= 
Since 
aA bd ad alt 
Hie fPMgey [ay [Pa 
ad z ab bd ad z 
and 
bA aod aA bA 
ge Te ee) JO 
bd z bd ad z aA % 


by subtraction these last two equalities we _ 
aX bA bd 
fey ff. [1 foes t(2) 
ad z b5 z 


Let us apply now the mean formula of eee 22 to both of these last 
integrals. We obtain 


a im oC 
aa ff) MOT ie = if - feline, 


where € € [ad, bd] and 7 € [aA,bA]. Let us make 6 > 0 and A — co 
in formula (2.14) we get 


[MEM e = (10) - Hoo ms. 


b) Let us assume that f is of class C! on [0,00] and let us denote by y 
the function: y(t) = f(at), t € [a, 6], for a fixed x € (0,00). We apply 
Lagrange formula for this function ¢y on [a, }] : 
9(b) — (a) = ¥'()(b — a), 
or 
f(bx) — f(ax) = fi'(cx)-x-(b-a), 
where c € (a,b). Thus, for0 <<e< M, 
Gf af (be 
eI age) 


x 
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Since (b—a Ne ace x)dz is convergent, Weierstrass test c) of theorem 
57 tells us that [ : yale Los) F009) dj is uniformly convergent. 


For instance, 


°° arctan ax — arctan br 
(a0) = f Oe 
0 


a 
= —In-. 
x a Came 


Since f(z) = arctan z is of class C' on R, 


1 
; t = Se = 
f (et) = ap S$ = 9) 
for any t € [e, M] with [a,b] C [e,M] and J,° j4:-rdz is convergent, 
we see that J(a,b) is uniform convergent on |e, co) for any fixed ¢ > 0. 
But not always one can use Froullani’s formula (2.12) even the integral 
is of the same form. For instance, 


60 ~cosb 
1(a,0) = [RON a. <a <b. 
0 Xv 


Here f(z) = cos z has no limit at z = oo, so the above theorem cannot 
be applied. To compute it, we consider another integral with parame- 
ters: 


x 


| 
— COSaAXN _ 
i SSE ke dp 
0 x 


is a proper integral, the integral 


aca 
—cosax _ 
—_——e ** dz 
1 eo 


is uniformly convergent with respect to a: 


JG = | PNUD ie > 0k > 0: 
0 


Since the integral 


1 


1 — cosax 
ee & 


x 


and aes te—**dax is convergent, see test p, for p = 2 and also 


CO 
i e** sin axdx 
0 


is uniformly convergent w.r.t. a: 


lees sin aa Ree 
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and f,° e~**dx is convergent, we can write (Leibniz’s formula): 
(2.15) 


OJ oe 
—= i e * sinaxrdx = 
Oa 0 

Thus 


a 
Zak (compute it two times by parts). 
a 


Ge ke 
Making a — 0, because of the continuity of J(a,k) w.r.t. a (here we 


use the uniform continuity of J relative to a and theorem 57 b)), one 
has that 0 = Ink + C(k), or C(k) = —Ink. Thus 


vate 
es 


J(a,k) = / “da = 5 In(a? +k?) + C(k). 


J(a,k) =In 
If instead of a we put b, we get 


°1-—cosbr _,, Vb? + k? 
— an = in et 
0 


But 


I(a,b,k) = | ae 
0 w 
ae MO a Va? + kh? 2 Vb? + k? 
a k k ~~ /g2 + 2 
for any a,b,k > 0. Since for any k € [6,0o), with 6 > 0, the integral 
I(a,b,k) is uniformly convergent w.r.t. k 


( 


cosax — cosbx _,,, cosax — cosbz _,, 
€ € 


and 


< 


x x 


“cosaz—cosbx 5... 
e °“dx is convergent), 
0 


x 


fixing a kg > 0 and taking 0 < 6 < ko, we can apply again theorem 57 
and find that I(a,b,k) is continuous at kp as a function of k. Now we 
can make k — 0 in the equality 

cos ax — cos ba b? + k? 
iP ed = I 

0 v a2 mie k2 

and finally find that [)° Ss*—s"*q7 = In 4 for any a,b > 0. Is this 
last integral uniform convergent with respect to the parameters a and 
b ? To use formula 2.16 it is not a good idea because the integral 
I(a,b,k) is uniformly convergent w.r.t. k only on any interval of the 


(2.16) 
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type [6,co) and not on the entire interval (0,00). We shall prove now 
that the integral 


H(a,8) = f cosaz —cosbz , _ 1b 
0 a 


x 


is not uniformly convergent w.r.t. a and 6 (simultaneously), where 
a,b € (0,00). Suppose it is uniformly convergent. Applying theorem 57 
b) we get for a = = = 4 and n — oo that 0 = In2, a contradiction! 
Thus our integral cannot be uniformly convergent on (0,00). It is an 
open problem for me if this integral is uniformly convergent on any 
interval of the type [d,00), where 6 > 0. But on intervals of the type 
(0, ], 0 <6 < M? These informations could not help us to compute 
the integral by Leibniz formula because the integral 


° 0 |cosax — cosbr ao 
| dx = — | sin axdx 
0 Oa x 0 


is not convergent! 


EXAMPLE 58. (Dirichlet’s integral) The following integral with a 


parameter (3, 
1(8) a sin Pz | 
0 


x 


is very useful in different branches of science and technique. It was 
considered for the first time by the great German mathematician Jo- 
hann Peter Gustave Lejyeune Dirichlet in the XIX-th century. To prove 
its existence, for any fixed GB, he invented the Dirichlet test (see the- 
orem 39). In example 49 we just proved its simple convergence. In 
order to compute it we need it to be uniformly convergent. Even we 
had succeeded to prove such thing, Leibniz formula leads us to compute 


ee sin Bx ee ee 
‘i =| = jar= cos Bada, 


which is divergent! This is why Weierstrass invented an indirect method 
to compute this integral. To force the convergence to co (0 is not a 
singular point!), Dirichlet considered the following more complicated 
integral with two parameters a, 3: 


(2.17) D(a, 8B) = i= 


az Sin Bx 


dz, a>0,8ER. 


It is easy to see that we can reduce ourselves to the case 3 > 0. It is also 
clear that the integral D(a, 3) is uniformly convergent if a € [ao, co), 
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B > 0, where ag is a fixed positive real number as small as we want. 
Indeed, since 

2 —agox 
poor Sin Bx 


x 


e€ 
S 


x 


e~ %0z 
x 


oo . 1 : is : 
_o7 Sin Px esi or Ane Sin Bx 
en dr = ere dx + en dx, 
0 wt 0 x 1 x 


the first integral being a proper one, Weierstrass test e) of theorem 57 
tells us that the initial integral D(a, 3) is uniformly convergent. To 
apply Leibniz formula of differentiating under the integral sign with 
respect to D (see theorem 57 d)) we also need to prove that the integral 


nae 6 Ol rs <6 at 

7(8)= | ale i Jac= f e “cos Bxdx = 
(9) 0 OB x 0 

is uniformly convergent with respect to 3. Indeed, 


le" cos Ba| ie emia 


since the integral ites dx is convergent (test p for p = 2) and since 


a 
B? + a2 


and dee e “dx is convergent (= 4 ) implies the uniform convergence of 
T(3) (Weierstrass test). Hence, Leibniz formula applied to D(a, 3) as 
an improper integral with parameter 2 gives: 

OD ae) ae a 

=~ = ae dz = =—>.- 

OB o Op Bo +a? 
Integrating with respect to 3 we get: 


D(a, B) = | e-orSin BE 5 = arctan e +C(a). 
0 x a 


The uniform continuity w.r.t. 8 > 0 makes D(a, () a continuous func- 
tion of B ((see theorem 57 b)). Thus D(a,0) = 0 = C(a) for any 
a> 0. Hence we finally obtain 


(2.18) D(G20) = | eros = arctan 
0 £ a 


The uniform continuity of D(a, B) with respect to a € [ag, co) for any 
ag > 0, makes D(a, 3) continuous with respect to a > 0 (see theorem 
57 b)). Thus D(0,8) = fo° sin Be dep = 5. Now Dirichlet’s integral is 
completely computed: 


(2.19) dxe= 0, ifB= 


[= ae 0 
On 2 —£, if 8 <0. 
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Dirichlet’s integral is very useful in the computation of other integrals. 
For instance, 


CO ot 2 a BD x / 
5 5 1 
i | = dx = lim = Y du = —lim sin? 5u (=) d= 
0 0 u 


ae LO Jy u? £00 


1 |” * sind 5 
(2.20) lim sin’ su-+| —10 | see a | 
L—-00 U 0 0 U 
Since 
a) : 
lim — a = Si -limsin5u=5-1-0=0, 
u-0 UW u-0 5y u-0 


sin? 5u - i" = sin’ x and 10 fy Sesucosdudy = 5 f° seedy. Thus the 
value of I from (2.20) becomes 


sin? 5x 5 is sin 10u 
0 


Il=-—lim 
~— 00 x 


du. 


U 


sin? 5a 
x 


Since < 1, we find that the limit 7s equal to 0. Looking at the 


Dirichlet’s integral we see that [> du = % (here 8 = 10). Thus, 


— —0 
— 


EXAMPLE 59. (Euler-Poisson integral) The famous integral J = 
She e-?' dr, which appears in Probability and Statistics whenever we 
work with the Gauss-Laplace distribution and in many other places of 
Mathematics, Mechanics, etc. is called the Euler-Poisson integral. To 
compute it (the p-test for p = 2 assure us on the convergence!) let us 
introduce a parameter u and a new variable t. Let us make a change of 
variables x t, x = ut in J. We get J=u 1 eC dt. Thus 


[o-@) 
eet) ry ay Zee 
evsaue [ pe dt: 
0 


Let us integrate this last equality with respect to u and then let us change 
the order of integration (see Fubini’s theorem for improper integrals, 
theorem 57 c); verify the uniform convergence!): 


if edu = J? = i ue” du - fi ewe dt = 
0 0 0 
= =< Oe u2(t241) te ES he = 1 —(14t?)u? er _ 
€ udu ————- e€ 
i (/ ) 0 2( +1) 0 


Be ee ee teat 
== —, at = = arctan =. 
a 1 PR 2 eee 
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Hence 


(2.21) J = i: edz = va 
0 


If we put « = V/tu, u being a new variable ant t > 0 a parameter, we 
get 


2 1 
(2.22) [« AF gf A VE 
0 vt 2 
EXAMPLE 60. (Fresnel’s integrals) The following integrals I, = 
Pe sinx?dx and I, = hy cosx7dx are called Fresnel’s integrals. Let 
us see that I, 1s convergent and then we shall compute it. Since I, = 


iim i. sin x7dzx, let us evaluate ie sinx7dx. Let us change the vari- 


able x with u = 27, i.e. 2 = Ju. Thus, dx = aadu and the 
A? sinu 


last integral becomes if 5 7du. In this last case u = 0 is a singu- 
larity point for this integral. But the integral is convergent because 


Lsinu __ — i‘ - ‘ ) = 
ee ie 0, gq = 1/2 in the q-test, thus the integral is conver 


gent. Moreover I, = cite a adu. It is also convergent at co. Indeed, 


sin u 


one can apply Dirichlet test (see theorem 39) and see that ee i au 1s 


1 sinu 


convergent. We just proved that fe - atl (A = 1) is Paiients a) 


I ii Sins he ~ si nt, 
1 — 

0 afi" 1 ofa 
is also convergent. To compute I, = is. du let us force the conver- 
gence to co with a more complicated improper integral with a parameter 


ee 
°° sin u 
(2.23) J\(k) = | ——e **du, 
ee 2a 
It is easy to see that this integral is uniformly ea a on ay in- 
terval of the type [6,0o) with 6 > 0 (|saz sin ane s—, fe ¢ edu is 


convergent so we can apply Wee ai e) of oe 57 yy This 
implies that the function k — J,(k) is continuous on (0,00) and it 


can be extended ae continuity with Jy(0) = 5° udu on [0, co). Since 
{8 ev dt = Vv (see ee (2.22)), we can put instead of 4 va in 


formula (9.95) ¢ a expression z Jee -ut" dt. Thus we get 


° sin u S 2 
Ji(k a) e dy = ae le vsinu [ et | du = 
i(k) 0 DJu Wa 0 
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————— sinu-e “ dt| du. 
VT Jo 0 


We now apply Fubini theorem (see theorem 57 c)) to change the order 
of integration: 


1 co [oe) 
Jy(k) = Teh / sin u- cuted] dt. 


From formula (2.15), {5° e~*” sinaxdx = wap we get 
= 1 
ge UT aya 
i sinu-e u T+ (k+ EE 
Thus 
Ji(k) 


2 if ete 
Vado 1+(k+?)? 


The continuity of J{(k) on [0, co) finally implies that 


© sinu 1 ae | 
2.94 =O) ie dt. 
(2.24) ei) : Ju ovat, 1+t 


dt we need the decomposition of ; a into simple 


To compute f,~ 
fractions. Since 


f4+1= (41) - 2? = ( +1-#V2)0? 4+1+42Vv2), 


we get 


as 


1  At+B Ct+D 
1+¢4 B+1— te ?+4+14+tv2’ 
where A = — a CS Won B= p= 5. Hence 


/ 1 -4f (2t — +/2) ae AEP f 1 is 
Le 8 | Pe af 2+1-t/2 
Sf (2¢ + 2) iy BV2=? 1 fies 

2) 2414/2 V2 2414tV2 


Dey PPLE a 1 
— n — 
V2 


if 1 a(t 5) 1 motte, 
2 ee 
4 (t+ 4) get V2 ni 241-+t/2 


2 


+4 -V2tan71(V/2t — 1) + : -V2tan~'(V2t + 1). 
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Thus, 


ae J2in «© 4 8 T 
tt = 04 = [F454 FF) = 
| 2 4 2 4 2/2 


Finally, I, = z . a = ve We leave as an exercise for the reader 


to prove that In = f\° cosa7da is also 3/5. 


REMARK 19. Sometimes we meet the following situation. Let K be 
an interval [a,b] in RU {+00} and let J = [to, T] be an interval in RU 
{co} such that tp € R. Let f(x, t) be a function of oe variables defined 
on K x J such that it is of class C* on K x J. Let I(t =f f(x, t)dx be 
an improper integral with a parameter t with a or i or both of ee as 
its unique singular points. Assume that for any 6 > 0, 6 < T — to, the 


integrals I(t) and L(t) = i of (x,t)dx are uniformly convergent w.r.t. 


t on [to +0,T]. We also assume that I(to) = ri f(x,to)dx is convergent 
and that L(t) = dhe oF o (a, t)dx ts ein in any neighborhood |to, to + 
6] of to. Then the function t — I(t =f f(x,t)dx is well defined 
on |to,co) and it is continuous on ve inerual Indeed, since I(t) 
is uniformly convergent on any interval of the type [to + 6,7] it ts 
continuous on (to, T] (see theorem 57 b)). Now we prove that we can 
"extend by continuity" this continuous Juaeaen I(t), t € (to, T] to the 


entire interval [to,T] by putting I(to) =f f(x, to)dx. Thus we want 
to prove the continuity of I at to in [to,T]|. Take a sequence {tn}n>1, 
tn € (to, T] and t, — to. Let us evaluate the difference I(t,) — I(t), 
when n — oo. For any fixed x € (a,b), let us apply Lagrange formula 
for the function t > f(x,t) on the interval [to, tn] : 


f(a, tn) — f(x, to) = 


where Cxt, € [to, tn]. Thus, 


ssi) = | G7 oS ~we) f Se (Cen) 


O 
aKa, Cyd) (i a to), 


is convergent to 0 when n — oo because ff (x, Cx 2, )dx is bounded 
around the point to. Hence I(t) is also aontinupus at t= to: 


For instance, let I(t) = [5° *e~'*dz, t € [0, 00). It is not difficult 
to prove that ail ee, which appears in remark 19 are satisfied 
for tg = 0. Thus we can say that J is also continuous at t = 0. Its value 


0) = f5° @2dx = F (see Dirichlet’s integral 2.19). 


EXAMPLE 61. Let us study and compute the following integral 
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Fae Bp) = Hie a, a, >—1. For this let us formally write 


Ing 


lia 1,8 _ 
(0,8) = f z mdz - | Z Lan 
9 nz 9 nz 


It is sufficient to prove that any of this last two integrals are proper 
integrals (do it!). Thus I(a, 3) is a proper integral and 


1a _ 8 1 a a 1 
| aa ar= | (| vt) dx = f (/ v'dr) a= 
a t+1 1 a 1 1 
=a a= f ee iy ee 
g tt+1I, p tt+1 B+1 
Here we just applied Fubini theorem 52, because all integrals which 
appear can be considered proper integrals. 


3. Euler’s functions gamma and beta 


A polynomial function, P(x) = ap +air+...+an2", © ER, ao,...dn 
are fixed real numbers, a rational function R(x) = a. where P(x), 


Q(x) are polynomial functions, an exponential function f(x#) = a”, 


a>0,a #1, a logarithmic function f(x) = log,7, 7 >0,a>0,a41, 
a power function f(z) = x°, x > 0, a € R, a trigonometric function 
f(x) = sinz, cosx, tanz, cotz, or their inverses, a composition of 
these previous ones, all of these functions are called elementary func- 
tions. We know that all these elementary functions are very useful in 
many branches of applied mathematics. The first function which is not 
elementary but is very useful in many applications of mathematics is 
the gamma function of L. Euler (1707 — 1783). It is also called Euler’s 
function of the second type. Its formal definition is the following: 


DEFINITION 13. 
(3.1) T(z) -| t® te *dt, x € (0,00). 
0 


We see that this function is in fact an improper integral with a para- 
meter x. In this case we must begin with a proof of its existence. We 
shall prove something more. 


THEOREM 59. As an improper integral with a parameter x, the 
gamma function T(x) = i t®-etdt, x € (0,00) is uniformly conver- 
gent on every closed subinterval (5, M] C (0,00). In particular, it is 
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continuous and differentiable on (0,00). Moreover, it is of class C® on 
(0,00) and its derivative of order k is 


(3.2) TM)(z) = a t?1(Int)*e*dt, x € (0, 00) 


for any k= Ulysses 


PROOF. Since for k = 0 in formula (3.2) we obtain the defini- 
tion formula (3.1), we fix a k in N and we shall prove the statement 
of theorem for a more general case of improper integral [)(x) = 
Jo. t”'(nt)*e~'dt, x € (0,00) with parameter t. Let us formally write: 


PO (2) =T(2) +T2"(2), 
where 
T(x) = i "ln t)tentat 
and : 
T(x) = i Tn t)Fetdt. 


If we could prove that these two last improper integrals with parameter 
x are uniformly convergent on [6, M], their sum I“) (x) would also be 
uniformly convergent on the same interval. Let us start with re (aielt 
is an improper integral of the second type with a singular point t = 0. 
Since 


1\" 
je” *(nt)*e| < #21 NIn¢|* ee? = 4° (1m 7) oe 


applying Weierstrass test e) of theorem 57, it will be enough to prove 
the convergence of the integral f ie (In 1)" etd. We can assume 
that 6 is sufficiently small (we prove the uniform convergence on a 
larger interval if we diminish 6!), for instance that 0 < 6 < 1. Let us fix 
now a number gq such that 0 <q < 1,q¢+6-—1> 0 and another small 
number ¢ with 0 <é < wt We did this such that the following limit 
to be 0! 


i? ip)” 
(3.3) lim 77°? ( In—= |e =: lim pog—ynke (a) 
t—0,t>0 t t—0,t>0 (+) € 


But we know that function In z goes to oo whenever z — oo slower 
than any positive power of z, i.e. lim we = 0 (prove it again!). By 
(int)" 


(y* 


putting z = s, when t — 0, t > 0, we get that — 0, whenever 
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t > 0,t> 0. Thus, in formula (3.3) we finally obtain: 


1\* 
lire (1m 7) e = lim tft 19 = 0, 


t0,t>0 t0,t>0 
because q + 6 — 1 — ke > 0 (see here why we wanted ¢ to verify the 
inequalities: 0 <é< q1+8))., Now, the q-test (see theorem 45) tells us 
that the improper integral i a (In ae e ‘dt is convergent and that 
Tr) (x) = ih t?'(Int)*e~‘dt is uniformly convergent. 

Let us prove now that P(x) = {Pt 1 (nt)*e“‘dt is also uni- 
formly convergent. Since our integral is improper of the first type, we 
apply again Weierstrass test e) of theorem 57: 


lane) e | Sa “nee”. 


It remains to prove that the improper integral [>~ t/~!(Int)*e~‘dt is 
convergent. Let us apply the p-test (see theorem 38): 


PeM—lek /Int\* 
lim de ind )*e* = Tim (3 ) =() 


t—00 t—00 el t 


for any p because the exponential function e’ goes faster to oo than any 
power of t, ie. lim S = 0 (prove it again!). Take for instance p = 2 


and the test p tells us that the integral is convergent. Now the proof 
of the theorem is complete. 


Two problems arise: 1) Is our improper integral T(x) = [,° t?~'e~‘dt, 
uniform convergent on an interval of the type (0, /], for M > 0? The 
answer is no. Indeed, for any 0 < 7 < 1 one has: 


1 7 n” 
(3.4) i; ite dS i: dt =e "+ 4 ~, 
x 


0 0 
whenever x — 0. Thus, it is not possible for a given small ¢ > 0 to find 


an, 0<7 <1, such that 
n 
| pleat <eé 
0 


for any x € (0, M] because the quantity on the left goes to co when x 
becomes closer and closer to 0 (see formula (3.4)). 

The second problem: 2) Is our integral T(x) = f>° t?~te~‘dt uni- 
formly convergent on an interval of the type [M,oo), where M > 0? 
The answer is also no. Indeed, for any fixed N > 1, 


| i er dE > ne f edi] NO te = OO, 
N N 
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when x — oo. Thus, for a given small ¢ > 0 it is not possible to find a 
sufficiently large N > 1 such that [x ¢?~te~‘dt < ¢ for any x € [M, ov). 

One of the most important property of Euler gamma function is that 
one which refers to the "generalization" of the factorial function f(n) = 
n!, defined only on the set of natural numbers. Namely, [(n) = (n—1)! 
for any n € N, n > 0. This formula will appear as a consequence of a 
more general recurrence property. 


THEOREM 60. (basic properties of gamma) 

t= 1, 

2) Te) = 

3) V(x) = (a—1)0(a—-1) for any x > 1 (simple recurrence formula 
or simple reduction formula). 

4) U(2) = (@-1)(x—-2)...(2—n)P(a—n) for any fizedn CN, n> 1 
and for any x > n (general recurrence formula or reduction formula) 
5) It is sufficient to know the values of T on the interval (0, 1]. 

6) T(n) =(n—-1)! for anyneEN,n>0. 
7) T(#)P1 - 2) = — >, x € (0,1) (complementaries formula). 


sintwx? 


8) It is sufficient to know the values of on the interval (0, | and 
(5) = vo. 


9) ee y? te dy = ey t>0,p>0. 


PROOF. Property 7) cannot be proved here because its proof is 
either too long or it is shorter but involves a lot of higher mathematics. 
Let us prove the other statements. 

1) TQ) = fp edt = —e* |= 1. 


2) 
T'(2) = [ te ‘dt = [tena eo 
= -te* p+ f° etit-041- if 
3) 
T(r) = ie Ce d= [oemtcena = 
0 0 
= —t* le* | +(¢ — 1) ye t? edt = (a — 1) (x —1) 

ag 0 
(3.5) T(x) = (x — 1) (# - 1) 


for any x > 1. 
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4) We simply apply the simple recurrence formula n times: 
T(x) = (« — DP (a - 1) = (& — 1) (a — 2) (4 -— 2) = 
= (x —1)(4@ — 2)(a@ — 3) (x — 3) =... 
= (x — 1)(4 — 2)...(a —n)P' (a — nn). 
5) We know that Archimede’s axiom says that any x > 0 belongs 


to an interval of the type (n,n + 1], where n € N = {0,1,2,...}. Thus, 
x —n € (0,1) and formula 


(3.6) T(x) = (@ — 1)(@ — 2)...(a — n)T (a — n) 
reduces the computation of ['() to the computation of I'(a—7n), where 
x —n € (0,1). 


6) The formula [(n + 1) = n! immediately appears if we put in 
formula (3.6) « = n+ 1. Put then n — 1 instead of n in this last 
obtained formula, etc. 

8) In 5) we saw how to reduce the computation of I(x) to the 
computation of gamma at a subunitary value z = x — n. Assume that 
z> 3. Then 1—z< > and, using the complementaries formula 7) we 


get: 
7 
ere 
(2) (1 — z)sinaz 
If we put z = 5 in the complementaries formula, we get ['(5) = V7. 
Another way to compute I'(4) is to use directly the definition of T'(5) : 


iI lee) = lee) 
T (5) = | t-2e-tdt ie 2 | zle-* zdz = 
2 0 0 
= 2 | edz =2- VE = vi, 
0 


because ee e7? dz = va (Euler-Poisson integral-see example 59). 

9): In. Ftp). = Mh 2P-te-*dz we put z = ty, where y is the new 
variable and t is a positive parameter. Thus, I'(p) = t? Je y? te dy 
or fy y? te dy = a 


For instance, P(§) = §1(§) = §-$-1@) = §- 4 41G) = 8. 


EXAMPLE 62. (moment of order k) The following integral 

M, = aes ake dx is called in Statistics and in Mechanics a mo- 
ment of order k (...of something!). If k is odd M, = 0 (Why?). If 
k = 2n is even, then 


lo) pe lo) 1 
Mon = 2 | ome? da 7S" i {eta)-le-tdt = Tin+ 5): 
0 0 
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Let us use now the general recurrence formula and get: 


= (n- :) (n- :) ard _ Qn-1)(2n-3)..1- ve 


2 72 2e-1 


Let us give some information in order to sketch the graphic of I(x) 
(see Fig. 1) 


THEOREM 61. (derivatives and graphic for T(x) ) Gamma function 
T(x) = fp t® te ‘dt, « € (0,00) has the following additional proper- 
ties: 

1) 1"(x) > 0, i.e. the graphic of T is a convex one (keep water!-see 
Fig.1) 

2) T has a unique local extremum point, namely a minimum point 
Lmin € (1,2) (see Fig. 1) 

3) Oy-axis is a vertical asymptote (see Fig. 1) 

4) lim T(x) = co. Moreover, T(x) — oo, whenever x — co as fast 


as n! — oo, when n > co (see Fig.1). 


Proor. 1) Formula (3.2) implies I(x) = f>° t?-! (Int)’ edt > 0 
for any x € (0,00). Thus the function ['(x) is convex. 

2) Since [(1) = ['(2) = 1 (see theorem 60), Rolle’s theorem (see for 
instance [Po], Th.36) says that there exists a point tmin € (1,2) such 
that IY(@min) = 0. Since I'’(x) > 0, 2min is a point of minimum for I. 
It is the unique extremum point for [. Otherwise, if there was another 
one z # Umin, then I’(z) = 0 (Fermat’s theorem-see for instance [Po], 
Th.35). Applying Rolle’s theorem to the function I(x) on the interval 
with ends z and 2pin respectively, we would find a point y in this last 
interval such that I’(y) = 0, a contradiction, because [”’(x) > 0 for 
any x € (0,00). Thus min is the unique extremum point for I. 

3) Let us compute 


Here we just used the recurrence formula ['(z+1) = 2I'(x) (see theorem 
60) and the continuity of [ (see theorem 59). 

4) The continuity of [, just used above, and the basic formula 
I'(n) = (n — 1)! implies that 


lim T(z) = lim T(n) = lim (n—-1)! =o. 


w—0oO n—-oCo n—-oo 


3. EULER’S FUNCTIONS GAMMA AND BETA 173 


FIGURE 1 


Another fundamental non-elementary function is the beta function 
of Euler or the first type Euler function. It is an improper integral with 
two parameters x and y. Its formal definition is: 


DEFINITION 14. 
1 
(3.7) Be. 4) = i (1 —t) “dt, « > 0,y>0. 
0 


If > 1 and y > 1 the beta function B(x, y) is a proper integral 
with two parameters, i.e. it is convergent. The following result will 
clarify the other cases. 


THEOREM 62. The improper integral B(x, y) = Hs t?-1(1-t)¥" dt, 
x>0,y> 0 is uniformly convergent on any strip of the form [po, oo) x 
[do, CO), where po > 0 and qo > 0 (see Fig.2). In particular, the function 
B(x, y) is continuous and even of class C°° on (0,00) x (0,00). 


PROOF. We see that B(x, y) is an improper integral with two sin- 
gularities: t = 0 and t = 1 when x < 1 and y < 1. This is why we 
consider the following decomposition (we separate these singularities): 


Be; y) = Bo(z, y) =F B(x, y), 
where : 
Bo(a,y) = [eta tat 
0 
and 


1 
B(x.) = | e711 — t)¥ "dt. 


2 


174 4. INTEGRALS WITH PARAMETERS 


If we succeed to prove that both Bo(x,y) and B,(x,y) are uniformly 
convergent on [)9,0©) X [qo,0o) for any po, qo > 0, then B(x, y) itself 
would be uniformly convergent on [p9,0o) x [go,0o). 1) Let us prove 
that Bo(x,y) is uniformly convergent on [pp, 00) x [qo, 00). Since t = 0 
is the only singularity in this last case, if 7 < 1, we can consider pp < 1 
and po < x < 1 (if x > 1 the integral is a proper one). Then 


P14) * <td — a. 
Let us apply now the Weierstrass test c) of theorem 57 and try to prove 


that the integral ik tP>-1(1 — t)¥-!dt is convergent. For this we apply 
the q-test (the singularity is t = 0): 
lim ¢#?0-1(1-t#)¥ 1 =1 
t—0,t>0 

for gq = 1 — po, which is < 1. Thus the integral is convergent and 
our integral Bo(x,y) is uniformly convergent. 2) Let us now prove 
that the improper integral Bi(x,y) = [ 1 ¢t?-1(1 — t)¥ dt is uniformly 
convergent. This time the integral has as its unique singular point the 
point t = 1. We can consider that go < 1 (otherwise x > 1 and our 
integral would be a proper one, i.e. a convergent one). So 0 < q@ < 
y < 1 and we can try to apply Weierstrass test c) of theorem 57. Since 


it remains to prove that the improper integral f[ 1 t?-1(1 — t)®ldt is 
convergent (the singularity is t = 1). Indeed, applying the same q-test 
for q = 1 — qo we get 
: 1—qo42-1 o- 1 
_jim (1 =f) ee ta 1) ead 

Since 1 — q < 1, our last integral is convergent and consequently the 
integral By(x, y) is uniformly convergent. Hence B(x,y) = Bo(x,y) + 
B,(x,y) is uniformly convergent on [p9,00) x [go,0©) for any po, qo > 
0. The same type of proof can be done for the uniform convergence 
of {5 2 [t?-1(1 — t)9"] dt or for ik [é7-1(1 — t)¥"+] dt. Let us fix a 
point (20, yo) € (0,00) x (0,00) and let us choose po, qo > 0 such that 
Xo > Po and yo > qo. Thus, (Xo, yo) € [po, 00) X [go, co) and, since the 
beta function B(x, y) is uniformly convergent on [po, co) x [go, 00), from 
theorem 57 b) and d), applied to Bo(x,y) and to By(x, y) separately, 
we see that B(x, y) is continuous, differentiable and even of class C' 
on (0,00) x (0,00) (work slowly everything!). 


In the following result we put together the main properties of the 
function beta. 
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THEOREM 63. Let B(z,y) = jared t)¥-ldt, x > 0,y > 0 be 


the beta function. Then 
1) B(x, y) = Bly, x) (symmetry). 
2) Biz,y+ 1) = 4 {B(z,y) (reduction formula). 


3) B(x +1,y) = “Ble, y) (reduction formula). 


( 
( 
4) B(x, a So aed. 
5) B(x, =fo edu. 
6) Ba, i‘: a reaeTe (C-reduction). This formula reduces the com- 
putations with function B to computations with function T. 

1) Bie 2 i? sin**~' ucos?¥! udu (the trigonometric expres- 
sion). 


PROOF. First of all we want to remark that all the following com- 
putations are made in fact with proper integrals, then we take limits 
to obtain the improper integrals formulations. But we omit to specify 
this and we directly work with the improper form! Let us use this 
extremely excessive method only to prove 1). 


n 

B(z,y) = lim # 4*(1—t)" dt = 
E> 0,n-1 : 

FS, Ti (1—u)* tu "du = 


176 4. INTEGRALS WITH PARAMETERS 


7 [ w(1 — u)* du = Bly, 2). 
2) 
B(z,y +1) = [ t*-1(1 —t)¥dt = [ (=) (1—t)%dt = 
= (=) (1—t)" ee [ #0-or'ae = Lf etapa = 


1 1 
Ef eta —yrta—2 feta ava = Eate,y) - Ya(e,y +2) 
xz Jo zr Jo a e 


Thus 


E he 4] B(z,y+1)= * B(x, y), 


or 
y 
B(z,y+1) = ——B(z, y). 
(x,y +1) Pree (x,y) 


3) We use now 1), 2) and again 1) to prove 3): 


xv 


L+ry 
A) In B(x, y) = ae t?~!(1—t)¥ "dt let us make the change of variable 


We simply get 


oo a a—-1 1 y-1 1 ‘ lo) yet F 
Beau) = | (a) (a) aap f (+uew 


5) If in the formula 4) we use the symmetry 1) we get: 


oo yy q 
Ba =a Sf a 
(x, y) (y, r) i. (1 +u)yte U, 
i.e. formula 5). 
6) In formula 
= il 
(3.8) | y? te dy = P) >0,p>0. 
0 


of theorem 60 9) we simply put t + 1 instead of t and p+ q instead of 
p (here q > 0). We get: 


T'(p + q) = [ yPttle-( Du dy, 
(¢+1)? 0 
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Let us multiply this last equality by ¢?-' and then let us integrate the 
obtained result with respect to t from 0 up to co: 


foe) ppl foe) foe) 
3.9) T(p+ ——___qdt= ‘: {en A ptq-le—(+ ug | dt. 
(3.9) P(p af (+ 1Prs A eee y 


It is not so difficult to verify the conditions of theorem 57 c) and apply 
Fubini’s result, i.e. we change the order of integration in the equal- 
ity (3.9). Moreover, we also use formula [>~ aelt = B(p,q) just 
obtained in 4): 


T(p+q)Blp,q) = i! eee i poten dy. 
0 0 


We use again formula (3.8) with t instead of y and y instead of t to 
compute the brackets inside the right side of the last equality: 


00 r 
T(ip+q)Bip,q) = | yrtemte EP) gy _ 
0 


yP 


rp) / * yey = T(p)E(Q), 
7 r(p)E(q) 
B(p, q) — Tip+q) 


7) In the definition formula B(z,y) = fo t?-1(1 — t)¥"1dt of the 


function beta let us put t = sin? u : 


TT 


2 
Bea) = i sin?*-? u - cos*’~* u - 2sinu- cosudu = 
0 


Tw 
5 
— | sin! ucos24—! udu. 
0 


The function beta is useful in the computation of some types of 
integrals. For instance, let us compute J = re sin’ ¢ ¥/cosxdz. It is 
very easy to put in formula 7) of the last theorem 2x — 1 = 7 and 
2y—1 = 4. Thus « = 4 and y = 2. Hence J = 3 B(4, 2). Let us use now 
the T’-reduction formula from the same last theorem and find: 


_1,,, 5,_1T@r@) _1 6 TGs) = 
P28)“ ora+) 20+ DC+DU+ HOO 
7 38" 
“SOO. 9119 5 


Let us now compute J = fra + t)~*dt. 
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Formula B(x,y) = fo° qed from the above theorem can be 
i and «+ y = 2. Thus, + = 3 and y = 3. Hence 


63) _ TQ)PG) _ aG) TG) 


used with 7 — 1 = 


pa) = TeLs = 1 


J=B 


Let us use the complementaries formula 7) of theorem 60 for 2 = } and 
find T(4) TR)=4H aye Hence J = ave 


- TT 
4 sin 7 


EXAMPLE 63. Another important integrals are I,(m) = I? sin” xdax 


and Ip(m) = ik cos” rdx. Let us compute I,(m) (here m is a natural 
number). 


2 1 1 el 1r (4 
fi(m) = f° sin ede = B tas ; = ( 2 ; 
2 Oe 2 2 1 (=) 


If m = 2k (even), then 
_1P&+H)PG)  1(-4)(b- 8)..4 (PQ) 


Cl ea 5 i rn es 
—om-1-3-5+..+(2k-1) 
7 Qh+1k| 
Ifm=2k+1 (odd), then 
1l(k+r(t) 1 kIP(2) 
Te se oS 
; 20(kK+1+4)° 2+) k-DE-4..ATAY) 
ak! 


9825 oe RLY 
We leave as an exercise to the reader to compute Ip(m). 


EXAMPLE 64. ("Traian Lalescu" national contest, 2006, Romania) 
Let us compute Jn = Pe —a)"(b—2x)"dx. First of all let us change 
the variable x with u= x —a. Thus, 


b-—a b-—a u n 
Be | u"(b—a—u)"du = (b- an f u” (1 — ) du. 
0 0 b-—a 


Let us change again the variable u with t = ;4,. Hence 


1 
Jn = (b- rey i” (1 —#)" dt = (6 -— a)?" B(n +1,n +1) = 
0 


= (b- gone = (b— a)? (n!) 
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4. Problems and exercises 


1. Prove that the function f(x =a ee e~*¥ dy, x > 0 is well defined 
(the improper integral is ae Prove that the improper integral 
ii e-*¥ dy with a parameter x > 0 is uniformly convergent on any 
interval of the type [2,0o) with zy > 0. Compute f’(#) and f”(zx) 
and prove that these improper integrals are uniformly convergent on 
intervals of the type [xo, 00) with x > 0. 

2. Starting with equality [°° eP'dt = > p > 0, compute f>~ t"eP'dt 
for any n = 1,2,... (Justify all operations you do!). 

3. Letty) = fe. ponds be an improper integral with two 
parameters x,y. Study the convergence and the uniform convergence 
of u(x, y). When can we compute wy and oe? Prove that Au = ry + 


= 0. 
Oy? 

4. Starting with tie a'de = +,a> 1, find fe 1 In? eda for 
ea a. Oe 

5. Find an appropriate set of convergence for the following improper 
integrals with parameters, verify the conditions of Leibniz formula and 
apply it to compute them. 


°° arctanax 
a) fo o(1+02) dx; 


b) fo? eae dx, 5, > 0; 


tan x 
c) fp Gy (start with [>~ eEsy) and compute its derivatives, 


many times); 
1 In(l—a??) 
d) Lax, |a| <1: 


0 22/1—22 | 

) ij mt sin 4.608) dp. 

f) 0 de, Sb S v: 

gf a seas a,b > 0; 

h) fot In (T25S82) aoeed lal <1. 

6. Prove that the ee Bessel’s function J,(2) = 2 [> cos(nt — 
xsint)dt,n =0,1,2,... , is a solution of the ordinary differential equa- 
tion (Bessel’s eqiiation): xy" + ary’ + (x? — n?)y =0. 

i Comnue . AS 7 

a)tim fists b) tim SO, tim ee oS, dim fina oe 


8. Use Dirichlet’s integral to compute: 

a) fo. aint de; b) Io ante; c) fo eda; 

Hint: sin 3x = (sin x) (3 — 4sin? x); sin* x = (1 — cos” x) sin’ z; 

9. Use informations on Euler’s gamma and beta functions to com- 
pute: 
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a) Jo. £4 ( eee 2dt; b) fe sin® x cos? xdz; 

c) fe sin® x cos? xdz; d) 0 L “aL = 2)" 3dx; 

e) [o> x edz: ay kage e edz, n a natural number; 

g) Sov ¢ —** dirs h) fo t3./1 — tdt; 

al (1 — 2?) da; j Jo Fras de k) fo teases Yo” Tarde 
m) fo aay 2 \ye jade. 


10) Compute: 
b) fot In(1+t-tan x)dx,t > 0; ©) fi? In(cos* x+ 


(cera 


V2sin? x)dx (Hint: Compute first of all I(t) = I? In(cos? x+¢t sin? x)dz, 
then put t = /2); 
CO 42 

q) fo tarda; 

11) Prove that equality: T ($) = /7 implies equality: 

i. (n + +) — 135 On) fq for any n EN. 

12) If A=T'(é) and B =I (4), compute f,° /z(1 + 2)~ 3dz as 
an expression of A and B. 

13) Reduce to computations with function T’ the following integral 


fe sin! x cos!? xdz. 

14) Prove that the equality: [($) = ./m implies the equality: 
ie ce dx = ve 

15) Prove that m = f°). xf(«)dx and 0? = [™ (x — m)?f(x)dz, 


where 


1 (e—m)? 
x) = ——=e 20? _, 
f(x) aa 


where 0 > 0 and m is a fixed real number. This last function is called in 
Statistics the probability function of the Gauss-Laplace distribution . It 
models for instance the distribution of errors in a particular sequences 
of random measurements. m is called the mean and o? is called the 
variance of this last distribution. 

16) Compute J(A) = ee) dg |\| < 1 and then compute 


0 1+a? 
0.5 In(1+40.52) 
Je 0 ina? a0. 


CHAPTER 5 


Line integrals 


1. The mass of a wire. Line integrals of the first type. 


DEFINITION 15. A 1-dimensional deformation or simply a defor- 
mation of an interval I C R = RU {+00} in the n-dimensional 
space R” is a vector function rf : I > R”. For at € I, the vector 
T(t) = (x1(t),...,¢n(t)) is called the position vector of "the moving 
point" M(21,%2,...,%n) at the moment t". Such a deformation is also 
called a parametric path in IR” because it is uniquely determined by the 
n scalar functions x1 = x,(t),...,2%n = @n(t), where t is called a pa- 
rameter. A parametric representation (parametrization )of this path is 
usually given in the following way: 


vy = x1(t) 
(1.1) tel. 


=a) 


The image 7 (I) in R” is commonly called the deformation of I through 
the deformation functions x; = x(t), ...,%n = Ln(t) or simply a curve 
Cin R”. This curve C' is also called the support curve of the deforma- 
tion rf. We say that the curve C is continuous if the vector function 
TY is continuous. We say that C is smooth if 7 is of class C! on I, the 
function T° is injective (one-to-one) and "the velocity" T(t) 4 0 for 
anyt € I. C is of class C* on I if Y is of class C* on I. The curve C 
is piecewise smooth if TF is smooth, but a finite set {t,, ta, ...,tm} C I. 
If C is continuous these last points are discontinuity points for T’, i.e. 
the curve is "interrupted" at these points. If C is continuous but it 
is not smooth because of the singular points {t1, to, ...,tm}, we say that 
these last points are "corners" or "multiple points" for C. Ifn = 2, we 
denote the parametric representation of a curve C in R? by x = x(t), 
y = y(t), t € I. In this last case we say that C is a plane curve (a 2D- 
curve). If n = 3, we denote the parametric representation of a curve 
C in R? by x = x(t), y = y(t), z = z(t), t Ee I. We say that C is a 
space curve (a 3D-curve). In Fig.1 we see a piecewise smooth curve 
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with singular points M,, Mz and M3. These are the unique "corners" 
of this continuous curve. 


Zw @ peceaise-smaath curve/ 
. fo 3D <eurve) 
FIGURE 1 


For instance, if n = 1 a continuous curve is an interval (why?). Let 
the following parametric path be in plane: 


{ x= Rceost 


2) y = Rsint 


,t € [0, 27). 


Thus, 7 : [0,27) — R, 7 (t) = (Roost, Rsint) is the corresponding 
parametric path. Whenever t runs from 0 up to 27 (without reach- 
ing it; otherwise the point N(R,0) would appear two times and our 
curve would not be smooth more-it would had a "double point"!) the 
moving point M (a(t), y(t)) will describe a complete circle of radius R, 
"oriented" in the direct trigonometric direction, or counterwise clock 
sense (see Fig.2). 

Let now A(x, y1) and B(x, yz) be two points in the Cartesin plane 
xzOy (see Fig.3). The following parametrization: 


x= x(t) =2,4+t(t2 —2) 
ces) { y=ylt)=y+tw—m) © ve 
describes exactly the "oriented" closed segment [AB]. 

Indeed, if M(x(t), y(t)) is a moving point on [AB], for t = 0 it be 
comes A and for t = 1 it becomes B. It is an easy exercise of Analytical 
Geometry to see that any point on the segment [AB] is of this type 
for a unique t € [0,1]. Since function 7 (t) = (x(t), y(t)) is of class C? 
on [0,1], our closed segment is a plane or 2D-smooth curve. A smooth 
curve is also called a simple curve. Usually, in engineering, any curve 
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o 2D-curve (ameoth) 


FIGURE 2 


C' will be a finite union of simple curves C;, 7 = 1,2,...,.N, such that 
C,;N Cj = © or a point for 7 F 7. 


— +t (xp-x,) 
ylt)=y, +t(y, “Yr ) 


FIGURE 3 


Let us come back to the circle (1.2), but instead of the interval 
[(0, 277) we consider a new interval [—7, 7); this means that we start to 
go on the circle from M(—R, 0), in the counterclockwise direction, up 
to we come back to M. This is the same with changing the variable t 
with a new one v = t —7 € K = [—7,77/). The new parametrization in 
the variable v is: 


Z(v) = —Rcosv 
{ y(v) = —Rsinv »t € [0, 27). 
Now we change the variable v € K = [—7,7) with another one u € 
J = [-00, 00) such that tan $ = u. Thus, the new parametrization of 
the same circle is: 
Z(u) = -RES = 
1.4 a Iyue ju € |-00, 00) CR= RU {+00}. 
aa) | RTT RHE we [-00,00) {£00} 
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Here we have a new parametric path q : [—o0, 00) > R, ¢(u) = 
(<(u), y(w)), but the same curve, i.e. J ([—co, 00)) = 7’ ([0,27)). What 
is the relation between 7’ and q? If we describe the above substitutions 
we get ¢ = 7+ 2arctanu. Hence the function \ : J — I, X(u) = 
7 +2arctan u is a diffeomorphism, i.e. it is a bijection, it is of class C! 
on J and its inverse \~'(t) = tan 4 is also of class C’ on J. Finally, 
q(u) = r(A(u)), ie. G = 7 oA. Two paths 7 and YG which can be 
obtained one from each other by a composition with a diffeomorphism 
are called equivalent. We see that the images of all equivalent paths 
are identical. Thus they give rise to one and the same curve. In the 
Advanced Mathematics the notion of a curve is an abstract object, 
namely the set of all equivalent parametric paths with a given one 7’. 
In fact one works with a representative or with a representation of 
such an object, namely with a particular parametric path. Here we do 
not use such a sophisticated way to define a curve. We shall always 
identify the abstract curve with the image of a parametric path which is 
arepresentative of this curve. Thus a circle is an usual circle, a line is an 
usual line, etc. But, we always have to fix a particular parametrization 
of such a "curve" to work with. Instead of writing all the parameter 
equations in (1.1) to define a parametric curve 7 : I > R, we simply 
write the couple (J, 7’) and say:"Let the curve (or the deformation) 
(I, 7)", ete. 


=> 


DEFINITION 16. Let (I, 7’), 7 (t) = (x(t), y(t), z(t), 

(or 7 (t) = (x(t), y(t))) be a 1-dimensional deformation in R* (or 
in R?) and let C = 7’(I) be its support or the effective curve. 

Let f :C — R be a scalar function defined on C. The triple (I, ’, f) 
is called a 3-D (a 2-D) wire or loaded curve with the density function 
f on it. 


This is a mathematical general model for a "thread" or a wire, 
loaded with a mass f(/) in each of its points (see Fig.4). In the fol- 
lowing we consider only piecewise smooth wires (I, 7’, f), i.e piecewise 
smooth curves loaded with almost continuous density functions f, i.e. 
functions f which are continuous on C = 7 (I) except maybe a finite 
number of points on C. 

For the moment we restrict ourselves to a smooth finite and closed 
(I = [a, }] is closed and finite) wire (I, 7’, f), where we denote by [AB] 
the arc C = r (I), A= 7 (a), B = 7'(b) (see Fig.4). We also assume 
that f is continuous. a 

We know to compute the length /([AB]) (see formula (8.3), Ch.2) 
of the arc [AB]. If the density function f were a constant c, then the 
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FIGURE 4 


mass of the wire (I, 7”, f) would obviously be equal to c- I([AB]). If 
the density function is continuous, it is also uniformly continuous (the 
arc [AB] is closed and bounded and we can apply theorem 59, [Po]). 
Thus, if x’,x” € [AB] are very close, then f(x’) and f(x”) are also very 
close (read again the definition of uniform continuity, definition 22 and 
example 13 from [Po]). Let us consider a division A: 


CSig ts 6 = 5 
of the segment J = [a, b] and let us look at the corresponding division 
F(A): Mp = 7'(a),M, = ¥'(2),..., Mn = 7'(0), 


of the arc [AB] (see Fig.4). If the norm ||A|| of the division A is 
small enough then the uniform continuity of f implies that the length 
of the arc [M1] are sufficiently small (as we want). Thus we can 
approximate the density function f on such_an arc with the value of 
it at a fixed point P;(x(€;), y(&;), 2(€) € [Mi-1Mi], where €,; € [ti-1, ti] 
for any i = 1,2,...,n. The points {£;} are called marking points for 
the wire (I, 7’, f) and division A. We construct now a new "abstract" 
wire which approximate the initial one. Namely, we approximate the 
arc [AB] with the union of the straight line segments [M;_,Mj], i = 
1,2,...,n. Then we define a density function on this new curve (a polyg- 
onal line) by taking f(x) = f(P) = f(0(&),y(€,), 2(€) for any x € 
[M;-1M;]. The mass of this new obtained wire (the polygonal line, 
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which is a continuous deformation of the same interval I = |a, }], to- 
gether the density function f) is: 


(1.5) S((L, 7, fs As 6) = slot (§,), 2(6,)) Mia, 


Such a sum is said to be a Riemann sum for our wire (J, 7’, f), which 
corresponds to the division A and the set of marking points {€,}. It 
is clear enough that we can define such sums even in the case of an 
arbitrary wire (I, 7’, f), not necessarily a smooth one. 


DEFINITION 17. We say that the general wire (I = [a,b], 7, f) has 
a mass H (a real number) if for any small positive real number ¢ > 0, 
there exists a small positive real number 6 (which depends on €) such 
that |H — S((I, 7, f); A; {€;})| < © for any division A of [a,b] with 
|A|| < 6 and for any set of marking points {€;}, € © |ti-1, ti]. This 
is also equivalent to saying that H is a unique point with the follow- 
ing property: "There exists a sequence of divisions {A,}, Ayn ~ Ansi 
(the points of A,, are between the points of A,+41) such that ||A,,|| > 0 
and the sequence {S((I, 7, f); An; fe} is convergent to H for any 
choice of the set of marking points {€ Mae for the division A,. This num- 
ber H is said to be the line (curvilinear) integral of the first type of the 
function f on the curve C = ¥ ({a,b]).It is denoted by Jofla.y, z)ds, 
were ds is called the element of length, i.e. the length of a "small" 
curvilinear arc [M;-1Mj] on C. If a wire (I = [a,b], 7, f) has a mass 
H we also say that the line integral ee f(x,y, z)ds exists and it is equal 
to H. When f = 1, the mass H coincides with the length I(C). Thus, 
in this last case, the length exists (C is rectifiable-see definition 8) and 
it is equal to [.,ds. 


We shall later give an example of a bounded wire even with f = 1 
which has no finite mass (in this case the mass is equal to its length) 
at all. Since in engineering we usually do not meet such an exotic 
situation, we shall consider only piecewise smooth wires here, i.e. a 
finite union of smooth wires. Since taking masses is an additive process, 
we can restrict ourselves to the particular case of a smooth wire with 
a continuous density function. The following result give us a method 
to compute the mass of such a wire. 


THEOREM 64. Let (I = [a,b]; 7; f), r(t) = (a(t), y(t), z(t), be 
a cae wire with f a continuous function. Then the line integral 
ork x,y, z)ds of the first type exists (the mass of the wire exists) and 
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it can be computed by using the following formula: 


i. f(t,y,2)ds = / f(a(t), y(t), 2()) Vz) + y™(H 4 (dt. 
C a 


As we just know (see formula (8.3), Ch.2), ds = y/x'?(t) + y?(t) + 2/2(t)dt. 


PROOF. The proof follows the idea of the age of the formula (8.3, 
Ch.2). Let us evaluate the Riemann sum S((J, 7’, f); A; {€;}) of for- 
mula (1.5): 


WC) he te) Ey tees)? eles) to) 


where c;, d;,e; € [t;-1,t;] (we applied Lagrange formula for each func- 
tions x(t), y(t) and z(t) on the intervals [t;_;,¢;]). Since the curve 
C is of class Ct on [a,b], functions 2x’(t), y/(t) and z’(t) are continu- 
ous, so that we can use freely the approximations: 2(c;) ~ 2’(€;), 
y(di) © y'(E;), 2 (ex) & 2'(€;). Thus, our last Riemann sum becomes: 


3 F(x(&i),y )) Vx(E) + y(E,) + 2(E) (ti — tia). 


The approximation here is better and better if the norm of the di- 
visions A is smaller and smaller. Hence these Riemann sums have 
a unique limit point H if and only if the sums on the right in for- 
mula (1.7) have such a point H. But the sums on the right are noth- 
ing else than Riemann sums for the usual definite Riemann integral 
iC; f(x(t), y(t), 2(t)) /x’?(t) + y?(t) + 22 (t)dt. Thus, finally, this last 
integral exists and it is equal to H. Hence H exists and the formula 
(1.6) is true. 
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We can summarize all of these in the following two formulas: 


(1.8) mass((AB]) = | F(a(t), y(t), 2(t)) Va? (t) + y(t) + 2?(t)dt 


(1.9) lengli i(aBly= | Jet) yb + (bat. 


If C= C,U...UC),, where each curve C4, ...,C, are smooth curves 
and C;C; = @ or a point for i ~ j, then, by definition 


[ fas= [fas f fdstot [fas 


Moreover, the mapping f > [ cds is a linear mapping. It is easy to 
see that if Cis smooth and f is continuous then there exists a point 
c € [a, b] such that 
(1.10) 
i fds = f(x(c), y(c), 2(c)) i ds = f(x(c), y(c), 2(c)) -length(C). 
C C 

This is called the mean formula for line integrals of the first type. 

We saw that any curve of class C' on an interval |a, b] has a length, 
i.e. it is rectifiable. Here is an example of a continuous curve which is 
not rectifiable even J is a finite interval. 


EXAMPLE 65. (Koch’s curve flake of snow) We shall construct a 
sequence of curves (y,,), each curve being of class C' but a finite number 
of points (piecewise smooth curves) such that (7,,) is uniformly conver- 
gent to a bounded curve (it can be embedded in a disc of a finite radius) 
y which has an infinite length, i.e. it 1s not rectifiable. This last curve 
y have no tangent line in any of its point. Let us construct the curve 
71, the polygonal line (A,A2A3A4A5) (see Fig.5). 

Take a segment of a line, [AB] of length d > 0 and divide it into 3 
equal parts. Put Ay = A and As = B. Then construct Az, A3, Aq such 
that 


—— ——> — ——> d 
[vA = |[AaAa| = [Asal = [Ads = 5 
and ae 3 
[4:4 = [Asal = Se 
2 sina 
where for instance a = . On each side AjAiy1, 1 = 1,2,3,4, we make 
the same construction as above by taking q instead of d. Finally we 
obtain the polygonal line (yz) = (Bi B2...Bi7) (see Fig.5). And so on. 
Let Ry = {tan a, a = §, be the height of the trapezoid (A, A2A4As). 
Since each trapezoid (B,B2B,Bs), (BsBeBsBo), (BoBioPi2Bi3) and 
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FIGURE 5 


(Bi3Bi4BigBi7) is similar to (AyAgAqAs), the corresponding angles a 
have the same measure. Thus their heights are Ry = 4 tan a. The 
heights of the trapezoids which corresponds to (y3) is R3 = x5 tana. 
For (y,,) the corresponding R is R, = si tana. Since Ry+ Rot+...+ 
R, +... = $dtana, (y) = tim (Yn) is bounded. It is not so difficult 


to see that the length of (7,) is equal to ad. Hence the length of (7) 
cannot be finite. 


EXAMPLE 66. Let [OABO] be a loaded frame like in Fig.6, 


NBS 
B G ) 
M(x,y) 


—~=flx,y}= ra y 


on orc 
ocitcle 


FIGURE 6 


with the density function f(x,y) = 2? + y*. a) Find the perimeter 
of the frame. b) Find the mass of it. c) Find the mass center of the arc 
[AB]. d) Find the moment of inertia Io, of the segment [OB] relative 
to the Oy-axis. Here is the solutions to these questions. 
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a) In spite of an easy elementary solution of this question, we shall 
apply here the above theory and formulas relative to the line integral of 
the first type. First of all we need to construct a parameterization of 
the frame. The support curve is not of class C' because it has 3 corners 
A,B and O. It is in fact a union of three smooth curves: [OA], [AB] 
and |OB|. Let us construct a parametrization for each of them. 


(1.11) onl: | Fa) te lo 
(1.12) iB): | SSN te [0 
(1.13) loa): { $25 tell 


Now, length([OB}) = Sion) ds, where ds = \/x’2 + y2dt = /2dt. Thus, 


length((OB)) = v3 [dt =1. 


Let us compute the length of the arc [AB]. In this case 


ds = \/(—sint)? + cos? tdt = dt. 


Thus, 


length([AB]) = ds = A dt = =. 
[AB] 0 4 
Now, the length of [OA] is obviously 1 and the perimeter of the frame 
is equal tol+4+1=2+ 4. 
b) Since 


mass[OABO] = mass|[OA] + mass[AB] + mass|OB] = 
= if (2? + y*)ds + a (2? + y*)ds + | (2? + y*)ds = 
[OB] 


[AB] [OA] 


as x 1 
4, 
= [e+ A yv8ae+ |" (coste sin? nats | (2 + 0Pat - 
0 0 0 
Ce Ms 


a 

Bg oe 

c) First of all let us explain some formulas in connection with the mass 
centre. Let G(xg,yq) be the mass centre of the loaded arc [AB]. By 
definition, if we concentrate the entire mass of the arc in the point G, 
both static moments with respect to axes of this last obtained system is 
equal to static moments with respect to axes of the initial arc. If one 
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divide the arc into small pieces by the points My = A, M,,..., Mn = B 
and if we consider the density function to be the same f (P;) on each arc 


[M;_1 Mi], where P,;(x;, yi) is a fixed point on this last arc, then the mo- 


ment w.r.t. Ox-axis can be approximated by \*\_, yif (Pi) | 


i.e. the moment is equal to Jae yf (x,y)ds. The moment w.r.t. Oy- 
axis will be Jey xf (x,y)ds. Let us use the remarks made above relative 
to the point G and write: 


tae. PGs De weds 
[AB] [ABy 


and 

YG ° a fla,yjds= iz yf (x, y)ds 
Hence 
(1.14) i= Jamtfle.y)ds Samy f (wy) ds 


—— 5 UG A . 
Jia fe, y)ds ” Jia f(a, y)ds 


Now we have to compute three line integrals. But the mass was just 
computed in b), mass = 4. Let us compute the line integrals which 
appear at the numerators: 


7 ei (2 )as= | a(x? + y*)ds = 
[AB] [AB] 


rT 


a 2 2 - 1 
= cos t(cos t+ sin t)dt = sint ee ay 
0 


V2 
es yf (x, y)ds = ie y(a + y*)ds = 
[AB] 


[AB] 
= d sin t(cos” t + sin” t)dt = — cost |@= 1- 
0 


Hence 


d) Recall that the moment of inertia of a point M(x,y) loaded with a 
mass m w.r.t. Oy-axis is equal to mx? (here x is the distance from 
M to Oy-azis). By a process of "globalization" i.e. of "integration" 
(explain it like in the case o the mass centre!) we get 


Toy = a fds -[" t7(t? + 2?) /2dt = pe = 
[OB] 0 ~ 10 
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Let us put together all the formulas which give us the coordinates 
of mass centre of a space wire (I, 7’, f), where 7 (t) = (x(t), y(t), z(t). 
Let C be the support curve of this wire. Then, 


P _ Joafds. ‘ — Soyfds. _ Sozfds 
G— > IG — 1 *G — s 
Jo fds Jo fas Jc fas 
Let now denote I, I,, I, the moments of inertia of the above wire w.r.t. 


Ox-axis, Oy-axis and Oz-axis respectively. Let Io be the moment of 
inertia of the same wire w.r.t. the origin O. Then 


(1.16) i= [we + 27) fds; Iy = [e + 2) fds; 


(1.15) 


sie | (y?+27)\fds; Io = | (x? + y* + 27) fds. 
Cc C 


EXAMPLE 67. Let us consider the cylindrical helix 


x= acost 
[T:¢ y=asint ,t€[0,27],a,b>0. 
2=-bt 


Here ds = \/x'2 + y? + 2’dt = Va? + b?dt. Let us rotate’ around Oz- 
axis and let us compute its moment of inertia. If nothing is mentioned 
on the density function, we tacitly consider it to be f(x,y, z) =1. Thus 
one has 


27 
[,= [w + x”) fds = | a*V/a2 + bdt = 2ra?Va2 + b?. 
re: 0 


Another application of the line integral of the first type appears 
when we want to compute the area of some cylindrical surface with the 
directrix arc [AB] in the rOy-plane, the generating lines parallel to Oz- 
axis and limited by the xOy-plane and a surface z = f(x,y) > 0 (see 
Fig.7). Let « = x(t), y = y(t) be a parametrization of the arc [AB]. 
We divide the arc [AB] into n arcs [M1]. Let C; be an arbitrary 


—_——__. 


fixed point on the arc [M;-1;M;] and let C! the point on the surface 
z = f(x,y) which is projecting in C;. The area of the cylindrical surface 


—_— —~_~_. 


(M;-1M;MjMj_,) with the directrix curve [M;-1M;] and generating 
lines parallel to Oz-axis can be well approximated with the area of the 
space rectangle [Mj_1M;M/'M/"_,| with base the segment [/;_-1M;] and 
the height equal to the length of the segment [C;C/] (see Fig.7) This 


- f(C;). Thus, the entire area can be well 


: —— 
area is equal to Mam, 
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approximated by the sum: 


3 | MaM, 
i=1 


- f(Ci). 


Looking at the definition 17 and at the formula 1.5 we obtain that the 
area 0(ABB’'A’) of the cylindrical surface bounded by [AB], [A’B’] and 
the segments [AA’], [BB’] (see Fig.7) can be computed by using the 
following formula: 


(1.17) o(ABB'A') = fds. 


[AB] 


z=uf(x,y) 


FIGURE 7 


EXAMPLE 68. Let us find the area o of the surface which are a part 
of the cylindrical surface with directrix curve the parabola y = 2x? in 
xOy-plane, generator lines parallel to Oz-axis, delimited by the xOy- 
plane and the plane x +y+z=10 (see Fig.8). Since z=10—2-—y, 
f(x,y) =10-2-y in formula 1.17 and since x = t, y = 2t?, t € [-1,]] 


is a parametrization of the curve [AOD], we get: 
1 
ie J. (10-2 —y)ds = / (10 — t — 2t?)/1 + 16¢2d¢. 
[AOD] -1 


Since the function g(t) = tv1 + 16¢? is an odd function on the symmet- 
ric interval [—1,1] w.r.t. the origin O, one has that tise tV1 + 16t?dt = 
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0. Hence it remains to compute the following definite integral 


1 1 
/ (10 — 2¢?)/1 + 16¢2dt = 2 | (10 — 2t7) V1 + 16#2d¢, 
- 0 


1 
etc. 


C(-1,29) 


~N 
Co™! 
1 


127) 


FIGURE 8 


2. Line integrals of the second type. 


Let M be a moving point on a segment [a,b] from a to 6 in a field 
of forces Tf (a) = f(a)i, x € [a,b]. We know (see example 42) that the 
work W [a, b] of M is equal to fi f(x)dz. If the field f is a space field 
and if the point / is moving on an oriented space segment AB then, 
in each position P € [AB] of M, the effective force which produces the 
work is the vector projection of f along the vector AB , Le. the vector 


ST TS where f (P) . AB is the dot (scalar) product of the free 


vectors f (P) and AB. Thus, if the length of the vector AB is very 
small we can approximate the work of M on [AB] by the dot product 
=> — 
(2.1) f (P)- AB. 
where P is a fixed point on [AB]. 
DEFINITION 18. (orientation of an arc) Let us consider now a 
smooth curve [AB] with a parametrization « = x(t), y = y(t) and 
z = 2(t), t € [a,b] (see Fig.9). We say that the arc |AB] is oriented or 
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ae 


directly oriented if whenever ty < tz on [a,b], then length|[AM,| < 


length|AMb], where My(x(t1), y(t1), z(t1)) 2s the point on the curve 
which corresponds to t, € [a,b] and Mo(x(t2), y(t2), z(t2)) is the point 
on the curve which corresponds to tz € [a,b]. This means that whenever 
t goes from a to b, the corresponding moving point M (a(t), y(t), z(t)) 
goes from A to B on the curve, without turning back even for a very 
small "period of time". We always consider in our examples that a 


curve [AB] has two orientations: "the direct one", from A to B and 
"the inverse one", from B to A. 


It can be proved (see any elementary course in Differential geome- 
try) that any smooth curve I, realized as a deformation of an interval, 


—_—~ 


can be oriented, i.e. it has two orientations. We divide the arc [AB] 


into n subarcs (M,_1M). The division {A = Mo, M,,...,M, = B} is 
considered to be the image of a division A : a = tp < t1 < ... << ty = 0 
of the segment [a,b] through the deformation 7 (t) = (2(t), y(t), z(t), 


t € [a, b] of the segment [a, b] into the arc [AB] (see Fig.9). 


Fin) 


Pix (4) yp 2h) 
Miix( ti), y(ti) z(t) 


FIGURE 9 


—~ 


If the norm of the division A is very small, since the curve [AB] 
is smooth, the lengths of the subarcs [M,_1M] are very small. Thus 
we can approximate the work of a continuous field of forces F'(z, y, z) 
= (P(z,y,z), Q(z, y, z), R(x, y, z)) defined on the curve (AB), along the 
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—_—_~ 


oriented arc [AB], by the following sum: 


(2.2) S(F,A,{&}) = 0 F(P) Mam, 


—_——__ 


where P; is a fixed point on the arc [M;_1Mj], ie. P;(x(€;), y(&;), 2(&;)), 
where {€,},&; € [ti-1, ti], is a fixed set of marking points for the division 
A. Such a sum is called a Riemann sum for F', A and {€,}. Here the 
work Wa ([M;1M;))of F on (M,_.M| was approximated with F(B,) . 
M;-1M;. 


DEFINITION 19. With the above notation and definitions, for a 
general continuous and oriented arc of a curve T = g({a,b]), where 
g : [a,b] — R3(or R?), let us assume that there exists a real num- 
ber S with the following property: if ¢ > 0 is a small positive real 
number, then there exists another small positive real number 6. > 0 
(depending on €) such that if A is a division of [a,b], one has that 


Is - S(F,A,{6:})| < e. This (unique) number S will be denoted by 


pF -dr or by Paz + Qdy + Rdz and it is called the line integral of 
r 1 ng 
the second type of F' or of the differential form w = Pdx + Qdy + Rdz 


Z = a — 3 
respectively. Here, formally, dr’ = (dx,dy,dz) and ¢F -dr will be 
eae 
interpreted as "the work" of the field of forces F along the oriented 
curve [ (considered with the direct orientation), or "the circulation" 


of the field of forces F along the oriented curve T’ if the curve TI’ is 
"closed" (r'(a) = 7(b)). If we change the direct orientation with 
the inverse one (write I~ ) the line integral will have a minus in front 


Of Ut Le. F-.dr “ $F -ar. Moreover, if T = UN,T; is 


i T 
a finite union of nonoverlaping (they have in common at most one 
point) curves T;, considered with the induced orientation of T, then 


pF dr = ye fF -dr (this is a consequence but I prefer to put 


r Tr; 
it in a definition!). 
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. . => => eect 
It is easy to see that the mapping F' — gp F -d7r’ for a fixed curve 


T 
Tis a linear mapping. The basic problem is how to compute such a 


line integral ¢ F -d?. The following theorem will clarify this question. 
rT 


THEOREM 65. Let us consider again the above orientated smooth 


curve [AB] with a parametrization x = x(t), y = y(t) and z = z(t), 
t € [a,b], with a division A of the interval {a, b|,with its Riemann sum, 
etc. (see Fig.9 and all the starting discussion). Then 


(2.3) Fea? = [ F (z(t), y(t), 2(t)) - P'(t)dt, 
[AB] 
(2.4) Fd? = 
[AB] 


= / [P(x(t), y(t), 20) 2") + Q(z), yt), 2) y'(O+ 
+R(x(t), y(t), 2(t))2’ dt, 

where 7 (t) = (x(t), y(t), z(t) = 2(t) i +y(t)7 +2(t)k. 

PROOF. First of all, in order to evaluate a Riemann sum of the 
type (2.2), let us compute the dot product F(P) - M;-1M;. 

F(P)- MiaMi © P(2(6:), y(&), 2(E2)) fa(ti) — 2(ti-s)] + 

(2.5) +O(x(E), ¥(Es), 2(8:)) yi) — y(ti-1)] + 
(2.6) +R(x(&), y(Ei), 2(E:)) [eCi) — z(ti-1)]. 


Let us now apply Lagrange formula for functions x(t), y(t) and z(t) 
defined on the interval [¢;-1, ti] : 


x(t;) = x(ti_1) = x' (ce) (t; = ti_1), 
where GE [ts—1, til, 

y(ti) — y(ti-a) = y' (di) (ti — tea), 
where d; € tsa, ti] and 

z(ti) — 2(ti-1) = 2'(ei) (ti — ti-1), 


a 
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where e; € [t;-1, ti]. Since the norm ||A|| is very small, i.e. the lengths 
of intervals [t;_1, t;] are small enough and since the functions 2’(t), y'(t), 
z'(t) are continuous (the curve is of class C' being smooth), we can well 
approximate x'(c;), y'(d;) and z’(e;) with a’(€;), y/(€;) and with 2’(€,) 
respectively (c;,d; and e; are very close to €; and the previous functions 
are continuous!). Thus formula (2.5) can be rewritten as 


F(P) - MM; = 


perme 2(&4))@"(&) + Q(e(E,), ylEs), 2(Es) (Ea) (i — ta) + 
+R(a(Ei); wlGi), A a)" (&;) (ti — ti-1). 


=> —_—— 
Thus, the Riemann sum S(F A {6} = FB) GM, can be 
approximated with 


n 


Dd TP(#(E,), wEd), 2(E))2" (Es) + Q(@(E), ¥E), Ed) (E+ 
i=1 
+R(x(E;), (Ei), 2(E;) 2 (Ei) (ts — tea), 
which is nothing else than a Riemann sum for the simple Riemann 
integral 


) [P(x(t), y(t), 2(t))2"(t) + Q(a(t), y(t), 2(t) y(t) + 


+R(x(t), y(t), 2(t))2"(t) Jat. 

Taking limits as ||A|| — 0, we get formula (2.4). 
Since dr’ = (a’(t), y'(t), 2/(t))dt, formula (2.3) is an immediate con- 
sequence of formula (2.4). 


This last theorem says that in order to compute a line integral of 
the second type, we must find a suitable (not so complicated!) para- 


meterization of the arc [AB], then we simply apply formula (2.4) to 
reduce the computation to a calculation of a Riemann definite integral. 
If the curve and the field of forces are all in the same plane xOy, we 
put z(t) = 0 and R(z,y, z) = 0 in formula (2.4), ie. we get an easier 
formula: 


Fa? = [ FEO sO) POES 
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EXAMPLE 69. Let F (sz, y= vi + ay j be a plane field of forces 
(or, equivalently, let w = x?dx + xydy be a plane differential form of 
order I) and let T be the marked with arrows oriented curve in Fig.10 
(the arrows indicate the orientation!) 


are ofa 


circle 


A (0,-1) 
FIGURE 10 


a) Find the work on the arc of the circle [BC]; b) Compute ¢ an 


—. 


[AB] 


dr; c) Compute f Pas + Qdy; 


—. 


[CA] 
d) Compute the circulation of the field F along the closed oriented 
(like in Fig.10) curve [CABC]. Since our last curve is not smooth (it 
has "corners"!) we must decompose it into 3 smooth nonoverlaping 


pee, es ee 


curves: [CA], [AB] and [BC] respectively and then to write (see defin- 
ition 19): 


(2.7) ¢ Fd? = Fidrs p Fars § Fav. 
ane] [CA] [AB] [BC] 


Let us find 3 separate parametrizations for the component curves [CA], 


_——_ 


[AB] and [BC]. 


a ee eee te (0,1); 


CALS) y=04(-1)E 
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(AB | =) ,t € [-1, 2]; 


t 
eee x =2cost Ms 
BO): { pang ToS Pe! ’ 


i.e. t goes from 5 to 0. Now we are ready to compute everything. a) 
The work on the arc [BC] can be find as follows: 


pF av = f Pas + Qdy = 
[BC] 


_—_ 


[BC] 
= ih [(2 cos t)?(2 cost)’ + (2 cost)(2sin t) (2 sin t)'] dt = 


a 


2 
= -8 | [- cos? tsint + cos’ t sin t] dt = 0. 
0 
b) 
= 2 
Fear = | [07 -0+0- tdt] =0. 


-1 
c) 
f 


¢ Pdz + Qdy = i [(2 — 2t)?(—2) + (2 — 2t)(—t)(—1)] dt = “i: 


_—_— 


[CA] 


d) The work or the circulation on [CABC] is the sum of the results 


just obtained in a), b) and c), i.e. —£. 


Here is a nice application to Physics. 


THEOREM 66. (the gain principle) Let W = F -d? be the 


work of a moving point M of mass m in a inion field of forces, 
along an oriented smooth curve I, realized as a deformation Y(t) = 
(x(t), y(t), z(t)) of the interval [a,b]. Then W = T(B) — T(A), where 
T=% \v |? is the kinetic energy of the moving system, U = 7’ is the 
velocity vector and A, B are the end points of the trajectory .. Here the 
difference T(B) —T(A) is called "the gain in kinetic energy". Thus, 
the gain principle in Physics says that the work done by a moving point 
on a trajectory |AB] is equal to the gain in kinetic energy of the moving 
point. 
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PROOF. Since the second law of dynamics says that F =m" , we 
can apply formula (2.3) and successively write: 


REMARK 20. Maybe somebody asks what happens with a line in- 

tegral ¢ Fed if we change the parametrization of the given curve 
r 

[, i.e. if the parametric path T changes with an equivalent one r, 
To preserve the initial orientation we must assume that the change of 
variables ® : [a*, b*| — [a,b] is an increasing one, i.e. ®'(t) > 0. Then, 
= ‘ 
r*(t*) = 7 (G(¢*)) and dt* = “dt. Thus, 


—o- — b* 
fF) dr =f 
E a* 


7 i‘ Free) ad dt* = 


"dt 


Fee |e = 


* 


= [ F(?(t))r (t)dt = fF dP. 


Thus the value of the line integral does not change. It depends only on 
the curve itself and not on its particular parametrization. 


3. Independence on path. Conservative fields 


Looking at formula (2.4) we see that the line integral ¢ Fd? 


[AB] 


depends on the curve [T = [AB] which connects the points A and B 
and on the field F. It does not depend on the parametrization itself, 
because the change of variable formula in the usual definite integral 
gives us that the line integral does not change if we change 7 with an 
equivalent path 7” (here 7 and 7” both connect A and B). 


DEFINITION 20. Let D be a space (or plane) domain and let F: 


3 2 : => _, 
D — R°(or R*) be a continuous field. We say that the integral p F'-dr 


(this is only a symbol here!) is independent on path if for any two 
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points A and B of D and for any (piecewise) smooth path y C D, 
which connects A and B, the line integral of the second type ¢ Fd? 


_ 
does not depend on the curve y itself but only on the end points A and 
B of it. This means that if T is another path which connect A and B 


one has that fFuar = F-d?. 
Y T 


It is clear enough that this property characterizes the field FE de- 
fined on D. We shall define a class of fields which has the above prop- 


erty, namely that the integral ¢ F -d? is independent on path. 


DEFINITION 21. A field F : D > R? is said to be a conservative 
(potential) field if there exists a scalar function U : D — R of class C* 
such that grad U = B, i.e. if F(z,y, 2) SP een: z)i +Q(x,y, zit 

=> => 
R(z,y,z)k then ou aad A x = Q and ou = R. It is clear that F is 
conservative if and only if the differential form w = Pdx + Qdy + Rdz 
has a primitive U(x,y,z), i.e. a scalar function U(x,y,z) such that 
dU =w. We also say in this case that w is exact or closed on D. The 
function U is called the potential function or the primitive of F' and 


the function —U is called the potential energy of F. 


For instance, the central field F=cr ("draw" it for c > 0 and 
for c < 0), where 7 = ci + yj + zk is the position vector of the 
point M(x, y, z) and c is a real constant, is a conservative field because 
UE. .2) = = + v + 2 is a "potential" function for F. If we add an 
arbitrary constant K to this U(x, y, z) we also get a potential function 
for F. It is clear enough that not all fields are conservative. For in- 
stance, the plane field F'(x,y) = 327 i + ay Jj is not a conservative 


field on any domain of R?. Indeed, suppose that F is conservative on 
a small disc B(a,p), with p > 0. Then there is a potential function 
U(x, y) such that 


au 2 
a = 32 
3.1 a , 
(a {Ban 
Let us integrate (find a primitive) the first equality w.r.t. x: 
OU 


where K(y) and H(y) are constant w.r.t. x but, in general, functions 
of y. Let us put C(y) = H(y) — K(y). Thus U(2z,y) = 73+ C(y). With 


3. INDEPENDENCE ON PATH. CONSERVATIVE FIELDS 203 


this expression of U, let us come in the second equality of (3.1) and 
find 


C'(y) = zy, 
which is not possible, because C’(y) cannot be a function of x. Thus, 
=> => => 
our assumption is false, ie. F' (x,y) = 327i + xy Jj cannot be a 


conservative field. 

Such conservative fields appears in nature, in mechanics, astronomy, 
material sciences, etc. For instance, the gravitational field G(c, a ee 
_mg k, where m is a constant mass at any point M(z,y,z) and g = 


9.8m/s* is the known gravitational acceleration constant (see Fig.11), 
is a conservative field. 


FIGURE 11 


Indeed, let. us find the general form of all the potential functions 
U(z,y, z) of G: 


aU. 
<= =0 
BB g 
Oy 
aU 
az Ng 


Let us integrate the last equation w.r.t. z and put the constants which 
appear only once: 


U(a,y, z) = —MgzZ yr K(x, y), 


where K (x,y) is a constant w.r.t. z but, in general, it can depend on x 
and y because, in general, U may depend on x and y. Let us introduce 
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this last expression of U in the second equality and find: 


OK 
<= =O): 

oy 
Thus K is also a constant function w.r.t. y. Hence K(z,y) = K(x) 
only. So that U(2,y,z) = —mgz + K(x) and, finally, let us put this 
last expression of U in the first equality and find: 


Kia) =U; 


so that K is constant w.r.t. x,y and z respectively. Now, the general 
form of a primitive function for G is 


U(a2,y,z) = —mgz+ K. 


This means that the potential energy of the gravitational field is of 
the form —U = mgz — K. Since for z = 0 (at the horizontal plane of 
the earth) the potential energy is equal to zero, K must be zero and 
we refound a known formula from high school: the potential energy 
= mgh, where h is the height at which the mass m is. 

A strange property of such conservative fields is that the work of 
them does not depend on path, or that the circulation of them on a 
"closed" curve (7'(a) = 7'(b)) is always equal to zero. Here is the 
mathematically stated result. 


THEOREM 67. (Leibniz-Newton formula for line integrals) Let F: 
D — R? be a continuous conservative (potential) field and let T be an 
arc of an oriented smooth curve in D with its end points A and B. Let 
7 (t) = (a(t), y(t), z(t)), t € [a,b] be a parametrization of T. Then 

a) 
(3.2) 


fF -d¥ = U(B) —U(A) =U (20), 910), 200) — Ula), ula), (a) 


—> 
where U(x,y,z) is a potential function (a primitive) of F’. 


b) In particular, F-d? does not depend on the curve [. which 
ig 


connect the points A and B, i.e. the integral fF -dr does not depend 


on path in D. 


c) Another consequence is that two primitives U and V of F onD 
differ one to each other by a constant only. 
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d) For any "closed" curve 6 (r(b) = Y(a)) of D one has that 
fF -dr =0. Conversely, if for any smooth closed curve 5 of D we 
5 


= Sr gy : 
have that @ F -dr’ =0, then p F'-dr’ does not depend on path in D. 
5 


PROOF. a) Let U(z,y, z) be a primitive of 


=> > = => 
F(z,y,z) =P(a,y,2)t +Q(a,y,2)j +R(a,y, 2) k. 
Then aS = a oe = Q and ou = R. Let us consider the composed 
function g(t) = “Ula (t), y(t), z(t)), t € [a,b]. By using the chain rule 
(derivative of U along the curve I’, see [Po], Th.68), let us compute its 
derivative: 


rae (t), 2(t))2"(t) = P(a(t), y(t), 2(t))a"(t)+ 
+Q(x(t), y(t), 2(t))y'(t) + R(x(t), y(t), 2(t))2"(@). 


Let us use the basic formula (2.4) and write: 


¢ Fd? = / [P(a(t), y(t), 2(t))2"(t) + Q(a(t), y(t), 2(¢))¥ (+ 


b) It is clear from a). 

c) Let U, V be two primitives of F on D and let Mo(2o; Yo; 20) be 
a fixed point of D. Let now M(x, y,z) be another (variable) point of 
D. Since D is connected (D is a domain, i.e. open and connected) let 
us take a smooth arc y in D which connect Mp and M, oriented "from 
My to M". We apply now formula (3.2) for both primitives U and V 
and find: 


FF -dr =U(M) —U(Mo) = V(M) — V(M), 


or 
U(M) — V(M) = U(Mo) — V(Mo) = &, 

a constant, so that U(x,y,z) = V(a,y,z) + K& and our theorem is 

completely proved. 
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d) In formula (3.2) we simply put x(a) = x(b), y(a) = y(b) and 
z(a) = z(b), etc. Assume now that on any "closed" smooth curve 6 one 
has that ¢ F -d7’ = 0. Take now two points T and W in D and two 
5 
distinct smooth oriented curves [,, [2 which connect JT and W. Then 


the curve 6 =[, UT is "closed", so that Fd? =0. But 
Q,Ury 


¢ Fidr=$ Far — $ Fd? =0, 
Tiury lr [2 


i.e. Far = ¢ F.-d? and our integral pFar does not depend 
ik i 
on path ° 


Now we are ready to make many applications. One of these is 
related to a large simplification of computations in a line integral of 
the second type. 


EXAMPLE 70. Let y be the "closed" oriented (as arrows indicate) 


curve 
[(OAmBnCO} of Fig. 12. 


circle 


0) B(Vid0) 


FIGURE 12 


Let us compute the circulation (or the work) of the plane field 
=> — => 
F(az,y) = 2xyi +277 along the curve y. Because the curve is a 


union of 4 smooth distinct curves, we ought to find a parametrization 
for each of them, compute 4 line integrals and then add the four ob- 
tained numbers (see example 69). All of this may be very boring and 
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tiresome. The best method is to check first of all if the field is conserv- 
ative or not. If we were lucky that the field to be conservative, then the 
line integrals does not depend on path and we can choose a very easy 
path which connect the starting and the end points of the arc. In our 
case the arc is closed, so that the integral is zero. Let us check now if 
our field is conservative or not. For this, let us try to find U(x,y) such 


that au a 

ae 2xry, and Oy ae 
We integrate the first equality w.r.t. x and find: U = x?y+-K(y). Let us 
put this expression of U in the second equation and find: x? + K'(y) = 
x”. Thus, K'(y) = 0 and K(y) is a constant K. Hence U(x,y) = 
x?y + K, where K is an arbitrary constant. Therefore our field is 
conservative and, as a consequence, the given line integral is zero (see 


theorem 67). 


But, how to test if a field is conservative or not without direct 
checking if a potential (primitive) function exists, like we did above? 
We begin with the following remark. 


—> 
THEOREM 68. Let F' : D — R°, 


F(c, y, 2) =(P(a,y, z), Q(2, y,z), R(x, y, z)) be a conservative field 
of class C! on a space domain i), Then curl F = 0, i.e. the field F 
is an irrotational field. If F' : D — R?, F'(z,y) = (P(2,y,), Q(z, y, )), 
is a plane conservative field of class C' on a plane domain D, then 


0Q _ aP 
oe By on D. 


PRooF. Let U(x,y,z) be a primitive function for the conservative 
field mah 
a (z; Y; z) = (mee Y; 2) Qe, Y, 2) AE, Y; z)). 
Then oe a ae oT = Q and a = R. We know that 


OR =) -(%-5)? (z ~)F 


=> => 
curl F = VxF = ( gt 


ay Oz dx (Oz dx Oy 
If here instead of P, Q, R we put ou x and ou respectively, we get 


OR 0Q _ GU 0?U 


Oy Oz Oydz  Ozdy 
P,Q, R are functions of class C') and we can apply Schwarz’ theorem 
OR _ OP 


(see theorem 71, [Po]). Similarly we can easily show that 5° — 5- = 0 
ap 


dQ F ae Ar i i 
and 5 — 5, = 0, ie. curl F' = 0. In the plane field situation, we put 
a y 


i ou : aU 0Q 22U oP 0?U 

instead Q, By and ipeteae of ~ > SO that Be Bed and ia Bye 
: . 2 0U au :. dQ _ oP 

Since wu is of class C%, Dedy = dyda Ve Oe = By" 


= 0) because U is a function of class C? (since 
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We say that a plane domain D is simple connected if any contin- 
uous "closed" curve y C D can be continuously contracted up to a 
point in D. We say that a space domain D is simple connected if any 
continuous "closed" surface (the image of a sphere through a contin- 
uous deformation in R*) © can be continuously contracted up to a 
point in D. Practically, if D has no "hole" it is simple connected. For 
instance, any disc in R? is simple connected but R?\{(0,0)} is not 
simple connected because it has a hole, the origin of the axes. 


REMARK 21. If D is a simple connected domain then theorem 68 


: . ns 1’ dQ aP . 
has a reciprocal. Namely, if curl F = 0 or 52 = 0, the plane 


field case, then F is a conservative field. We shall give an elegant 
proof of this last result in the next chapter (for a plane domain, see 
Green’s formula) and, in another chapter (for a space domain), as 
an application to Stockes’ formula. We also sketch a proof for plane 
domains in remark 26. The condition that D be simple connected is 
essential as follows from the next example. Let D = R?\{(0,0)} be a 


not simple connected domain and let F = (P,Q), where P = —gio 
=— x a 0Q = 2__ 72 = @P 
and Q = Faye It is easy to see that 5% = Came = 5 but 
¢ = oo zda 4 = sty = [Ipin?t-+ cos dt = 20 £0, 
u+y w+y 0 


2 +y2=1 


Hence F cannot be conservative on D (see theorem 67 d)). 


This last remark is very useful in practice. Let us compute ¢ edz + 
ydy + zdz, where y is the oriented path from Fig.13. 4 : 

Since F' = (x,y,z) is irrotational, i.e. curl F = 0, the integral 
does not depend on path and its value is U(1,5,3) — U(0,0,0), where 
U is a primitive of F. We know that such a primitive exists from the 
last remark (D is the entire R? so it is simple connected). Thus we can 
directly compute it by integrating the system 


OU 
"a x 
ee, 


It is easy to see that + K, where K is a constant, is the 
general solution of this system (use the same idea like in the case of the 


xe+y2+22 
2 
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FIGURE 13 


gravitational field). Take U(x, y, z) = atu te" and compute U(1, 5, 3)— 
U(0,0,0) = %. 


When a line integral of the second type ¢ F -d? does not depend 


es 


on path on a domain D, then instead of writing ¢ rae dr, where 


[AB] 
[AB] is a path in D which connects two points A and B of D, we 
B 
simply write ¢ F -d?. To compute such an integral we can use a 
A 


—> 
primitive of F’ or we can use any arc of a piecewise smooth curve 7 
included in D which connect A and B in this order. Namely, we write 


B B 
¢ Fd? = U(B) — U(A) or f Fd? = pF a7. The usual 
A A Y 

choice for y is a segment of a line or a finite union of segments of lines, 


eventually parallel with the coordinate axes. For instance, 
(3,0,—2) (3,—1,2) 
tdx + ydy + zdz = ¢ edz + ydy + zdz+ 


(1,-1,2) (1,-1,2) 


(3,0,2) (3,02) 
Sa ¢ edz + ydy + zdz+ ¢ edz + ydy + zdz = 


(3,-1,2) (3,0,2) 
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ig 
¥ nde vay f zdz = — 
-1 


REMARK 22. The idea coming from this last example can be gen- 
eralized in order to construct a primitive for a conservative continuous 
field F = (P,Q,R) on a domain D. In order to prove that a field F 
is conservative on a simple connected domain, the best is to use the 
criterion just described in remark 21 namely, to verify if curl F = 0 
(in the space case), or to verify that oO = => (in the plane case). Let 
us describe an effective construction for such a primitive U(x, y) in the 
plane case (for the space case the description is more tiresome). First 
of all let us choose a fixed point Mo(x0, yo) in D. The primitive U we 
are going to construct will depend on the choice of this fixed point. We 
just know that all the primitives of a given field differ one to each other 
by a constant. Thus, such a primitive is completely determined by its 
value at a point. In our case we shall determine the primitive U(x, y) 
with the property: U(x, yo) = 0. Take now another point M(c,d) of 
D and try to define the value of U at this "moving" point M. Let 
[MoM Mg....Man—1Mo2n|, Mon = M, be a polygonal line in D, which 
connect My with M, such that the couples of segments 


3 0 
y? x 


+ 


—1 


-2 
1 ¢ 
=4--+0=-. 
a7 2 


2, 


([MoMi1], [MiMo]), ([M2Ms3], [M3M4)), ..., ([Mon—2Mon—1], [Mon—1Mon]) 


has the following property: in each couple ([M2;~2M2;-1], [M2;-1M9;]), 
j =1,2,...,n, the first segment |Mo;~2Mo;-1] 1s parallel to Ox-axis and 
the second [M2;-1Mo;| is parallel to Oy-axis. We start with the value of 
U at Mo and shall find the value of it at Mz (we operate with the first 
couple). Then we use the value of U at Mz and, by the same procedure, 
we find the value of U at M4 and so on up to we succeed to find the 
value of U at Mon, = M. Hence we reduced everything in describing the 
procedure only for the first couple ([MoMy], [M1Mo]). More exactly, it is 
sufficient to construct U(x, y) in a small open disc B(Mp,r) C D, r > 
0, with centre at Mo and radius r. Let P(s,u) € B(Mo,r) and let the 
couple of segments ([MoP,], |P,P]) such that P;(s, yo), i.e. the segment 
[Mo Pi] ts parallel to Ox-axis and {P,P} is parallel to Oy-axis. It is 
clear that the polygonal line [Mp P,P] is contained in the disc B(Mo,r), 
i.e. it is contained in D too. Let us define now: 


P 


U(s.u) = p Pde + Qdy = f Pax + Qdy + f Pax+ Qay 


Mo [Mo P1] [Pi P] 
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or 
(3.3) U(s.u) =f Ply ars | Qs.y)dy 

xO Yo 
We see that here we have integrals with parameters. Let us use the 
conservativeness hypothesis of F’ = (P,Q) which implies oe = a 
and the Leibniz formula (1.9), Ch.4, to compute (the existence is also 
assured!) 22(s,u) and 94(s,u) : 
OU 


7 "AQ = “OP 7 
gen) = Plow) + f FE (saddu = Pls.vo) + f 5 (saddy = 


P(s, Yo) + P(s,u) — P(s, yo) = P(s,u). 


Now, F 
U 
Bu 6 u) vA Q(s, u). 


Hence U is a primitive of F on that ball. In particular we have the 
value of U at the point My. We now go on with Mz instead of Mp and 
find the value of U at Mg, etc., up tp Mo,. To be easier, we can choose 
from the beginning a finite set of overlapping balls inside D, the first 
containing Mo and the last containing M = Mo,. Then choose M, in 


the intersection of the first and of the second ball, M2 in the intersection 
of the second and the third, etc. 


4. Computing plane areas with line integrals 


Let us compute the area of the plane domain D, bounded by the 
oriented piecewise smooth curve [ABC'DA], which is its boundary 0D 
(see Fig.14). 

We see that the domain D bounded by the curve [ABCDA] is 
simple w.r.t. Ox-axis, i.e. if [a,b] is the projection of D on Oz-axis, 
then for any xo € (a, b) the straight line X = xo intersects the boundary 
OD in at most two distinct points. The following result gives the area 
of D as a line integral of the second type. 


THEOREM 69. With the above notation and hypotheses we have the 
following formula: 


(4.1) area(D) = — pydx 
! 


PROOF. We know from a basic application of definite integral that 


(4.2)  area(D) = / com f(a)|der = / voce / f(a)de. 
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FIGURE 14 


Since a parameterization of (a) is: @ =a, y= g(x), @ © [a b|- “(this 
means that x goes from b to a) one has that — ¢ yde = J? gla)dx 
a [CD] 
Since a parametrization of [AB] is: x = x, y = f(x), x € [a,b], we 
obtain that fue = f f(x)dx. Now, if B(b, yg) and if C(b, yc), then 
(AB) 
a parametrization of [BC] is: 7 = b, y = y € [ys, yc]. Hence ¢ ydx = 
[BC] 
0. Similarly, ¢ ydx = 0, because x = a is fixed on [DA], so that dz = 0 


[DA] 
on it. Finally, from these observations and from formula (4.2) we get: 


aes f vee fee fue fi e= 


[CD [DA] [AB] [BC] 


" / ayes / Hes ea. 


REMARK 23. If the domain D is simple w.r.t. Oy-azis, i.e. if [c,d 
is the projection of D on Oy-azxis and if yo € (c,d), then the straight 
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line Y = yo cuts the boundary OD of D in at most two points, then one 
can similarly prove the following formula: 


(4.3) area(D) = pady. 
f 


If D is simple w.r.t. both axes then, by making the sum of formulas 
(4.1) and (4.8) we get a new "symmetric" formula": 


1 
(4.4) area(D) = 5 pady — ydx, 

aD 
the boundary being directly oriented, 1.e. in the trigonometric direction, 
"from Ox to Oy" (see Fig. 14). 


The symmetric formula 4.4 is very useful in applications. For in- 
stance, let us compute the area bounded by the astroide x = acos?t, 
y = asin’ t, t € [0,27]. In this case the domain D is simple w.r.t. both 
axes. Since dr = —3acos? tsintdt and dy = 3asin? t costdt, then 


xtdy — ydx = (3a? sin? t cos* t + 3a? sin‘ t cos” t) d= 


3 
= 3a? sin? t cos” tdt = rh sin? 2tdt. 


Lt Bug fe 34 [77 1—cos4t 3a? 
area(D) = -—- i | sin? 2tdt = sv | Se 
: cae fs 2 8 


REMARK 24. If a bounded domain D is not simple, say with respect 
to the Ox-axis then, in our common examples, always it will be possible 
to divide it into a finite number of nonoverlaping (which have no small 
disc in their intersections!) simple domains w.r.t. Ox-axis and then 
to apply the above formulas for each of them. Moreover, we can even 
continue the process of dividing the obtained domains up to we obtain 
domains which are simple w.r.t. both axes. In Fig.15 we started with 
a domain D which is not simple w.r.t. Ox-axis and we divided it into 
three nonoverlaping subdomain D1, Dz and D3, which are simple w.r.t. 
Ox-axis. 


What is important to remark is that ¢ ydx + ¢ ydx = 0 and 


[A2 Ae] [Ac A2] 


¢ ydx + ¢ ydx = 0. Here, since in the drawing of Fig.15 the 


[Aa Ag] [Ac Aa] 
segments on which we integrate are parallel to Oy-axis, each of these 
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FIGURE 15 


integral is zero (dx = 0). In general, these dividing curves can not be 
always chosen to be segments parallel with the Oy-axis. Hence, these 


last two equalities come from the general relation: PF -dr+ OF - 


¥ 
dr =0. Let us use these observations to prove that formula (4.1) is 
true even in the general case when the domain is not simple w.r.t. to 
Ox-axis but it can be divided into a finite set of nonoverlaping simple 
domains w.r.t. Ox-axis. Look at Fig.15 and follow the neat reasoning: 


area(D) = area(D,)+area(D2)+area(D3) = = f ude f yd f uae = 


OD, OD2 OD3 
=-| ¢ ydx + ¢ ydx + ¢ ydxz+ 
[AgA3.Ap] [A2 Ag] [AeA] 
+ ¢ ydx + ¢ ydx + ¢ ydx + ¢ ydz| = 
[AcAs Ag] [Aa Ag] [A2Ai Ae] [A6 Aa] 
— ¢ ydx — ¢ ydx — ¢ Vde-=  f yde. 
[Ag Ag Ag] [A247 Ag] [Ag-A5Aq] a 


In this way we can extend all the formulas (4.1), (4.3) and (4.4) to the 
case when the domain D has its boundary OD a closed direct oriented 
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piecewise smooth curve and it can be decomposed into a finite union of 
simple nonoverlaping domains. We can apply the same principle to a 
domain D with its boundary OD a polygonal line (polygonal domains). 
It is very easy to see that each such domain can be decomposed into a fi- 
nite union of nonoverlaping triangles. Since each triangle is a boundary 
of a convex (so that simple) domain, the above three formulas 4.1, 4.3 
and 4.4 works also for such a "nonconvex" domain. Now, any domain 
D with its boundary a piecewise smooth curve can be well approximated 
with polygonal domains. Taking limits, we get that the three formulas 
works even in this last more general case. 


Hence, we can reduce everything to triangles. Since even such op- 
eration to divide a polygonal domain into triangles can be complicated 
we give below a general and wise formula to compute the area of a 
bounded polygonal domain D. 


EXAMPLE 71. Let us apply the formula (4.4) to find a general 
formula for the computation of the area of the domain D, bounded 
by a polygonal direct oriented line [ApA1...An—1An], where Aj(x:, yi), 
i1=0,1,...,n and A, = Ao. Hence, 


A natural parametrization of the oriented segment |A;Aj41] is © = 
Bi tt(ej41—2;), y= Y; + tlyjui — y;), where t € [0,1]. Thus, 


tdy — ydxz = 
= {[25 + t(t541 — 25)] i412 — Ys) — Lys + t(Yi41 — Ys) (Uj41 — 25) } dt = 
= (Li Yj44 = Yj0541) t= (04; x OA;41) - k dt. 


Hence, 
1 eae — —> => 
(4.5) area(D) = pa (04; x O in) ee ee 
j= 
1 diame — —> => 


This last expression of the area does not depend on the origin O or 
of the coordinate system. Thus, a very nice consequence of the vector 
formula 4.5 is the following. 
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THEOREM 70. Let Ao, Aj, .--; An—1, An = Ao an and M be bent] distinct 
points in a plane (P). Then the quantity ae, 1A MA, x MAja1 is a real 
number which does not depend on M. Its Gheolute folie is equal to two 


times the area of the polygonal domain D bounded by the polygonal line 
[Ao A1...An—1An]. 


REMARK 25. Let D be a plane bounded domain with its boundary 
OD a "closed" piecewise smooth direct oriented curve. For a moving 
point M on the oriented curve OD we denote by T = OM the po- 
sition vector of M w.r.t. a fixed point O. Let us fix for a moment a 
Cartesian plane frame {O; 7, j } and the corresponding two axes Ox 
and Oy. By dr’ we mean the vector dr’ = daz i + dyj which can be 
conceived as a small difference 7’ — TY’. If we compute TF x dr’ we 

=> => =>UlU 
obtain (ady — ydx) k , where k = i x J is an orthogonal versor on 
the plane (P) in which D is. Its sense is closely connected with the 


— 
orientation of OD by using the screw rule ({O; a ies k } is a direct 


Cartesian coordinate system: koa x 5 7). Thus formula (4.4) can 
also be written: 

1 — ay Soe 
(4.7) area(D) = 5 $ (7 a i oe oe 

dD 


Since this formula is independent on the coordinate system {O; a, a 
we see what is intuitively clear that the area does not depend on a 
fixed coordinate system. This is why formula (4.7) is useful in many 
applications. 


5. Supplementary remarks on line integrals 


We saw that a field F = Pa + Q7z + Rk) is conservative if and 
only if the differential form w = Pdzx + Qdy + Rdz is exact, i.e. if it 
can be realized as the first differential of a primitive function U(z, y, z), 
namely if dU = w, which is equivalent to saying that ou =P v= = 

nd 2 — R. Let us now prove the complicated result stated in remark 
21 for some special domains, namely starred domains. We say that the 
differential form w is closed if P,Q, R are of class C! and curl ren 
on D. 


DEFINITION 22. A subset S of R® (or R?, or R) is said to be starred 
if there is a point A € S such that for any other point M € S the 
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segment [AM] is contained in S. This point A is called a center of the 
starred set S. In particular any starred subset is a connected subset. 


Any convex subset S is a starred subset, any fixed point A of S 
being a center of it. In Fig.16 we see some examples of starred, convex, 
nonstarred, or nonconvex plane subsets. 


© 6 


convex subsets(sorrec!) ron convex 


FIGURE 16 


In Fig.17 we see the same type of examples in space. 


FIGURE 17 


Recall that an direct oriented segment [AM], A(a, b,c), M(2, y, z) 
of a line is a smooth deformation of the direct oriented interval [0, 1] 


through the classical parametrization path 7 (t) = ft) i + f: a(t) j + 
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fa(t) F, t € [0,1], where 


| fi(t) =a+(x—-a)t 
folt) = b+ (y—bd)é ,t€ [0,1]. 
f(t) =ct+(z-c)t 


THEOREM 71. Let D be a starred domain in R® and let w = Pdx + 
Qdy + Rdz be a closed differential form on D, 1.e. P,Q, R are of class 
C! and curl F = 0 on D. Thenw is exact on D, 1.e. there exists a 
scalar function U(x,y,z) defined on D, such that iis partial derivatives 


aU aU a ,. OU, po» OU, aU. pg ere 
Qn’ dy? ox cust and 5° = P, 5 = Q and a, = R, te. U is a primitive 


or a potential function for F. Here F isa field with components P, Q 
and R. 


PRooF. Let A(a,b,c) be a centre of the starred domain D and let 
Mo(20, Yo, Zo) be an arbitrary moving point of D. Since D is starred and 
A is a centre of it, the segment [AMp] is contained in D. We define: 


U(x, Yo, Zo) = ¢ Pdx + Qdy + Rdz = 


[AMo] 


Gay = / (P(filt), falt), fa(t))(wo—a) +Q(fult), folt), fa(t))(yo—B)+ 


+R(fi(t), fa(t), fa(t)) (Zo — ©) dt. 

Don’t forget that 

fi (t) = + (Xo = a)t 

falt )= _ b+ (Yo = dé it € [0, 1]. 

f(t) =c+ (2 — ct 
Let us apply Leibniz’ formula in the integral (5.1), with parameters 9, 
Yo, Zo, in order to compute the partial derivatives of U. The conditions 

—> 


— 
of theorem 51 are satisfied. We also use the condition curl F = 0, ie. 
aP _ aQ 92 — AR and 2h — 


Oy Ox? Oz Oy = Be. * 
S(t, Wo, 2) =| [P(fi(t), fo(t), fl) +A) fo(t), fa(t))t(ao—a)+ 


+2 HW), fa(t), fs(t))t(yo — b) + TO} folt), fa(t))t(zo — o)]dt = 


-| [P(filt), fo(t), fa(t)) + oe (Ailt)s alt), fa(t))t(20 aig at 
+All) fo(t), f(t) )t(yo — 6) + “( filt), felt), fa(t))t(zo — Oat = 
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= / © [P(A Alt), fol) dt = tP(f,(t), falt), fa(t))lo = 
= P(fi(1), fo(1), fa(1)) = P(wo, yo, 20): 


We leave the reader to use the same methods in order to prove that 

Sm (os Yo; 20) = Q(2o, Yo; 20) and that 3? (ro, Yo; 2) = R(xo, Yo; 2%). 
If the segments [AB], [BC] and [CM] are contained in D, then we 

can integrate on the path [ABC'M)] (see Fig.19) and we can define: 


U(x, Yo, 20) = ¢ Pdz+ Qdy + Radz. 
[ABCMo] 


The computations are easier in this case (do them!). Finally we get the 
same function U defined on D (if A is fixed). For instance, let us use 
this last idea to find a primitive of the form w = yzdx + zady + xydz. 
Since curl F = 0, there exists a primitive (it is clear that D = R? is 
a starred domain) U(z,y, z). Let us fix a centre A(0,1,2) (see Fig.18) 


A(0,1,2) 


x B(3,1,-3) 


FIGURE 18 


and let us compute the value of U at B(3,1,—-3): 


Ai (3,1,2) B(3,1,-3) 
U(3,1, -3) = yzdx+zadytaydz+ ¢ yzdx+zaedyt+xydz = 
A(0,1,2) Ai (3,1,2) 


3 3 
= frzac+ [ 3-1-dz=—9. 
0 2 
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FIGURE 19 


REMARK 26. Let D be a plane simple connected domain and let 


Beeps R? i (P,Q) be a plane field of class C' on D such that 


a = oa on D. Then the field is conservative, i.e. there exists a scalar 


function U(ax,y) such that gradU = F, or a = P and a = Q. Our 
above experience tells us that this function must be of the form: 


(5.2) Ua) = Puc + Qdy, 


Y. 


where y is a smooth oriented curve contained in D and which connect a 
fixed "for ever" point Mo(xo, yo) of D and the moving point M(x, y) on 
D. Two problems arises: 1) to prove that the definition does not depend 
on the connecting curve y and 2) to prove that ou =P vand x = 0: 
The second problem is easy if we succeed to prove the first. Indeed, 
if the definition (5.2) does not depend on the path y, then the integral 


Pdx+Qdy is independent on path, 1.e. it is zero on any "closed" path 


in D. And conversely! Let us fix a point L(a,b) in D and let us take 
an open disc B(L,r), r > 0, which is contained in D. Since this ball is 
a starred domain, applying the plane variant of theorem 71 we see that 
the restriction of U to this ball is a primitive for F on D. In particular 


2 (a,b) = P(a,b) and 5 (a; b) = Q(a,b). Hence we need only to prove 
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1). As we just remarked, it is enough to prove that ¢ Pdz+Qdy = 0 for 


rc 
any smooth closed oriented curve Tl C D, if om = ce on D. Since any 


such curve T’ can be well and uniformly approximated with closed polyg- 

onal lines, it is enough to prove Pdz + Qdy = 0 for any 
[AoA1...An—1An] 

closed oriented polygonal line [Ap A..-An—1An], An = Ao. We can divide 

the domain bounded by this polygonal line in oriented triangles, such 

that the orientation of each triangle is uniquely determined (induced) by 

the orientation of |AgAy...An—1An]. Hence it will be sufficient to prove 


that if a = oe on a domain Q which contains a triangle [AoA Ao], 
then ¢ Pdx + Qdy = 0. Since always we can take a starred do- 
[Ao Ai AQ] 


main A which is contained in D and which contains our given triangle 
[ApA; Ay], we can apply theorem 71 to find a potential function U for 


F restricted to A. Now, theorem 67 says that Pdz+Qdy = 0, 
[Ao A1 AQ] 
i.e. what we wanted to prove. 


6. Problems and exercises 


1. Compute the length of the curve y() = acosh *, x € [—a, a], 
G> 0: 


2. Let IT: ee 


y=4t+1 
coordinates of its mass centre if the density function is f(x,y) = |z|. 
3. On the segment [AB], A(1,1), B(3,4) we consider a density 
function f(x,y) = x7 + y*. Find its mass. 
4. On the arc of a circle [ACB] with radius 2, A(2,0), B(—2,0) 


and C(0,2) we consider a wire with density function f(x,y) = Tear 
Find the mass, the coordinates of the mass centre and the moment of 
inertia w.r.t. Oy-axis. 


,t € [-1,1]. Find its length and the 


x =acosé 
5. The segment [0,27] is deformed into a helix: g= Gein. 
z= b0 


where a,b > 0 and @ € [0,27]. Assume that the density function is 
f(x,y,z) = 4. Compute the mass, the coordinates of the mass centre 
and the moment of inertia w.r.t. Oz-axis. 

6. The wire T = {M(z,y) : (x — 1)? + y? = 1}, with the den- 
sity function f(x,y) = x rotates around Oz-axis. Find its moment of 
inertia. 
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7. Let A(a,0), B(0,b), n = [AB], be the segment AB and let m = 
[AB], be the arc of the ellipse x“ + ve = 1 which connects A and B. 
The metallic frame [AmBnA] is loaded with a density function f(z, y) 
at the point M(x,y), which is three times the value of the projection 
of M on the Ox-axis. Find its mass centre. 

8. Let A(1,1), B(1,—-1) and [AOB] be the arc of the parabola x = 
y’. The frame [AOB] U [AB] with the density function f(x,y) =x+1 
rotates around Oz-axis. Find its moment of inertia. 

9. Let A(1,1) and B(2,0) be two points in the rOy-plane. 

Find J = Soars (x? + y?)ds. 

10. Find [.,ryds, where C' is the square |x| + |y| = a> 0. 


11. Find J = f, - EET where C’ is the segment which connect 


the points O(0,0) and A(1, 2). 
12. Find ifs xyds, where C’ is the curve “ + ve =A ay 0: 


x =2cost 
13. Find fo PEE EEeE where C: ¢ y=2sint ,t € [0,47]. 
a= bt 


14. Find the length of the arc of a conic helix: x = 2e' cost, 
y = 2e'sint, z = 2e’, between O(0,0,0) and A(2, 0, 2). 
15. Find the length and the mass centre of the arc of a cycloid: 


x = a(t — sint) 
{ y = a(1 — cost) SOA 


16. Find the mass of the ellipse-wire x“ + % = 1 if its density 
function is f(x,y) = |y|. 


is 
17. Find |.(a+ y)ds, where C' is the arc: ¢ y= ae sie [0,4 
z=t 


18. Use Riemann sums to find the side area of the parabolic cylinder 
_ an bounded by the planes z = 0,7 = 0, z=, y= 6. 


19. Compute ¢ xdy, where C is the direct oriented (trigonometric 
G 
sense) curve which bounds the triangle realized by the coordinates axes 
and the line § + $= 1. 


20. Compute ¢ xydx + x*dy, where C is the arc of the parabola 


CG 
y = 4x” between O(0,0) and A(1, 4), clockwise oriented. 
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=> —> => 

21. Find the work of the field F(z,y) = ryi +279 on the fol- 
lowing oriented curves: 

a) the rectangle frame [OABCO], where A(0, 1), B(2, 1) and C(2, 0). 
The orientation is O— A— B—C-). 

b) the curve [OBAO], where [OB] and [AO] are segments of lines, 
[BA] is an arc of a circle of radius 2, B(2,0) and the angle <(AOB) is 
equal to 60°. The orientation is O ~- B— AO. 

c) the triangle frame [ABC'A], where A(1,2), B(3,4) and C(5, 1). 
The orientation is A— B—C— A. 

d) the curve [OmAnO], where A(1,1), [OmA] is the arc of the 
parabola y = x? and [AnO] is the arc of the parabola x = y*. The 
orientation is O — A— O. 


22. Find fF -d?, where 7 (t) = ti + 27 + Bk, t € [0,1] and 


G 
F(2,y, z) = (y,2,2x). The orientation of C' is the direct orientation 
induced by the moving of ¢ from 0 to 1. 


23. Find the work of the field F (cr, Ue) = cyt + az j + yzk on 
the polygonal frame |ABCO], where A(3, 0,0), B(3,3,0) and C(0, 3,3). 
The orientation is A — B — C — O. Is this field a conservative field? 
If it is so, compute again easier the work of the field! 


24. Find a € R such that the integral (a) = f (oxy—1de-+30%dy 
(2,3) 
does not depend on path. Then compute ¢ (ary — 1)dx + 3x7dy for 


(1,1) 


this last found value of a. 
25. Prove that the following differential forms are exact on some 
simple connected domains (describe them!) and then find their primi- 


tives. 
) dz+dy+dz , ) adxz+ydy+zdz , c) ady+ydx 


wtyte 2 OF frp yr422? " \/q24y2" 
26. Use the formulas: area(D) = fidy = - ude = jp xdy—yde 


aD aD aD 
in order to find the areas of the figures bounded by the following closed 


curves: : 
Bu ge 4, x= acos’t 
Sng = 1b) y=asin®t ’ 
[0, 277], and the Oz-axis. 
27. Find the length and the area bounded by 


x=t-—sint 


te [0,2]. ){ te 


y=1-cost ’ 
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‘ a x = R(2cost — cos 2t) , t€ [0,27], R>0. 


y = R(2cost — sin 2t) 


x =tcost 
28. Let: ¢ y=tsint , t € [0,7] be a wire with the density 
z=t 


function f(x,y, z) = 7? + y’. Find its static moment relative to rOy- 
plane. 

29. Let Tl = {M(z,y) : 2? +y? = a? andx+y+z = 0} with its 
direct orientation induced by the direct orientation of the plane xOy. 
Compute the work of F = (1,z,z) on. 

30. Let P; be the parabola x = 7” and let P be the unique parabola 
which contains the points B(3,—V/3), A(3, V3) and C(2,0). Find the 
area bounded by these parabolas. 

31. Compute: 

aay r(1+a)dx—y(1+y)dy; Diane ada + ./ydy — 2,/zdz; 

32. Find V(az,y) if dV = (4x + 2y)dx + (2x — 6y)dy. Use this to 


solve the differential equation y' = ae 


CHAPTER 6 


Double integrals 


1. Double integrals on rectangles. 


A lamina or a thin plate is a bounded plane closed domain (an open 
and connected bounded subset of R*together with its boundary) D with 
a density function f(x,y) defined on it. In practical applications f(z, y) 
is greater or equal than zero. But here we shall consider the density 
function f : D — R to have arbitrary values and to be piecewise contin- 
uous. This means the f is bounded and continuous on D except maybe 
a finite union of points or smooth curves (which have area zero!). The 
boundary OD of D is considered to be a piecewise smooth curve (in 
particular it has a zero area!). Let us recall the definition 7 of the area 
of a plane figure. We say that a plane figure A has area (measure) 
o(A) if for any e > 0 there exist two elementary figures (finite union 
of nonoverlaping (their intersections does not contain interior points!) 
simple rectangles [a,b] x [c,d]) E; and E, such that E; Cc A C E,, 
area(E,)—area(E;) < ¢ and area(E,) < o(A) < area(E;). This means 
that we can well approximate the figure A with elementary figures from 
inside and from outside too. We know that the domain D which is the 
support of a lamina defined above has an area (because OD is piecewise 
smooth!). We always in this chapter assume this and, because of this 
type of approximation, we begin with a particular form of D, namely 
when D is a simple rectangle [a,b] x [c,d] and f : [a,b] x [c,d] > 
is a continuous function defined on it (any piecewise continuous func- 
tion can well be approximated with continuous functions!). Let the 
rectangle (as a surface!) D = [ABC E] in Fig.1. 

Let A, : a = % < 41 < ... < 2, = 6 be an arbitrary division 
of [a,b] and let A, : c = yo < yi. < ... < Ym = d be an arbitrary 
division of [c, dj. Let DD = [i-1, 2] x [yj—1, Yj] and let Peds) be 
a marking point in D;; for any 7 = 1,2,...,n and j = 1,2,...,m. By 
definition the area of D,; is (a; — v-1)(y; — yj-1) and D = U;,;Dj;. 
Let us assume now that ||A,|| — 0 and |/A,|| — 0, when n — oo 
and m — oo, ie. area(D,;) — 0. Hence we can well approximate the 
density function f(z, y) on D,; with its value at the marked point P,;, 
ie. f(x,y) © f(ci,d;) for any (x,y) € Dj;. We can remark that {c;} 


A 
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FIGURE 1 


and {d;} are sets of marking points for A, and A, respectively. Thus 
we can well approximate: 


nom def 
(1.1) mass(D) * S°S° f(cji,dj)area(Di;) = S;(Ae, Ay, {(ci, dj) }) 
i=1 j=1 
Such a sum is called a double Riemann sum which corresponds to 
divisions A, A,, to marking points {P(c;, d;)} and to function f(x,y). 
We can also introduce double Darboux sums: 


SA,Ay = Ss" S— mjarea(Di;) and Sa,.a, = S- Y= Myjarea(Di), 
t=1 j=l i=1 j=l 
where m,; = inf f(x,y) and M;;= sup f(z,y). 
(a,y)EDij (x,y)EDij 
It is not so difficult to state and to prove analogous results to those 
given in chapter II. For instance, any double Riemann sum 


Sp(Az, Ay, {(ci, 45)}) 
is greater or equal than its corresponding sa,,a, and it is also less or 
equal than Sa,.a,. 


DEFINITION 23. A function f(x,y) defined on a simple rectangle 
D is Riemann integrable on D if there exists a real number I such that 
for any « > 0, there exists a small number 6 (depending on €) such 
that if ||Az|| < 6 and ||A,|| < 6, then |J — S;(A,, Ay, {(c:, d;)})| < € 
for any marking points {(c;,d;)} corresponding to the divisions ||A,|| 
and |\|A,||. The number I is unique, it is called the double integral of 
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f on D and it is denoted by I = [[ #e.naray Here dady is said 
D 


to be a (small) element of area of D.This is the virtual notation for 
(x; — Xj-1)(y; — yj-1). In this particular case (the case of a rectangle) 
dxdy = dz- dy. We shall see that in general (for arbitrary domains) 
this is not true (for instance in the case of a disc). 


We can give here the analogous theorems for the theorems 14 and 
16. 


THEOREM 72. (Darbous criterion) f : D — R is Riemann inte- 
grable if and only if for any é > 0, there exists 6 > 0 such that whenever 
|Az|| < 6 and |[A,|| <6 then one has that Sa,a, — SAz,A, < €- 


A direct consequence of this criterion is the following basic theorem. 


THEOREM 73. Any continuous function f : D = [a,b] x [c,d] > R 
is Riemann integrable. Moreover, any piecewise continuous function f 
(see its definition above) on a rectangle is also Riemann integrable. 


The following theorem is a basic result for what we shall study here 
w.r.t. "multiple integrals", i.e. integrals in 2 or 3 dimensions. 


THEOREM 74. (iterative formula) Let f : D — R be a continuous 
function on a rectangle D = [a,b] x [c,d]. Then f is integrable and 


(1.2) 
[[flevyaeay = | ( / “Hless)du) ix = | ( / “fle. u)ar) dy. 


These last formulas says that either we integrate f(x,y) w.r.t. y from 
c to d and obtain a new function of x which is finally integrated from 
a to b (the first equality), or we firstly integrate f(x,y) w.r.t. x from a 
to b and obtain a new function of y which is finally integrated from c 
to d (the second equality). 


PROOF. We preserve the above notation in the next considera- 


tions. Let J = [f seve, i He (Jc F(w,yay) dx and Ig = 
D 


{e ( ah nace y)de) dy. The number J exists because of theorem 73. The 
integral I(x) = fe f(x, y)dy is an integral with a parameter x. Thus 


yee de I(x)dx and we can well approximate it with Riemann sums of 
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the following type: 
(1.3) qi ~~ d, I(c;) (x; = Xi-1). 


But each integral [(c;) =f? f(c, y)dy can be approximated by Rie- 
mann sums of the form: 


(1.4) Ie) & a Fes d)(yj — yj—1) & D> Pci dy) (yy — 4-1) 


because d; and d? are both in [y;-1, yj], ||Ay|| — 0 and f is continuous. 


Here A, is the union of all divisions AY considered for each ¢;, 7 = 
1,2,...,n. Now we come back to formula (1.3) with the approximation 
of I(c;) from formula (1.4) and find: 


SPB (Cee an Cee re maty Cee (Caro) 
i=1 j=1 
Thus J; can be well approximated with double Riemann sums of the 


type 
Sr(Az, Ay, {(ci, d;)}) Since f is Riemann integrable, all of these 


sums have a unique limit point J = II f(x, y)dxdy. Hence I, = J. 
oe we can prove (do it!) that J = ‘h, where Iz = fe Ji(y)dy and 
Si(y =m f(x,y)dz. Therefore, I, = Ip = J. 


EXAMPLE 72. Find the mass of the plate D = [0,1] x [1,2] if the 
density function is f(x,y) = xy + xy”. We use the iterative formula 


(1.2) 


ty oe 
mass(D) = [fey + «y”)drdy = i; (| (ay + ~ = 
J 0 \1 
ah (rt +20) fa eg =e 5) n= 
; DAS sd le ; 2 
ee 3 OBS, OD. 2 ; 3. 


The other variant of the formula is "easier" to ee with. 


[feu + xy*)drdy = a (fs + oP) dy = 
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2 / 3 a? |" 2/y y? y? y?\ |? 
f(gerzel jae [eae (E+E) a5 
EXAMPLE 73. Let us compute the mass centre coordinates of D 
when the density function is a piecewise continuous function f(x,y). 
Look at Fig.1 and let us approximate the static moment relative to Oy- 
axis of the rectangle Di; = [ti-1, vi] X [yj-1, yj] by cif (Gi, d;)area(D;i;). 
Thus the "global" static moment of D relative to Oy-axis can be well 
approximated by 


> Dd Cf (Cas dy) (yy — yy—1) (Bs — Bi-1) = Sop(Aos Ay, {(c, dy)}), 


i=1 j=l 


a Riemann sum of function xf (x,y). Hence the theoretical static mo- 
ment M, of the lamina (D, f) relative to Oy-axis can be computed by 
the formula: 


(1.5) M, = [fete y)daxdy. 


In the same manner we can deduce a formula for the static moment 
M, of the lamina (D, f) w.r.t. Ox-axis: 


(1.6) M, = ih ii uf, y)dndy. 


The coordinates (xq, ya) of the mass centre G of the lamina (D, f) are 
defined such that if we concentrate the mass of D at the point G, then 
both moments of this last system must coincide with the correspondent 
global moments, i.e. 


M, = [fete uaedy = rq: mass(D), 
D 


and 


M, = [fut nitoa = yq-mass(D). 
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Thus we just obtained the basic formulas: 


[fete waedy [fut vavdy 


¢ =, 2nd yg = ———__.. 
il f(x, y)dedy If f(x, y)dedy 


For instance, let us compute the mass centre of the square D = |—1,1]x 
[0,2] with the density function f(x,y) = y. First of all let us remark 
that D is symmetric w.r.t. Oy-axis. Moreover, the distribution of the 
mass is symmetric w.r.t. the same axis: f(x,y) = f(—x,y) = y. Thus, 
G is on Oy-azis, t.e. tq = 0. In order to compute ya we need to 
compute two integrals: 


f(x, y)dxdy = ydady = aan dp =2 dr=aA 
of J -1 \Jo = 
and 
[futlevavdy = | {Pevay = oD ([ va) = = [a = = 
D D 


(1%) x 


16 
Hence yg = + = ‘. We leave as an exercise to the reader to prove 
that yq = 4 is the mass centre of the wire x = 0, y = t € (0,2), 


with the same density function f(x,y) = y. Use your "static" feeling 
to anticipate this result and to explain this feeling. 


EXAMPLE 74. Let us deduce the moments of inertia Ip, of a simple 
rectangle D with density function f(x,y), when D moves around Ox- 
axis. For a material point P(x,y) with a mass m, this moment of 
inertia is equal to y’m, i.e. the mass m multiplied by the square of the 
distance from P to the rotation axis Ox. Thus, we can well approximate 
the moment of inertia of the rectangle D,; w.r.t. Ox-axis with the 
quantity d? f (ci, d;)area(D;;). Thus the global moment of inertia of D 
relative to Ox-axis can be well approximated by 
So SS @ l(c, dy) (ys — yy—a) (i — Bi-1) = Syrs(Ae, Ay, {(Gi, G)}). 
i=1 j=1 


Hence, we can write the formula: 


(1.8) fis / i vf (wv, y)dedy. 
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Analogously, we can deduce the following formula for the moment of 
inertia of D w.r.t. Oy-axis: 


(1.9) li = | i ax f (x, y)dady. 


The sum Ip = Iox+Ioy = [fete y)daxdy is called the moment 
D 


of inertia w.r.t. O. 
Let us compute for instance the moment Ip, of D = [0,1] x [0,1] 
with the density function f(x,y) = xy. 


1 1 
Toy = ff x*F(a,y)dedy = | (| yy) dz = 
_ 0 0 
: iN ica (oes Neue | 
3 aby 3 Cie Bee See 
[ef au) ae = 5 [ote a ee 


Let us also compute Jo, for the rectangle of figure Fig.2. Whenever 
we have no density function given, we consider it to be the constant 
function f(x,y) = 1. 


—e 
a 


FIGURE 2 


Thus we have: 


1 1 ye 
tor= ff vacdy= [ v(f tr) dy =2 
J eat aa 3 


EXAMPLE 75. We also can compute the volume of some type of 
3D-domaine called rectangular cylindrical solids. In Fig.3 


ae | 
ae iB 
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aE 


FIGURE 3 


we have a cylindrical surface with its directrix curve the rectangle 
[ABCD] in the xOy-plane and the generating lines parallel to the Oz- 
axis. We are interested to compute the volume of the solid Q bounded by 
this cylindrical surface, by cOy-plane and by the surface z = f(x,y) => 
0, ze. the piece of this surface, [A'B’'C'D’]. Let us divide the basic 
rectangle [ABCD] into small sudomaines Dj; = |x;-1, 2] X [yj-1, Yj] = 
[Pi P2P3P1] and let us choose an arbitrary marking point P;;(c;,d;) in 
each Djj,i = 1,2,...,.n andj = 1,2,...,m. The volume of the cylindrical 
solid which has as a basis the rectangle |P,P:P3P,4| and as a "hat" the 
piece [P| P}P$P;] of the surface z = f(x,y) can be well approximated 
(when the area of D;; goes to 0) with the volume of a parallelepiped 
with the basis the same rectangle |P,;P2P3P4| and the height f (ci, d;), 
i.e. the entire volume of our rectangular cylindrical solid can be well 
approximated with double Riemann sums of the form: 


yD IGANG pez), 


i=1 j=l 


i.e. this last volume can be computed with the formula: 


vol = [[ te-naray 
Q 
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When f(x,y) has also negative values, we can use the more general 
formula: 


(1.10) vol = | | f(x, y)| dady. 
Qo 


For instance, in Fig.4 we have a rectangular cylindrical body 
[ABCOA'B'C'O"|. In this case the parallelepiped solid with the basis 
the rectangle |ABCO] is ie by the plane = +4 +4 =1 in the upper 
part. Hence z = 1600 — 2 v), GS 1201 ind the volume of our 
cylindrical body neo t B'C'O') can be computed as follows: 


l= [(f [e—Se— Sy] ay) ae = f ley Sey — Sy all: 
Cc Cc 


FIGURE 4 


2. Double integrals on an arbitrary bounded domain 


All the plane domains (connected subsets of R*) which we work with 
in the following are closed (OD C D) bounded and with a finite area 
o(D). This last general condition is not so easy to be verified in prac- 
tice. Since in engineering one needs only closed bounded domains D 
with a piecewise smooth boundary QD, we shall limit our study for such 
domains. It is not difficult to prove (see the beginning considerations 
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in the chapter with line integrals) that a piecewise smooth boundary (a 
finite union of nonoverlaping smooth curves) can be well and uniformly 
approximated by polygonal lines. Hence the area of D can be repre- 
sented as a limit of areas of figures bounded by polygonal lines. Since 
such a figure can be divided into a union of nonoverlaping triangles and 
since a triangle can be well approximated with simple rectangles (do 
it! or look in [Pal]), we finally deduce that any closed bounded domain 
D with a piecewise smooth boundary OD has an area (measure) o(D) 
(see definition 7) and this area is a limit of areas of elementary figures 
(finite union of nonoverlaping simple rectangles). Hence, it is natural to 
extend the definition of the double integral on a simple rectangle to an 
elementary figure E = UN, D;, where D; = [ai, bi] x (ci, di], D; ND; = @ 
or a subset in R? without interior points (points, segments of smooth 
lines, etc.), i 4 7, by the following formula: 


| { te.waray = : [{teazay 


A "theoretical" idea is to continue to extend the definition of the double 
integral to a closed bounded domain D with piecewise smooth 0D (=> 
area(QD) = 0), which can be well approximated from inside and from 


outside with two sequences E® and E®) of elementary figures, by the 
following formula: 


[fre y)dxdy = tim f [ f(x, y)dxdy = tim f f f(x,y)dxdy. 


ins out 


Here EX) CIM E®), and lim o(E®) =¢() i= lim o( BE). Prac- 
tically this definition can not be used at all! Thus, we shall use our 
previous experience to take again the definition of the double integral 
on the class of plane domains D just mentioned above. By diam(D), 


the diameter of a bounded domain D, we mean the following number: 


diam(D) = sup {va 


: M,M'« D}. 


For instance, the diameter of a closed disc B[A,r] is 2r, i.e. its usual 
diameter. The diameter of a rectangle 2 is equal to the length of one 
of its diagonal. The diameter of a parallelogram is equal to the length 
of its greatest diagonal. And so on! A division A of the domain D 
(like above!) is a finite set of domains D; ,i = 1,2,...,n, of the same 
type like D, such that UD; = D and D;N D; = © or a figure of 
zero area (in fact points or piecewise smooth curves!) for i # 7 (see 
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Fig.5). The norm of a division A is the following nonnegative real 
number: ||A|| = max{diam(D;) : i = 1,2,...,n}. A set of marking 
points {P;(c;,d;)}, i= 1,2,...,n for a division A is a set of some fixed 
points P;(c;,d;) € D; for any 1 = 1,2,...,n. For a function f : D— R, 
for a division A of D and for a set of marking points {P,(c;,d;)} we 
define the corresponding Riemann sum: 


(2.1) S,(A, {P.(q, d;)}) = Dy f ((ci,d;))area(D;). 


FIGURE 5 


DEFINITION 24. A function f : D — R is (Riemann) integrable 


on D if there exists a real number I (denoted by [{ tenacay) such 
D 


that for any small c > 0, there exists a small 5 (depending on €) with 
the following property: if A is a division of D with \|A|| < 6, then 
|Z — S,(A, {Pi(ci, di)})| < © for any set of marking points {P;(c, d;)} 
of A. This means that we can well approximate the number I with 
Riemann sums of the form S;(A, {P;(ci, di)}), when ||A]| — 0. 


We shall state without a proof some results which are analogous 
with the corresponding results for the simple Riemann integral intro- 
duced and studied in chapter II. It will not be so difficult for the reader 
to imitate the proofs given there. If some difficulties will appear, look 
in [Pal] for complete proofs. 


THEOREM 75. Let D be a plane domain like above and let f : D— 
R be a Riemann integrable function. Then f must be bounded. 
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This last result says that the class of integrable functions is included 
in the class of bounded functions. This is why any function considered 
by us in the following is assumed to be bounded. 

Let D be like above, let A = {D;}, 1 = 1,2,...,n be a division of D 
and let f be a bounded function defined on D with values in R. Let 
m, = inf{f(z,y) : (x,y) € D;} and let M; = sup{f(z,y) : (x,y) € D;} 
for any i = 1, 2,...,n. Then 


sa(f) = Simi - area(D;) 
i=1 
is called the inferior Darboux sum of f relative to A and 
SAT) = SoM; - area(D;) 
i=1 


is said to be the superior Darboux sum of f relative to A. It is clear 
that 


m-area(D) < sa(f) < S(A, {Pi(ci, di)}) < Sa(f) < M-area(D), 


for any set of marking points {P;(c;,d;)} of the division A, where m = 
inf{ f(x,y) : («,y) € D} and M = sup{f(z,y) : (a, y) € D}. Since the 
set {sa(f) : A goes on the set of all divisions of D} is upper bounded by 
M -area(D), it has a least upper bound J,(f). Since the set {Sa(f) : A 
goes on the set of all divisions of D} is lower bounded by m- area(D), 
it has a greatest lower bound /*(f). In general, [,(f) < I*(f). 


THEOREM 76. (Darboua criterion) Let D be like above and let f : 
D — R be a bounded function. Then f is integrable on D if and 
only if I.(f) = I*(f), te. if and only if for any ¢ > 0 there exists a 
d- > 0 such that if ||A|| < 6. then Sa(f) — sa(f) < €. In this last case 


L(f) =1() = ff $(e,u)dedy. 


This criterion is very useful whenever we want to prove that a spec- 
ified class of functions is integrable. 


THEOREM 77. Let D be a closed bounded plane domain with OD a 
piecewise smooth curve and let f : D — R be a continuous function 
defined on D. Then f is integrable on D. If f is continuous on a sub- 
set D\.A of D such that A has an area equal to zero, then f is also 
integrable on D. 


PROOF. We prove only the first statement of the theorem. Since 
D is closed and bounded, D is a compact subset of R?. Since f is 


2. DOUBLE INTEGRALS ON AN ARBITRARY BOUNDED DOMAIN — 237 


continuous, it is uniformly continuous (see [Po], theorem 59). In order 
to prove that f is integrable we shall use the above Darboux criterion 
(see theorem 76). For this, let us take a small ¢ > 0. The uniform 
continuity of f implies that there exists a small 6 > 0 (depending on ¢) 
such that if x, x’ € D and ||x — x’|| < 6, then | f(x) — f(*’)| < aap: 
Let us take a division A = {D;}, 1 = 1,2,...,n of D with |/Al] < 6. 
Since each D; is a compact subset of R? and since f is continuous, there 
exist x and x’ in D; with 


m, = inf{ f(x,y) : (t,y) € Di} = f(x) 


and 
M; = sup{f(x,y) : (@,y) € Di} = f(x") 
(see [Po], theorem 58). Hence 


n 


Sa(f) — sa(f) = S5 [f@’) — f(x)] - area(Di) < 


i=1 


< Ds |) — f(x)| - area(D;) < Saud) S— area(D;) = ¢, 


because ||A|| < 6 implies diam(D;) < 6 and so, |[x’? —x]| < 6. 
Thus we can apply the uniform continuity of f and finally we get that 
Sa(f) — sa(f) <<, ie. that f is integrable. 


REMARK 27. Up to now we used closed bounded domains D; with 
piecewise smooth boundaries, as subdomains of a division A of a fixed 
domain D of the same type. Since any such subdomain D; can be 
well approximated with elementary figures (finite union of nonoverlap- 
ing simple rectangles) or with finite unions of nonoverlaping triangles, 
discs, parallelograms, etc., we can substitute these D; in definition 24 or 
in theorem 76 with triangles, discs, parallelograms, etc. It is clear that 
in general it is not possible to cover a domain D with nonoverlaping 
discs, for instance. But, for any small e > 0, there exists such a union 
of discs U. C D, such that area(D\U-) < ¢. Hence we can work with 
the following alternative equivalent definition for an integrable function 
f. We say that f : D > R is (Riemann) integrable on D if there ex- 
ists a real number I such that for any small e > 0 and n > 0 there 
exists a union U, = {B;} of nonoverlaping discs, such that U, C D, 
area(D\U,) <n and |I — 7, f((Gi, di) )area(B;)| < e for any set of 
marking points {P;(c;, d;)}, P:(c:, di) € B;, 1 = 1,2,...,n. Similarly we 
can work with triangles, parallelograms, general rectangles, etc., instead 
of discs. 
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The following result put together some basic properties of the dou- 
ble integral. 


THEOREM 78. a) the mapping f ~ [[ tenaeay is a linear 
D 


mapping defined on the vector space Int(D) of all integrable functions 
defined on D. This means that 


[foto + bale, gldedy = 0 ff fe, y)dndy + 8 ff a(x, y)acrdy 


b) the mass of a lamina (D, f) can be computed as follows: 


mass(D) = [[ tenaray 
D 
In particular the area of D is equal to : dady. 
D 
c) if f < g on D, then [ {te y)dady < [foe y)dxdy. In par- 
D D 


ticular, if f > 0 on D, then [[ tenaeay = 0; 


a)| [[ #00,y)avdy| < ff \rte.y)| aay 


e) [[ tenaray = f(x0, yo): area(D), where f is continuous and 
D 


(Zo, Yo) is a point of D (the mean formula). This formula says that 
any nonhomogeneous plate has the same mass as a homogenous plate 
with the same domain D and the constant density equal to the value 
of the initial density function at a certain point of D. In particular, 


if f is continuous, f(x,y) > 0 and [[ tenaeay > 0, then f is 
D 
not zero at least on a small disc contained in D. Moreover, if f > 0 


and [ [se naedy = 0, then the set A of points (x,y) for which 
D 


f(x,y) > 0 has area equal to zero (the proof of this statement is more 


difficult). 
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fp f A={D,}, +=1,2,...,n is a division of D, then 


| { fe.wazay = y [{tearay 


Since we have no effective method to compute a double integral up 
to the present time, we postpone the work with some examples. Thus 
we continue our study by presenting a basic method for computing 
double integrals, namely the "iterative method". The name comes from 
the fact that by using this method we shall reduce the computation of 
a double integral to the successive (iterative) calculation of two simple 
Riemann integrals. We begin with some prerequisites. 

We say that a domain D like above (closed, bounded and OD is a 
piecewise smooth curve) is simple w.r.t. Ox-avis if any straight line 
x = Xo, parallel to Oy-axis, x € (a,b), where [a,b] = proz(D), intersects 
the boundary OD in one or two distinct points (see Fig.6). The reader 
can easily observe that the domain D from Fig.6 is also simple w.r.t. 
Oy-axis. Let [c,d] = pro,(D) and let Q = [a,b] x [c,d] = [LM NP] be 
"the least" simple rectangle which contains D (see Fig.6). We write 
the boundary OD as a union of two arcs: 0D = [ABUC] U [(CEV Al. 


Assume that a parametrization of [ABUC] is: { ° So ; 


and that a(x) < 


v] 


r=, « € [a,b 


parametrization of [CEVA] is: { y = Bla) 


G(x) for any x € |a, b. 


y= p(x) 


FIGURE 6 
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With these notation and definitions one has the following basic 
result. 


THEOREM 79. (iterative general formula) Let D be a simple domain 
w.r.t. Ox-axis like above and let f : D — R be a piecewise continuous 


function (bounded and continuous on D except a subset of zero area) 
defined on D. Then 


(2.2) i | ene / ( [ 7 jee) Ai 


Here I(x) = (ie f(x,y)dy is an integral with a parameter x in its 


general form (see formula (1.2)). This formula says that in order 
to compute a double integral on this particular type of domain D, we 
fix an x on [a,b], the projection of D on Ox-axis, cut the domain D 
with the vertical line which passes through x and obtain the segment 
[UV], where U(x,a(x)) and V(x, 8(x)), compute the simple integral 
fay eae f(x,y)dy with a parameter x, along this segment and fi- 


nally compute the next simple integral ied (x)dx. In fact, we just com- 
puted the mass I(x) of the segment [UV], which depends on x, then we 


"made the sum" [2 Ta)dx of all these masses I(x). 


PROOF. We intend to use the similar iterative formula for a rec- 
tangle (see formula (1.2)) for an extension-function f(x,y) : Q = 
[LM NP] — R of f : D > R to 2. We simply extend f from D to 
the rectangle Q = [a,b] x [c,d] by putting zero in all the points of 
OND: 


AGW =) °o Gf (x,y) € OND 
Since this function is continuous on (2. except maybe the points of 0D, 


which has zero area, we can apply theorem 77 and find that fis inte- 
grable on 2 and 


[f fone = |f fe. y)dxdy — i, 0- dedy = |ffe. PET 


\D 


re { f(x,y), if (w,y) € D- 


But now we can apply the iterative formula (1.2) for the rectangle 
Q = [a,b] x [c,d] and find: 


/| Fla,u)dedy = | ( : F(e.y)dy) fie 
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- i: ( | Paha i ie F(,y)dy + / . jena) dx = 
2 / ( / - josh) de. 


For instance, let us compute the mass of the plate D with the 
density function f(x,y) = 3xy?, where D is the domain bounded by 
the line y = x and the parabola y = x”. Since x € [0,1] and since 
x > x”, when x € (0, 1], we get: 


1 z 1 
mass(D) = [[sevavdy = i x (| syd) = | x Te d= 
0 x? 0 
D 


1 5 8 
[ 2-@-a%ar= 5 ae 
0 


REMARK 28. If the domain D is not simple w.r.t. Ox-axis but it 
is simple w.r.t. Oy-axis (see Fig.7) we obtain the analogous formula: 


a3) ff te,yaedy = | ( steht) dy, 


where x = 0(y), y = y is the parametrization of the arc [X WiSGmY] 


andxz = y(y),y = y is the parametrization of the arc [YW,TW2nHW3X | 
(Prove this last formula!). 


Let for instance the domain D bounded by the following curves: 
x=y? +1, =1, and x = 5. Let us compute the coordinates of its 
mass centre G(aq, yc). Whenever one gives us no density function, this 
means that the plate D is tacitly considered to be homogenous with 
the constant density 1. Moreover, D is symmetric w.r.t. O-axis, so 
that yg = 0 (prove it by pure calculation!). Since a double integral on 
a general domain D like above can be well approximated by sums of 
double integrals on simple rectangles, all the formulas from (1.7) and 
(1.8) can be used for our nonrectangular domain D. Hence, we need to 
compute two double integrals: 


iase(D ere [facts 7 2f (/ - i) iy2= 
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FIGURE 7 


5 


he eae, 


3 3 


1)? 


5 (x= 
=2 Vx —ldx = 2 - 
1 2 


1 


Let us compute now the static moment w.r.t. Oy-axis, by using formula 
(2.3) (decomposing D into two nonoverlaping subdomains, compute 
also this moment by using formula (2.2)): 


Mo,(D) = [fravay = i. (< vie) dy = 


ae : yeaa 
-5/ (o? +0)? ty = f [y* + 2y"|dy = = 
0 


[favay 

4 
J 211 99 
L6= 


~ mass(D) 2 ~~ 30 


Thus, 


Prove that this xg is the same like the x-coordinates of the mass centre 
of the domain D’ bounded by y = 2, x = y? +1 and by x = 1. 

Let us now compute the moment of inertia [o,(D) of the plate D 
from Fig.8 with the density function f(x,y) = 27. The formula is the 
same formula for rectangles (see formula (1.8)) extended to a general 
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domain D (one can deduce this formula directly. Do it!): 


/| yf (a, y)dxdy = If 2ry2dxdy = 


Iox(D) 


I| 
o—, 
1) 

8 
a. 
—— 

N NO 
iS 
Kad 
bo 
Q. 
Kad 
Se 
Q 
8 


FIGURE 8 
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In example 75 we deduced a formula (1.10) to compute the volume 
of a cylindrical solid bounded by a rectangular domain D and "above" 
by a piece of a surface z = f(x,y). The same type of reasoning can be 
extended for a general domain D like above and the formula remains the 


same: vol = | | f(x, y)| dxdy. Let us apply this formula to compute 


D 

the volume of the cylindrical solid (generated by lines parallel to Oz- 
axis) with the basis the domain D bounded by the coordinate axes 
Ox, Oy, and the line x + y = 1, and limited "above" by the surface 


z=2?+y?. Hence 


vol = [fe + y*)drdy = [ (fw + ?)dy) dx = 
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c | de = [ (a aya =) de = 


oa if id 


1 
~ 2 A 12 Ge 


3 4 12 


EXERCISE 8. Let D be a simple domain w.r.t. Ox-axis and let [a, b] 
be its projection on Ox-axis. For any x € |{a,b| let M,(x,a(x)) and 
N,(x, B(x)), a(x) < B(x) be the points at which the vertical line X = x 
cuts OD, the boundary of D. Let G(x,0(x)) be the mass centre (the 
density function is 1) of the segment |M,N,]. Let (7, f) be the wire 
r=2,y= Oz), and f(x,0(x)) = length|M,N,], where x € [a,b] and 
let H be its mass centre. Prove that H is the mass centre of D. 


EXERCISE 9. State and comment a Lebesgue type criterion for dou- 
ble integrals. 


EXERCISE 10. Let f,g: D — R be two piecewise continuous func- 
is Rage on : domain D like above. Let A = {(z,y) € D: 
) £ g(x,y)}. We assume that A has zero area. Prove that 


[fesse [fo (x, y)dady. 


3. Green formula. Applications. 


The following formula connects a line integral of the second type 
with a double integral. Such formulas are important because one can 
reduce the computations from a dimension to an inferior one. 


THEOREM 80. (Green formula) Let D be a closed bounded domain 
with OD a direct oriented (trigonometric direction) piecewise smooth 
and "closed" curve. We also assume that the domain D is simple w.r.t. 
both axes. Let F'(x,y) = P(z,y) i + Q(2,y) 7 be a plane field of class 
C' defined on D. Then 


(3.1) gre + Qdy = If & = or} dicdy. 


This formula is called the Green formula. 


PROOF. In Fig.9 
we assume the following parametrizations: 


a ,x € |a, b, 


(3.2) arc[AC B] : { (66 


3. GREEN FORMULA. APPLICATIONS. 


FIGURE 9 
(3.3) arc[BDA] { rane ,z € [a,b], 
(3.4) arc[DAC] : { sec ye led, 
(3.5) arc|CBD]: { 7 ay geled. 


a) We firstly prove that — i i Gg dady as ¢ Pdz. Indeed, 
D 


oD 


Lf sgeen=— [ (2 Gpevom) ae= 
= Ple,y ()jde— f° Plo, ¥(e))tr = 


= ¢ Pdz+ ¢ Pda = § Pat 


arc|ACB| arc|BDA} oD 


b) We prove now that II [2 dady = f Qdzx. Indeed, 


ff 2acye f (f° teat) a 
D 
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‘i Q(8(y),¥))dy — 7 Qloly),»))dy = 


Qdy + ¢ Qdy fay 


arc|\CBD| arc|[DAC] oD 


We now add the two equalities obtained in a) and b) and we finally get 
the Green formula. 


REMARK 29. If our domain D is not simple with respect to one 
axis or to both, we break it into a finite number of subdomains which 
are simple w.r.t. both axis and they preserve the other properties of D. 
Then we apply Green formula for each of these last domains. Let us 
do this for the domain D of Fig. 10, 


¥ 


FIGURE 10 


bounded by the arc |ABCDEFGHA| : 


If (2- ay) tte= ff (ae ay) ato 
Af (G- a) are ff (GE) = 


Pdxz+Qdy+ ¢ Pdz+Qdy+ ¢ Pdz+Qdy = 


arc|GH ABCEG] arc|EFGE| arc|CDEC] 


Green 
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= ¢ Pdxz + Qdy + ¢ Pdx + Qdy + ¢ Pdx + Qdy+ 


arc|GHABC| arc[C'E] arc|EG] 


(3.6) + ¢ Pdx + Qdy + ¢ Pdx + Qdy+ 


arc|EFG| arc|GE] 


+ ¢ Pdx + Qdy + f Pde+ Qdy 


arc|C DE} arc|EC] 
Since ¢ Pdx+Qdy+ ¢ Pdz+Qdy = 0 and ¢ Pdx+Qdy+ 
arc|CE] arc| EC] arc|EG] 


Pdz + Qdy = 0, in formula (3.6) it remains 


arc|GE] 


[[(-a) ee ¢ Pdx + Qdy + ¢ Pdx + Qdy+ 


arc|GHABC| arc|CDE]| 


a ¢ Pdx + Qdy = Pac + Qdy, 
arc|EFG| oD 
i.e. we obtained the Green formula for the domain D. 


EXAMPLE 76. (formulas for areas again). Let us put in theorem 
80 or in remark 29 Q(x,y) = x and P(x,y) = —y. We get again the 
known formula for the computation of an area by using line integrals 
of the second type: 


1 
Great) = [facts = spray — ydz. 
D aD 


If we put now Q(a2,y) =x and P(x, y) = 0, we get 


area(D) = II [exdy = fate 


If we put P(z,y) = —y and Q(z, y) = 0, we get 


area(D 12 | ae = ~ fut 


248 6. DOUBLE INTEGRALS 


EXAMPLE 77. Let in addition D be a simple connected domain. 


Then the condition oO = oe implies the fact that the line integral 


¢ Pdzx + Qdy depends only on the points A and B but not on the 
arc[AB] 
geometrical form of the arc [|AB| which connect these points A and 
B. Indeed, if we take a direct oriented closed piecewise smooth curve 
7 C D and if we denote by Dy C D the subdomain of D bounded by 
(here we need that D be simple connected), by applying Green formula 
for Ds unth OD, =; we get: 


f Pie + Qdy - / (3 - >) ddy = 0. 
Dy 


ar 


Thus, from remark 26 we get that ¢ Pdz + Qdy is independent on 
arc|AB] 


the path which connect A and B and, consequently, the field re (P,Q) 
as conservative. 


EXAMPLE 78. (a practical method for computing the static moments 
for plane domains) In Mechanics we meet the following situation. Let 
D be a plane domain with a complicated boundary OD. Moreover, we 
do not know exactly to describe this boundary; it is only supplied by a 
large number of points 


Ao(X0, Yo), A1(@1, Y1), +; An(Lns Yn) 
which are situated on OD (see Fig.11). 


FIGURE 11 
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Assume that we have to compute the k-th static moment of D w.r.t. 


Oy-azis, k = 0,1,2,..., te. the number [jet But, since for 


OG.) = a a x, we can take Q(x, hee = — and P = 0 in the 
Green formula: 


: htt 
[fe ddy = $ dy. 
D 


OD 


If n is large enough and if the lengths Arar 


| are small enough, we 
can well approximate OD with the polygonal line |AoA1...An—1AnAol. 


Thus 
k+1 
(af | o%avdy = te rhe 
D aD 
1 
(3.8) ~ a +] 3 ¢ atl dy + ae ¢ ody, 
1 A-1 Ail [An Ao] 


Let us compute the line integral ¢ x*+1dy. A natural parametriza- 
[Ai-1Ai] 
tion of the direct oriented segment [A;_1Aj] is the following: 


Ah l As aA peg ai 
[4i14] ee ae : (0, 1 


Thus 
1 
a dy = i: [aei—a + t(@s — 24-1)]"" (ys — wa) dt = 
0 
[Aj_-1Aj] 
Yi— Yi-1 k+2 
= Lip tha; — 2; 
Uj— Li-4 pony ae 1)] 0 
1 ae ght? 
ee Spe D Ces eS U;,— Vi-y 
Hence 


(3.9) ‘i | a*dady © 
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1 
(k+ 1(k +2) 


Go Oe oe Alaa ee 


(Yo — Yn) t So (yi - yi) 


LQ — Un 


law) 
~ 


k+2 k+2 n k+2 | 
n 


Le Lege 
j=1 t a-1 


This last formula is important in practice. For instance, if D is bounded 
by a polygonal line [Ao A1...An-1AnAo] and if k = 0, we get 


(3.10) area(D) = : 


(Yo = Yn) (Xo ade Tas) oh S (yi = Yi-1) (Xi + ves) 


i=1 


For instance, if n = 2 (a triangle), we get a known formula for 
computing the area of a triangle 


{| 2: Go 1 
area(AAgA, Az) = 2 X,Y 1 
rz y2 1 


Here we do not need to put the absolute value for the determinant be- 
cause the direct trigonometric direction of the sequence of points Apo, 
Ay, Ag assures the nonnegativity of this determinant. We propose to 
the reader to find nice geometrical or mechanical interpretations for 
formulas (3.9) and (3.10). 

We can even continue to find "nice" formulas. Let them xm matrix 


Iij(D) = [fev tle naedy 


of the generalized moment of inertia for a plate (D, f), where f is the 
density function. If one can well approximate this f by a polynomial 
P(x,y) in two variables, we can reduce the problem of the calculation 
of such moments to the computation of double integrals of the following 


type [fewavay for i,j € {0,1,2,...}$. Applying again Green formula 
D 


4 gitl F 
‘yl dzdy = dy. 
[fev cay pay y 
D 


oD 


we get 


We leave as an exercise to the reader to compute this last integral for a 
domain D bounded by the above polygonal line [ApAy...An—1AnAo] and 
to discuss the obtained formula. 


4. CHANGE OF VARIABLES IN DOUBLE INTEGRALS. POLAR COORDINATBSL 
EXAMPLE 79. Let us use the Green formula (see theorem 80) to 


compute the line integral I = ¢ xrydz +x7dy (see Fig.12). Thus, 


arc[|OABO| 


1 2x 1 I 
r= ff (2e—a)drdy = [ o(/ iy) ae [ g'dz = =. 
a 0 x 0 3 


FIGURE 12 


4, Change of variables in double integrals. Polar 
coordinates. 


When we have to compute a double integral / | f(x, y)dxdy we 
D 


need an analytical expression of f and a parameterization of the bound- 
ary OD of the domain D. It is clear that if these ones are complicated, 
our integral can not easily be computed. 


EXAMPLE 80. For instance, let us try to find the mass of the disc 
D= {(z,y): 2? +y? <9} with the density function f(x,y) = x?y?. 


3 V9—x? 
mass(D) = [freddy = / x / y'dy | dx = 
a —3 —V9-«? 
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3 


But, to compute this last simple integral it is not so immediately. We 
shall see later that the best idea is to change the disc D with a rectan- 
gular domain because usually to integrate on rectangles is easier then 
to integrate on discs. Here is some theoretical support for this strong 
method of computing double integrals. 

Let us start with a smooth (of class C1) deformation (or a smooth 
parametrization sheet) g : 2 — D of a closed bounded plane domain 
Q onto another closed bounded domain D ("onto" means that g (Q) = 
D). We also assume that 0Q and OD are piecewise smooth curves (thus 
Q and D have areas!) and that g is a diffeomorphism on Q, i.e. it 
is invertible and its inverse g’~! is also smooth, i.e. of class C1! on D. 

a > => 
If g(u,v) = x(u,v) i +y(u,v) 7, where z(u,v) and y(u,v) are the 
component functions of the field g’, then we simply write: 


ay Jie Se ane) 
g a et ies (u,v) €Q. 


Ua ia Joma? oie is 
= al x” yl da = =| x°(9 — x*)/9 — 2dz. 
a8 3 


Here we must be careful because the same letter x is used for the 
variable x and, at the same time, like a name of a function z(u,v) of 
variables u and v. The same is for the letter y. We intentionally did 
this because we wanted to show that the variable x was changed with 
a function x(u,v) of variables u and v and the variable y was changed 
with a function y(u,v) of the new variables u and v. This change of the 
"old" variables x and y with the "new" ones wu and v is called a change 
of variables. More exactly, the deformation g : Q — D is called a 
change of variables if it is a diffeomorphism (see Fig.13) 

Let us partially divide the domain () into rectangles Q;; = [uj—1, ui] x 
[v;-1, vj], ¢ = 1,2,...,n and 7 = 1,2,...,m. In each rectangle 0; we 
choose a fixed marked point Pi;(€;,7;). A small rectangle [Py P; P2P3] = 
[us—1, Ui] X [vj-1, vj] is deformed by g’ into a curvilinear parallelogram 
[MoMiM2Ms3] (see Fig.13 and Fig.14). First of all we want to estimate 
the area of this last curvilinear parallelogram [Mp],M2Ms3] in lan- 
guage of the area of the rectangle [P)P,P2P3] and of the deformation 
functions z(u,v) and y(u, v). 


THEOREM 81. area([{MpM,M2Ms]) ¥ |J(€,,;)|-area([PoP1P2P3)), 
where J(€;,n;) 1s the value of the Jacobian 


J(u,v) = det ( eee pe 
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Vip trp tye ' 
i S i 


9) WP La 


FIGURE 13 


of g (u,v) computed at the point P,;(€;, n,;). Here the sign "=" means 
"well approximation". This approximation is better and better if the 
norms of the divisions generated by {u;} and {v;} are smaller and 
smaller, i.e. af uj — Uj—-1 > 0 and vj; — vj-1 — 0 for any i and j. 

The above formula is usually written in a formal way: 


(4.1) dxdy = |J(u, v)| dudv. 


We say that the initial element of area dudv (which is the area of 
a small rectangle!), after the deformation process generated by g’, is 
"dilated" and becomes |J(u,v)|dudv. The dilation (or contraction) co- 
efficient is exactly |J(u,v)| in a small neighborhood of the point (u,v). 
This means that the changes of areas are perfectly controlled by the 
Jacobian matrix of the deformation @’. 


PROOF. We approximate the area of the curvilinear parallelogram 
[MoM!,M2M3] with the area of the parallelogram [MpM/,M2M3], 
——> os 
generated by the vectors MyM, and Mj)Mz (see Fig.14). 
— oO 
But the area of this last parallelogram is equal to | mom 1X MoMo 


res res : 
Let compute MyM, x MoM. Firstly we have: 


MoM, = [x (as, Uj—1) = Dl Ui=4 Uj) F +[y(ui,0;-1) > ys v;-1)| ri = 
Ox —> oy => 
= Fy hc Vir) 1c Jy (ir YD) j | (id): 


Here we used Lagrange formula for functions t ~ a(t,v;-1) and t ~ 
y(t, vj;-1) on the interval [u;_1, ui]. Since the length of this last interval 
is small enough, since both functions just defined are of class C1, since 
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YZ 


ir lly 


if Mola (uns Was ¥ (ua, Ya) 
Mel (ui, ya), ¥ Cues, wal) 
Mel ® (ue) 4 ¥ Cub, ¥y 


FIGURE 14 


ci, G, € © [us_1, us] and since 7; € [vj-1,v;], we can further make the 
following approximation: 


—— a) > Oo > 
(4.2) MoM, © Fteam) ie Bir ae (Eis) 7 (uj — U1). 


Secondly one gets: 


eer = = 
MoM = [x(uy-1, 05) — 2(Us-1, ¥j—-1)] t +[y(ui-1, 0y) — y(Ua-1, Yy-1)] J = 
Ox —> Oy => 
= Falun d;) a+ Fy (inde di’) J | (v; = Uj-41): 

Here we used Lagrange formula for functions s ~ x(u;-1,s) and s ~ 
y(u;-1, $) on the interval [v;_1, v;]. Since the length of this last interval 
is small enough, since both functions just defined are of class C1, since 
dj, d;, n; © [vj-1, v,] and since €; € [uj-1, ui], we can further make the 
following approximation: 


—s Ox => Oo > 
(4.3) MoM, & FF teom) a+ 5, (Ein) J | (vj — ¥j-1). 
Hence 
MoM, x MoMo y 
Ox Oy Ox Oy ae 
ae Felon) : Dy Sir Ms) = Bp oir i) . Fle) (ui—Us_1) (Vj—Vj-1) 


Thus 


law) 
~ 


ee es 
| Mom x MoMo 
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_ |Ox Oy 


) O 
oH By oer a) : Ry Sir) = 5, (Sim) : 5 (E53) area([PoP\ P2P3}) = 


a |(E:.,)| area(|PoP,P2P3)). 
Since area([MpM,M2M3]) & 


ee eee? 
MoM, x MoMo 


, we finally get: 


area([MoMM2Ms3]) © |J(E;,n,)| area([PoP: P2Ps]), 


i.e. the statement of the theorem. 


THEOREM 82. (change of variables formula) Let us preserve the 
above notation and hypotheses. Let f : D — R be a piecewise continu- 
ous function defined on D. Then 


(4.4) / i ere ih i GCS) iva Gia aaa: 
D Q 


PROOF. Let us observe that the union of the nonoverlaping subdo- 
mains D;; = g'(i;), where Q;; = [us_1, ui] x [vj_1, v;], 7 = 1,2,...,7 
and j = 1,2,...,m, well approximate (when the diameters diam(Q,;) of 
Q;; go to zero) the entire domain D (see Fig.13). Thus, using theorem 
81 and the definition of double integrals as the limit of double Riemann 
sums, we get: 


[[ te.naray pe ‘se 3 f (Mij)area(Dij) © 


i=1 j=l 


=> 


i=l j 


F(x(Eis 3), lis 05)) |F(E:.74)| * (uy — Uji) (Vj; — U;—-1) & 


1 


n m 


~ ff Holu.v),u(u.»)) |J(u,0)| dude 
2 
Hence the two fixed numbers / i; f(x, y)dxdy and 
D 


cc v), y(u, v)) | J(u, v)| dudv become closer and closer! There- 
fe) 


fore they must coincide, i.e. 


[f tenaray = ff #6e(u,0),u(u,»))|J(u,0)] dude, 
D Q 


what we wanted to prove. 
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Formula (4.4) is called "change of variables formula" and it is ex- 
tremely useful in practice. 

The most popular change of variables are the change of the Carte- 
sian coordinates (x,y) with the polar coordinates (p,6@) : 


r= pcos 

(4.5) { y=psind ’ 

where p goes from 0 (without it!) up to co and 0 € [0, 27). The defor- 
mation induced by this change of variables is g : (0,00) x [0,27) > 
R?\ {(0,0)}, 9 (p, 8) = (pcos 9, psin®). It is important because it de- 
forms the interior of a rectangle 2 = (0, R] x [0,27), R > 0, into the 
interior of the disc B((0,0), R) = {(x,y) : 2? + y? < R?}. Since some 
finite length smooth curves do not count for us during the double inte- 
gration process, we will simply say that any disc in a fixed plane is the 
Faget peng 1 PE (OR), 8 € [0,2n), 
of a rectangle from the (p,@)-plane. Here (29, yo) is the centre of the 
disc and R is its radius. The first one (see formula (4.5)) is a particular 
case of this last more general polar coordinates change. The Jacobian 
of the polar coordinates change is equal to 


Agi ( cos? —psindé ) = hang 


sinf pcosé 


image after a deformation 


(see also [Po], Ch.11, Section 6). Hence formula (4.1) becomes: 
(4.6) dady = pdpdo. 


For instance, let consider again the double integral of example 80 and 
let us change the Cartesian variables (x,y) with the polar coordinates 
(p, 0) (see formula (4.5)). Here drdy = pdpdé. Thus, formula (4.4) can 
be applied: 


3 20 
/ : x’y?dady = i (| p' cos” 6 sin? a) pdp = 
0 0 


D: x2+y2<9 


3 2a 1 20 3 
= if p° (| cos” @ sin? a) ap = G | sin? 2448 | pdp = 
0 0 4 Jo 0 


a 5 5 
z i 1~cos49 4,\ 3 _ 3'r 
5 D 4 4 


We can remark how easy become the calculations if we changed the 
variables! 
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EXAMPLE 81. Let us compute the inertia moment of the ellipse 

y? 
w 8 slot: i axis. Since nothing is said on the density 
Finetion: we take f(x,y) = 1. If one tries to compute the double integral 


which appear here, i I xdady, by using only iterative formulas, 
D: e+e <1 


one will see that the calculations becomes very difficult. Let us try to 
use the following "general polar coordinates" change of variables: 


x = apcosé 
{ p=ipane ,p€ (0,1), 6 € [0, 27). 


It 1s easy to see that in this last case J = abp and our integral becomes 
(we simply apply change of variables formula (4.4): 


1 20 
i / x*dxdy = | (| p” cos” za) abpdp = 
0 0 
1 2a 1 2a 
= ab [ eo (| cos” a) dp = ab (| Hap) (/ cos” oat) = 
0 0 0 0 


1 ie 1 + cos 20 tab 
= ab— —_———d@ = ; 
0 


EXAMPLE 82. The area of the ellipse e+e < 1 can be immediately 
computed by using the above change of variables. 


1 20 
area = / i dzdy = | (| i) abpdp = mab. 
0 0 


In particular, the area of a disc of radius R is equal to 7R?. 


EXAMPLE 83. Sometimes the disc has not its centre in the origin 
of the axes. For instance, let us compute the mass centre of the disc 
D: «a?+y?+4y <0 if the density function is f(x,y) = ./x2 + y?. 
Since the equation of the disc can be written as x + (y + 2)? < 4, we 
see that the centre of the disc is in C(0,—2) and its radius is equal to 
2. It is symmetric w.r.t. Oy-axis, geometrically and also from the point 
of view of statics (the mass is symmetrically expanded w.r.t. Oy-axis). 
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Hence tq = 0. Let us compute 


[lwe + y?dady 
=D 


Y¥G= 


[|v + y2dxdy 
D 


To compute these two double integrals we shall use the common polar 
coordinates (because the circle OD contains the origin! Otherwise this 
method fails!). Let us write the Cartesian equation of the disc in the 
language of polar coordinates: p? cos? 6 + p?sin?@ + 4psin@ < 0, or 
p+4sin@ <0, or0< p< —4sin@. This time, for any fixed value of 0, 
p goes between 0 and —4sin@ (Draw and look at it!). Now 0 itself goes 
between 7 and 27. Hence 


Qn —Asin 0 Qn p> 
[[ Vir Pacay = | (| p-odp) ao = [ 3 
T 0 T 


D 


—4sin0 


dé = 


0 


o4 64 7" 
ee -=/ sin? 6dé = a (1 — cos? @)d(cos 0) = 


64 P cos? 0 256 
= — [ cosé— = —, 
3 ae | aan 


Now, we look at the last calculations and make some slight modifications 
in order to compute the double integral in the numerator: 


Qn —Asind 
[fuverPacdy = i; (| p*sind dp d@ = 
wT 0 
D 


27 4 

San sp 

J | — 

i = ( 4 


20 
= -64 | (1 — cos? @)*d(cos 0) = 


27 


—Asin@ Qn 
10S “ sin’ 6d0 = 


Tv 


0 


20 
= -6t | (1 — 2cos? + cos* @)d(cos 0) = 


2 1 <i 16 
—64 cos _ 3 C088 -++ 5 cos” | o = —64- TH 
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EXAMPLE 84. Sometimes the centre of the disc is not in the origin 
of the axes and the boundary of the disc does not passes through the 
origin. For instance, let us compute the mass of the disc D : (a — 
1)? + (y+3)? <1 if the density function is f(x,y) = x. Let us use the 
following change of variables: 


{ x=1+pcosé 


pane an pee = a ol ee) 


Thus, 


mass(D) = [fravay = [ (s (1 + pcos6) i) pdp =T. 


EXAMPLE 85. Let us compute for instance the mass of the plate 
[ApA1A2A3] with the density function f(x,y) = y (see Fig. 15). 


y 
A3(49) 
| A, (13,5) 
=¥ 
OT x 


FIGURE 15 


ae aaa i > ae > ~ 
Since AjgA; = 1072 +37 and A,.Az3 = 107i +37 as free vectors, 
we conclude that the domain D = [Ap A,A2A3] is a parallelogram. But, 


to compute the mass of D, 1.e. the double integral i) i; ydxdy with the 


D 

iterative formulas, it is not so easy. Let us try to change this "com- 
plicated" domain into a rectangle, on which it will be easy to integrate. 
We need some knowledge from a Linear Algebra course. Let us start 
with the square 2 = {0,1] x [0,1] and let us try to find a "translated" 
linear mapping G : R? — R? which "without the translation part" 
is an isomorphism of vector spaces and such that g(Q) = D. Thus 
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9 (u,v) = (autbuv+e,cu+du+h) (because of the linearity of the com- 
ponent functions of g without the translation) and we only need to de- 
termine the six numbers a,b,c, d,e,h and then to prove that g (Q) = D. 
We even force that the corners of the square Q = {0,1] x [0,1] to go 
exactly to the "corresponding" corners of the parallelogram (our feeling 
is that g is a dilation of axes + a translation + a rotation + a lin- 
ear deformation of angles!). Hence, the conditions: g(0,0) = (3,2), 
9g (1,0) = (13,5), g(0,1) = (4,6) and G’(1,1) = (14,9) (see Fig.6.15) 
supply us with the values of a,b,c,d,e,h. In fact we do not need the 
last equality because such a function G carries collinear vectors into 
collinear vectors (Why?). Namely, a= 10, b=1,c=3,d=4,e=3 
and h = 2. Thus @ (u,v) = (10u+v+3,3u+4v+2). Since the matrix 


3.4 
vertible, we see that g is a diffeomorphism from Q to D, in particular 
g is a smooth deformation (without "defects") of Q into D. Moreover, 
it is also reversible, 1.e. "one can come back in the same smoothly man- 
ner"). The Jacobian of g is exactly the determinant of the matrix T. 
Theorem 81 says that during the deformation process induced by g the 
area of Q increases det T = 36 times. But why g (Q) = D? Let us take 
a point M € |0,1)x[0, 1] and let us write its position vector w.r.t. a fixed 
Cartesian system uO’v : O'M = ai’ + By’ where0 <a,8 < 1. We 
need to prove that g(M) € D, i.e. that (10a+ 8+3,3a+46 +2) € D, 
or, equivalently, that V = (10a + 8,3a+ 4(), as a free vector in the 
xOy-Cartesian system can be decomposed as a linear combination of 

aout ra ened roa ae 
vectors AgA; = 1071 +337 and ApAg = 1 +47 with subunitary 
coefficients. Indeed, let us write: 


(10a + 8)i +(3a+48)7 =X(107 +3 


T= ( ee ) of the linear part (u,v) > (au+bu, cutdv) of G is in- 


=> => => 
J J 


P)+n(i +4 


); 


or 

1l0a+f6=10A+7 

3a +46 = 34+ 4n - 
Thus \ = a € [0,1] and n = 8 € [0,1], ie. G(M) € D. Now we are 
ready to compute the mass of the plate D. The Jacobian is equal to 36, 
thus 


mass(D) = [fuceay = / ii (3u + 4v + 2) - 36dudv = 
D 


[0,1] x [0,1] 


1 1 1 
=30 [ (/ (3u+ 4v-+2)de) du = 36 (3u + 4) du = 
0 \Jo 0 


4. CHANGE OF VARIABLES IN DOUBLE INTEGRALS. POLAR COORDINAT#GL 
3 
= 36 (5 +4) =18-11=18-(10+1) = 198. 


Until this moment we considered only double integrals on bounded 
domains. A similar theory can be done for double integrals on un- 
bounded domains (see also the improper integrals of the first type). 

For instance, let us compute again (we computed it with the help 
of an integral with a parameter) and almost immediately the famous 
Poisson’s integral J = [>~ eda. 


p= f cae. f ray = | / eV drdy = 
0 0 


D: x>0,y>0 


z=pcos0 ve —p? 2 T 1 _ 2 
= e d?|dp=-—{|--e? 
cs 0 (ff) 0 (4e4 


Thus J = ve The integral / i: er dady is an improper dou- 


(oe) 


T 
i 


0 


D: «>0,y>0 
ble integral of the first type (the function is bounded but the domain 
is unbounded). Formula (4.5) and the theory of improper simple inte- 
grals are sufficient for the practical problems related to improper double 
integrals. 

For instance, let us consider the following improper double integral 


of the second type J = i: i: Vara tedy. In this case the domain 


D: x+y?<1 
is bounded but the function f(x,y) = 3 


is not bounded at (0, 0). 
x2+y? 


Like in the situation of an improper simple integral of the second type, 
we isolate the singularity by a neighborhood (a small disc in the 2-D 
case) D, : x7 + y? < €?, for a small e¢ > 0 and write: 


1 
J=lim —___drdy = 


20 / Jat ye 


D\ De: €2<a?2+y?2<1 


= F 1 ar, p3 ‘ 
ve tim, (| p- 4a) dp = 2nlim |= 
y=psind «0 J. 0 e—0 3 

é 


Here we used the formula drdy = pdpdé. Pay attention, do not forget 
p, the Jacobian of the deformation 7’, i.e. the dilation coefficient of 
areas when one passes from rectangles to discs! 


3. 
= 3, 
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REMARK 30. Sometimes we encounter the following type of prob- 
lems. We know that the area of a domain D is computed as follows: 


(4.7) De / ( / Ss ts) diy. 


a) The first problem is to describe the domain D. b) The second problem 
is to change the order of integration in formula (4.7). Looking at the 


iterated integrals of (4.7) we see that while y goes between —{° and 


v5 for any fixed value of y in this interval, x € [1 — \/1—y?,3 — 


/4—y?], ie. 
1-Vl-y<a2<3-/4-y?. 

This double inequality can be decomposed into two inequalities: (x — 
1)? + y? <1, ie. the disc with centre at C,(1,0) and radius r = 1 
and (x — 3)? + y? > 4, i.e. the exterior of the open disc with centre at 
C2(3,0) and radius R = 2. To change the order of integration it is not 
so easy. First of all we see that the domain D described by the last two 
inequalities: 

p.J @-Wity sl 

") (2-3) +y >4 


is simple w.r.t. the Oy-axis but it is not simple w.r.t. the Ox-azis. 
However, it 1s symmetric w.r.t. Ox-aris. Hence the area of D is two 
times the area of the superior part of D. 1.e. the domain D* : 


—1)?+4q2%< 
Diet: EY SA Sy 


(x -—3)? +y?>4 ’ 


Even if this last domain is not simple with respect to the Ox-axis (make 
a drawing and see this!). In fact D* can be decomposed into a union 
of two nonoverlaping domains D} and D3 corresponding to x € (0, 1] 
and to x € ([l, 2] respectively (prove this!). By making explicit the 
expression of y as a function of x in the equalities (x — 1)? +y? =1 
and (x — 3)? + y? =4 we finally get: 


ies | 7 ( [or a) fee i: ( [0 ts | 


Hence we succeeded to change the order of integration in formula (4.7). 
A nice challenge for the reader is to obtain the same thing but, without 
using the explicit drawing of D, t.e. to use only the algebraic description 
of D! 
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5. Problems and exercises 


1. Compute the following double integrals: 
a) : e*tYdaxdy; b) ‘| re e Ydaxdy; 


x€[0,1], ye[0,1] x€[0,00), yE [1,2] 


c) i; i xy’*dxdy, where D is the domain bounded by y = 2a and 


Grae) / | x’y’dxdy, where D is the finite domain bounded by 


D 
x=0, y=0 and 27 —- 3y+1=0. 

2. Compute the mass of the lamina D bounded by y = x? and 
y = 2,/x, where x € [0,1], if the density function is f(x,y) = \/xy. 
gety? <4 

3y = x? 

relative to both axes and then find the coordinates of its mass centre. 

4. Find the mass and the mass centre of the disc D : x? + y? < 25 
with the density function f(x,y) = 1+ |y|. 

5. Find the mass and the inertia moment w.r.t. O of the homoge- 
nous ellipse 45 aoe <Tit f(gy)-= Skala 

6. Find ihe inertia moment of the plate D : x? + y? — 3x < 0 w.rt. 
Ozx-axis if the density function is f(x,y) = u 


Jott 
7. Compute [fsa n@*+¥") dedy, for D: 1 < 22+ y? < e?. But for 


x2+y? 


3. Compute the static moments of the plate D : { 


Dis x? spgice att 

8. Find the static moment of D : 274+ y? <2, 2 <ywer.t. Oy-axis. 

9. Compute the mass of the disc 7? + y? — x — y < 0 if the density 
function is f(x,y) =x+y. 

10. Let A(1,—/3), B(1, V3) and C(—2,0) be three points in the 
xOy-plane. Compute the work of the field F (c, y) = ai yep along 
the direct oriented (trigonometric way!) curve [ABC'A], by using Green 
formula. 

11. Compute directly and then by using Green formula the static 
moment of order 3 w.r.t. 0 of the square-plate bounded by the square 
ABCD, where A(0,—1), B(1,0), C(0,1) and D(—1,0). (like usually 
take f = 1)). 

12. Use Green formula (or any other formula) to compute 
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ydx — «dy if A(4, —2), B(4,0), C(4,2), [COA] is an arc 


arc[ABCOA]t+ 
of the parabola x = y”, [AB] is a segment of a straight line and arc[BC] 
is an arc of the circle (x — 4)? + (y— 1)? = 1, x > 4 which connect B 
and C. 

13. Let {A(i, 2i + 1)}, 7 =1,2,...,n and Anii(n + 1,0). Use exam- 


ple 78 like a model to compute : i xrdxdy, / i ydxdy and / i xydady, 
D 


D D 
where D is the domain bounded by the closed polygonal line 
[O Aj Ap... AnAn410]. 
14. Find the areas bounded by the following curves: 


a) { aes ee lorkt big Sane = bya: 0,0 Src) 
ie ge ee ale 
|x| + |y| = 1; d) { a n Z <1 (discussion on a,b, R). 


15. Use an appropriate change of variables to compute iY i xydxdy, 
D 


where: a os 

a) D is the parallelogram generated by the vectors OA and OB, 
with A(1,2) and B(2, 1). 

b) D is the domain bounded by the lines: y = x, y= 2x, xr+y=1 
andx+y=4. 

c) D is the domain bounded by the curves: x = y’, x = 4y?, x = 1, 
y>Oand «= 4. 


CHAPTER 7 
Triple integrals 


1. What is a triple integral on a parallelepiped? 


Double integrals | i f(x, y)dxdy are connected with plane domains 
D 


D, i.e. with 2-dimensional objects. When we compute such an integral 
we always finally come to the computation of two simple integrals. 

If one substitutes plane domains with domains D in the 3-dimensional 
space R?, one gets a more sophisticated notion, namely the notion of a 


triple integral fi | | f(x,y, z)dxdydz. Here drdydz is called an element 
D 


of volume and f(x,y, z) stands for "the density" function, etc. Since 
all the theory of such triple integrals is nothing else then a slight gener- 
alization of the theory of double integrals, we do not insist more on it. 
Thus some proofs will be omitted in this chapter, because the reader 
can easily recover them by a simple imitation of the corresponding 
proofs made by us in the case of the double or simple integrals. 


DEFINITION 25. By a space domain D we mean a subset D of R® 
which is closed, bounded, connected and its boundary OD is a piecewise 
smooth surface of class C! (see bellow the definition of this notion or 
look in any book of Differential Geometry). A couple Q = (D,f) of 
a space domain D and a piecewise continuous function f : D — R is 
said to be a solid in R®. Here a piecewise continuous function f defined 
on D is a function defined on D, which is continuous except a subset 
A of D such that vol(A) = 0 (we bellow recall the notion of a volume 
or a measure in R°. See also the general definition 7). We say that a 
piecewise smooth surface of class C1! is simply the image g(W) of a 
field g : W — R, where W is a plane domain, such that g is of class 
C" except a subset B of W of zero area (i.e. area(B) =0). If f = 1 we 
also call D a solid. Sometimes, even we do not specify anything about 
f, we call such a space domain D a solid. The function f is called a 
density function because it associates to any point M(x,y,z) of D, a 
number f(x,y,z), "the density of the solid at M". 
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For other definitions on topological notions in R* we send the reader 
to any course of Differential Calculus (Multivariable Analysis), for in- 
stance to [Po]. 

A parallelepiped domain D is a space domain of the form D = 
[a, b] x [c, dj x [e, g]. In Fig.1 we see such a domain 2 = [ABC EA'B'C'E"| 
and its projections on the coordinates planes rOy, yOz and zO. 


FIGURE 1 


Let now D = [a,b] x [c,d] x [e, g] be a parallelepiped space domain 
and let us consider the following divisions A, : a = 1% < 1% <... < 
Gyo Dy C= te OU 8 Se in Si OS OS ee 
.. < 2 = g of the segments [a, 6], [c,d] and [e,g] respectively. Let 
A=A, XA, & Ay = {Die = eins 2 [Gay | [epi ee|} be the 
3-dimensional division of D generated by A,, A, and A, (see Fig.2). 

Let 


{ Pije (Sis 15. Ox) bs & © [ze-1, Ba], 1g © [Yy—1) Ys] Ox © [ze-1, Ze 
(ie. Pijn € Dijx) be a fixed set of marking points of the division A and 
let 
|Al] = max{diam(Dijx)} 


be the norm of the division A. Let f : D — R be a density function 
defined on D. If ||A|| is small enough, we can well approximate the 
mass of the solid (Dijx, Flos) by the number f(€;,7;, 9) - vol(Dijx), 
i.e. with the density at the fixed point P;;, multiplied by the volume 
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FIGURE 2 


of Dijx. Thus, the entire mass of D can be well approximated by the 
following triple Riemann sum: 


P 
Ss" f(&is ys Ox) f vol (Dijx), 


1 k=1 


(1.1) Sp(A; {Pye(€s, mp Oe) }) = >> 


nom 
=1 j= 


which corresponds to the density function f, to the division A and to 
the set of marking points {Pj;,}, 4 = 1,2,....n, 7 = 1,2,...,.m, k = 
ce 0 


DEFINITION 26. We say that a function f : D = [a,b] x [c, dj x [e, g] 
— R is (Riemann) integrable on D is there exists a real number I such 
that for any ¢ > 0, there exists a real number 6. (depending on €) with 
the property that 


|Z _ S(A; {Pije (Ei, 75, 9x) })| <€é 


for any division A with \|A|| < 6, and for any set of marking points 
{Pik (€i,0j,9x)} of A. This number I is denoted by [ff teu z)dxdydz 


D 

and it is called the triple integral of f on the domain D. Here dxdydz is 
called an element of volume and it symbolizes a small volume vol(Dj;x). 
In general, dxdydz is not equal to the product dx - dy - dz. But here it 
is so, because the volume of a small parallelepiped Djj, is "virtually" 
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equal to dx-dy-dz. We see that I = [ff ten z)dadydz is the mass 
D 


of the solid (D, f) and vol(D) = | f [ecaua: because for f = 1 each 
D 


Riemann sum S'(A; {Pige(:;1;5 9%) $) ts equal to vol(D). 


It is easy to see that the above defined number J is unique. 

Introducing Darboux sums like in the case of the double or simple 
integrals, it is not difficult to prove a Darboux type criterion and the 
following basic result. 


THEOREM 83. (iterative formulas for parallelepipeds) Let D = |a, b| x 
[c, d] x [e,g] be a parallelepiped space domain and let f : D — R be a 
piecewise continuous (see the definition above) function defined on D. 
Then f is Riemann integrable on D and 


(1.2) [ff te z)dxdydz = [ Ch (| seen 2) iy) da. 


Moreover, the order of integration in this formula can be changed. This 
formula says that first of all we compute the simple integral with two 
parameters x andy, J(x,y) = ee f(x,y, z)dz, then we compute the sim- 


ple integral K(x) = if J(x,y)dy with one parameter x, and finally we 
compute ie K(a)dx and find the value of | f [te z)dxdydz. This 
D 


means that the computation of a triple integral on a parallelepiped do- 
main reduces to the calculation of three simple integrals, step by step, 
i.e. in an iterative style. 


PROOF. For simplifying the reasoning, we assume that f is contin- 
uous on D. Let us denote 


T = i ([ (| fener) iy) Ws 
fe / | | Frese rns 


Since, by definition, J exists if it is the unique limit point of the Rie- 
mann sums S»(A; {Pijx(&;,7;,9x)}), we shall prove that T itself is the 
unique limit point of such type of sums. So J exists and it will be equal 
to T. Let us preserve the notation from the statement of the theorem. 


and 
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Since J(z,y) = [of ° f(x,y, z)dz can be well approximated by Riemann 
sums of the form: 


I(x, y) es S- flay, Ox) (2% = ie) 


k=1 
we see that K(x = fe J(x,y)dy can be well approximated by sums of 
the following Se 
P d 
as) K@) =o (f Aen te)dy) Ga). 
k=1 fe 


Each integral he f(x,y,9x)dy can be well approximated by Riemann 
sums of the type: 


d Mr 
[tle Be)dy~ Yo seen, oyu? — 9}. 
Cc j=l 


We put together all the divisions AW) CS y) Se cee y SO he 


1,2,...,p and form a bigger division A, : c = yo < yi < ... < Ym =. 
Hence 


K(x) ® 5° De F (©, 15, 9x) (Yj — Y5—-1) (Ze — 2-1): 


Now, T= iB a c6 (x)dx can be well approximated by sums of the type: 


Te so ([ f(a ny 6x} (4; — Yjy—-1) (Ze — Ze-1)- 


d j=l 
But 


/ f(a,nj,Ox)de = F(EM™, 03, Ox) (a — 2). 


= 70") < (jk) __ b, 


k 
By putting gece all the divisions AY") : -< fay = 


FS 12 ew, b= 12. we wer that 


pm n 
T >> > FG tj: On) (es — Be-1) (By — Yy—1) (Ze — Ze-1) = 


k=1 j=1 2 4=1 


= SOS ESE FE .05, Oe) - vol(Dizr), 


i=1 j=1 k=1 
because of the commutative and associative properties of the usual ad- 
dition of real numbers. Hence T’ can be well approximated by Riemann 
sums of the type (1.1), ie. J = T. 
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EXAMPLE 86. Let us compute the mass of the unitary cube D = 
[0, 1] x [0, 1] x [0,1] with the density function f(x,y, z) = 3xyz+1. The 
iterative method described above will be used. 


nines (DY / i i ange eigen 
2 i ([ (Koa iy) a= 


Cael 
dy.) de = 
z=0 


II 
om, 
———~ 
o— 
| | 

w 
wfc 
& 
bo 
+ 
a 


1 1 1 2 y=1 
| (| ES + 1 iy) dx = | Ee + ql dx = 
0 0 2 0 4 y=0 
1 13a Sx? Pee? 


Formulas for mass centres, static moments relative to coordinates 
planes and inertia moments of solids can be immediately written by a 
simple analogy with the similar formulas for laminas. Let (D, f) be a 
solid, where D is a parallelepiped space domain. Then the coordinates 
of the mass centre G of D are: 


[ff ete z)dudydz [f [vite 2raudyae 
a, YG Pp 
Jf] Fon ave Jf [Fon sete 


[f [-fey davdyae 
a [ff teu z)dxdydz | 


If the solid (D, f) is rotating around Oz-axis say, then the inertia mo- 


ment I, = i + y) f(x,y, z)dxdydz, etc. All of these formulas 
D 


(1.4) 


z 


can be deduced exactly like in the case of double integrals. 
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2. Triple integrals on a general domain. 


A general domain is a closed, connected and bounded domain D 
in R® with its boundary OD a piecewise smooth surface (see definition 
25). We recall the notion of a volume or measure associated to a 
domain D. By an elementary domain in R? we mean a finite union 
of parallelepiped domains D; = [a;, bj] x [c:, di] x [e:, gi], 7 = 1,2,...,n 
such that if i # j, the intersection D; MD; is a subset of R*® without 
interior points, i.e. it is not possible to find an open ball B(Mo,r) = 


{M(a, Y, Zz): | zou | ‘ rf which is included in D;.D;. Look in Fig.3 
such an elementary domain 1). 


>| a7 


FIGURE 3 


The volume of such an elementary domain is equal, by definition, 
to the sum of all volumes of the component parallelepipeds. Let us 
recall definition 7 of a volume (measure in the 3-dimensional case). 


DEFINITION 27. A subset D of R® has a volume vol(D) € Rx if for 
any small real number ¢ > 0 there exist two elementary domains Ejnt 
and Feat such that: 

1) Pini CONE Heat 

2) vol( Bert) — vol(Eint) < €. 

3) vol( Bint) < vol(D) < vol( Ect). 


This means that a subset D C R® has a volume vol(D), a nonneg- 
ative real number, if and only if there exist two towers of elementary 
domains {EB} and {E“} such that 
(2.1) 

1 2 k m 2 1 
EY) ¢ E®) ¢ oak E®) ¢ ME DEGEER Ve reE CE, 


in in ext ext ext? 
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vol(E! at m)) \, vol(D) and vol/( EM) / vol(D) asm and k are convergent 
to oo (become larger and larger). Since vol(E BOY = vol (EF. E®™)) — 0 as 
m — oo, vol(D } is the unique real number which is contained in all 
intervals [vol(E(”?), vol(E™)], m = 1,2,.... (see Cantor’s axiom in 
(Po)). 

Using this definition, it is not difficult to prove that a finite set 
of points, of segments of finite length smooth curves, or of smooth 
surfaces, have volume zero. In particular, the boundary OD of a general 
domain D has volume zero. As a consequence, a general domain D has 
a finite volume, vol(D). It is also easy to see that a bounded subset A 
of R°, which has no interior points, has a volume vol(A) and this last 
one is equal to zero. 

The volume function D ~» vol(D) is an additive function, i.e. 
vol(D,U D2) = vol(D,) + vol( Dz) —vol(D,N D2) and it is an increasing 
function, ie. DC D’ implies vol(D) < vol(D'). 

Let now (D,f) be a solid, ie. D is a general domain and f : 
D — R is a piecewise continuous function. A division (partition) 
A of D is a finite set of general subdomains {D;}, i = 1,2,...,n of 
D such that UZ_,D; = D and for i # j, Di; N D; is a subset with 
no interior points (the empty set, a finite number of points, smooth 
curves, smooth surfaces, etc.). The norm of A is the nonnegative real 
number |/A|| = max {diam(D,) :i=1,2,...,n}, where diam(D;) = 
sup {|| ane’ :M,M'e pj} . We usually denote A = {D;}. A set of 
marking points {P,(€;,7;,6:)}, P; € Di, i = 1,2,...,n, is usually associ- 
ated to a division A. Let 


S5(A, {PilEss May 81 Yo (&;, ;, 9:)vol( D3) 


be the Riemann sum which corresponds to the division A and to the 
set of marking points {P,(€;,7;,0:)}, 7 = 1,2,..,n 


DEFINITION 28. We say that a function f : D — R is (Riemann) 


integrable if there exists a real number I denoted by el f(x,y, z)dxdydz, 


D 
such that if e¢ > 0, there is a 6 > 0 which depends on €, with 


[E— S5(A, {Pili mi 9) })| < € 


for any division A with ||A|| < 6 and for any set { P;(&;,7;,6;)} of mark- 
ing points of the division A. This means that we can well approximate 
the number I with Riemann sums of the form S;(A, {Pi(&;, 7; 9:)}), 
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when ||A|| > 0. I = | ff teu z)dxdydz is said to be the triple inte- 
D 


gral of f on the domain D and dadydz is called an element of volume 
of D. 


This number J is unique 
All the properties of double integrals can be extended to triple 
integrals. 


THEOREM 84. Let D be a space domain and let f : D — R be a 
Riemann integrable function. Then f must be bounded. 


PROOF. Let us fix a value for ¢, say ¢ = 1, in the above definition 
28. This last definition says that there exists at least one division 
A = {Dj}, 1 = 1,2,...,n such that |J — S,(A, {Pi(€,, 7;, 1) })| < 1 for 
any set of marking points {P;} of the division A. A consequence of this 
last inequality is that the Riemann sums S(A, {P;(€;, 7;, 9;) }) remains 
bounded when we arbitrarily change the set of marking points {P;}, 
P,€ D;,1 =1,2,...,n. If f were unbounded, it were unbounded at least 
in a subdomain D,,. This means that there exists a sequence of points 


(By. pe € D;,, m = 1,2,... with Pe”) — oo when m — oo. 
We see now that in the corresponding Riemann sums, 


SAA Pee a eS SFE 8 woll(D)), 
i=1 


where all the points Pp) = P; are fixed, except pe which is mov- 


ing, the ig-terms, f (eh), tee 6°” vol( Dig) is unbounded to oo or to 


—oo. Hence, the set of all Riemann sums S'-(A, {P& (€0, n°”, 0°”)}) 


cannot remain bounded. A contradiction with the above observation! 
Thus, f must be bounded. 


This last result says that the class of integrable functions is included 
in the class of bounded functions. This is why any function considered 
by us in the following is assumed to be bounded. 

Let D be a domain with a volume vol(D), let A = {Dj}, i = 
1,2,...,n be a division of D and let f be a bounded function defined 
on D with values in R. Let m; = inf{f(z, y, z) : (vy, z) € D;} and let 
M; = sup{f(z,y,z) : (x,y,z) € D;} for any i = 1,2,...,n. Then 


sa(f) = ym - vol (Dj) 
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is called the inferior Darboux sum of f relative to A and 
Sa(f) = 5_ M;- vol(Dj) 
i=1 


is said to be the superior Darboux sum of f relative to A. It is clear 
that 


m-vol(D) < sa(f) < SA, {Pil€s, mi 9) }) < Saf) <M - vol(D), 


for any set of marking points {P;(£;,7;,0;)} of the division A, where 
he inf { f(z, y, 2) : (x,y, z) € D} and M = sup{ f(x,y, 2) : (x,y, z) € 
D}. Since the set {sa(f) : A goes on the set of all divisions of D} 
is upper bounded by M - vol(D), it has a least upper bound J,(f). 
Since the set {Sa(f) : A goes on the set of all divisions of D} is lower 
bounded by m-vol(D), it has a greatest lower bound J*(f). In general, 
Lf) < Ff). 


THEOREM 85. (Darboux criterion) Let D be a domain with a vol- 
ume vol(D) and let f : D— R be a bounded function. Then f is inte- 
grable on D if and only if L.(f) = I*(f), i.e. if and only if for any « > 0 
there exists a 6- > 0 such that if |\|A|| < 6. then Sa(f) — sa(f) < ¢. In 


this last case I,(f) =I*(f) = [f [teen 2dedyae 
D 


This criterion is very useful whenever we want to prove that a spec- 
ified class of functions are integrable. 


THEOREM 86. Let D be a closed bounded space domain with 0D a 
piecewise smooth surface and let f : D > R be a continuous function 
defined on D. Then f is integrable on D. If f 1s continuous on a subset 
D\A of D such that A has a volume equal to zero, then f is also 
integrable on D. 


PROOF. We prove only the first statement of the theorem. Since 
D is closed and bounded, D is a compact subset of R°. Since f is 
continuous, it is uniformly continuous (see [Po], theorem 59). In order 
to prove that f is integrable we shall use the above Darboux criterion 
85. For this, let us take a small ¢ > 0. The uniform continuity of f 
implies that there exists a small 6 > 0 (depending on ¢) such that if 
x,x’ € D and ||x — x’|| < 6, then | f(x) — f(x’)| < carb): Let us take a 
division A = {D,;}, i =1,2,...,n of D with ||Al| < 6. Since each D; is 
a compact subset of R? and since f is continuous, there exist x and 
x’ in D; with 


m, = inf{ f(@,y,z) : (a, y,2) € Di} = f(x®) 
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and 
M,= sup{ f(z, y, z) : (x,y, z) € D3} = f(x") 
(see [Po], theorem 58). Hence 


n 


Sa(f) — sa(f) = >> [f’®) - f(x®)] - vol(D,) < 


i=1 


E 


he d. |fx) = f(x®)| -vol(D;) < pol(D) Dvds) =<; 


because ||A|| < 5 implies diam(D,) < 6 and so, ||x/) —x®|| < 6. 
Thus we can apply the uniform continuity of f and finally we get that 
Sa(f) — sa(f) <<, ie. that f is integrable. 


REMARK 31. Up to now we used closed bounded domains D; with 
piecewise smooth boundaries, as subdomains of a division A of a fixed 
domain D of the same type. Since any such subdomain D; can be well 
approximated with elementary domains (finite union of nonoverlaping 
parallelepipeds) or with finite unions of nonoverlaping tethrahedrons, 
balls, prisms, etc., we can substitute these D; in definition 28 or in 
theorem 85 with tethrahedrons, balls, prisms, etc. It is clear that in 
general it is not possible to cover a domain D with nonoverlaping balls, 
for instance. But, for any small ¢ > 0, there exists such a union of 
balls U. C D, such that vol(D\U-) < ¢. Hence we can work with the 
following alternative equivalent definition for an integrable function f. 
We say that f : D > R is (Riemann) integrable on D if there ex- 
ists a real number I such that for any small ¢ > 0 and 7 > 0 there 
exists a union U, = {B;} of nonoverlaping balls, such that U, C D, 
vol(D\U,) < 9 and |\I — o,f (&,;, 9;)vol(B;)| < ¢ for any set of 
marking points {P,(E,,7;,9:)}, P:(€;,7;,6;) € Bi, i = 1,2,...,n. Simi- 
larly we can work with tethrahedrons, prisms, general parallelepipeds, 
etc., instead of balls. This is why if one has a tower of domains like in 
the formula (2.1), 


EY) ¢ EO oy A E®) ¢ pug tee CL) 


ant in in 


such that vol( EB? ) f vol(D), then the approximation formulas can be 
used: 


(2.2) i | i fle.y,2)dvdydz = lim, i i: i; Hee y aide 
b sie 
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(2.3) | | | f(x,y, z)dedydz © i ‘ / f(x,y, 2)dxdydz 


FM) 


int 


for k large enough. In the engineering practice this last formula is 
mostly used. 


The following result put together some basic properties of the triple 
integrals. 


THEOREM 87. a) the mapping f ~ [f [feu 2deayae is a lin- 
D 


ear mapping defined on the vector space Int(D) of all integrable func- 
tions defined on D. This means that 


[ [fore y, 2) + Bg(a, y, z)|dxdydz = 


= of [f Ho,y,2)dadyde +8 [ff g(x,y, 2)dzdyde. 


b) the mass of a solid (D, f) can be computed as follows: 


mass(D) = i i i F(a, y, z)dadydz. 


In particular the volume of D is equal to i | | dadydz. 
D 


c) if f <g on D, then 


[[ [te edaeeude = | f [sow z)dadydz. 


In particular, if f > 0 on D, then [f [fea 2deayae > 0. 
D 


d) [ff te z)dxdydz| < [ff ite z)| dadydz. 
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[ff ten z)dxdydz = f (20, Yo, 20) . vol(D), 
D 


where f is continuous and (Xo, Yo, 20) 1s a point of D (mean formula). 
This formula says that any nonhomogeneous solid has the same mass as 
a homogenous solid with the same domain D and the constant density 
equal to the value of the initial density function at a certain point of 
D. In particular, if f is continuous, f(x,y, z) > 0 and 


[f [so z)dxdydz > 0, 


then f is not zero on a small ball which is contained in D. Moreover, 


if f = 0 and 
[f[ Fo z)dxdydz = 0, 


then the set A of points (x,y,z) for which f(x,y, z) > 0 has the volume 
equal to zero (the proof of this statement is more difficult). 
f) if A = {Dj}, 1=1,2,...,n is a division of D, then 


[f [feu 2deaya: = Ye fffrow z)dxdydz. 


All the other applications which we met in the case of a triple 
integral on parallelepipeds can be deduced here for a general domain 
D. For instance, the coordinates of the mass centre of a solid (D, f) 


are: 
[ [fete 2\dadydz | f [vies 2audyae 
ve 7 » UE - 
Jf] Fon vet Jf [Fon svt 


[f [-fey davdyae 


(2.4) 
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If our solid (D, f) is rotating around the Oz-axis for instance, the 
inertia moment can be computed as follows: 


— {ff + y’) f(x,y, z)dxdydz, 


because the square of the distance of a point M(x, y,z) up to the Oz- 
axis is equal to x? + y?. The reader can easily deduce other formulae 
if one knows such a formula for a point with a "mass" at it. For 
instance, a solid (D, f) is moving around a straight line (d) and the 
distance of a point M(x, y, z) of this solid up to the line (d) is a function 
H (x,y,z). Then, the inertia moment of this single point is equal to 
H?(2z,y,2z)- f(x,y, z). Now we "globalize" this last relation and obtain 
a general formula for the inertia moment of the entire solid, when it is 
rotating around the line (d) : 


Ia = Ir H?(2,y,z)- f(a, y, z)dxdydz. 


Since we have no effective method to compute a triple integral up to 
the present time, we postpone to work with some examples. Thus we 
continue our study by presenting the basic method of computation of 
the triple integrals, namely the "iterative method". The name comes 
from the fact that by using this method we shall reduce the computa- 
tion of a triple integral to the successive (iterative) calculation of three 
simple Riemann integrals. 


3. Iterative formulas for a general space domain 


Let us begin with some prerequisites. 
We say that a surface (S') is explicitly (described) with respect to z 
if it has a parametrization of the following type: 


cae = ,(z,y) € Q= przoy(S), 
z= 2(z,y) 


the projection of (S) on the zOy-plane (see Fig.4). 
A domain D is simple w.r.t. Oz-axis if there exist two continuous 
functions z = y(x,y) and z = w(x, y) such that: 


D={M(z,y,2): 9(z,y) $2 < V(a,y), where (x,y) €Q C xOyt, 


i.e. D is the "continuous" union of all segments 


[Mi(z,y, y(z, Y)); Mo(a, y, W(z, y))I, 
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FIGURE 4 


when (2, y) runs on a plane domain 2 contained in the rOy-plane (see 
Fig.5). This means that D is a cylindrical domain delimited "up and 
down" by the explicitly described surfaces z = y(z, y) and z = W (2, y). 


FIGURE 5 
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THEOREM 88. (a general iterative formula I) Let D be a general 
domain (see its definition at the beginning of this section) in R? and 
let (D, f) be a solid (f : D — R is a piecewise continuous function). 
We also assume that D is simple w.r.t. Oz-axis. Then: 


(3.1) i :, i fle,y, z)dedydz = | fi | ‘| fem 2 dedy. 
D c@) ae 


This formula says that first of all we compute a simple integral 


v(a,y) 
Teg i FO Dae, 
7) 


(x,y) 


with two parameters x and y, on the segment 


[Mi(z, y, g(x, y)); Ma(a, y, W(z, y))I, 


relative to the variable z. Then, we compute a double integral 


[fre y)daxdy of the just obtained function J(x,y), on the domain 


2 
Q, the projection of D on the xOy-plane (see Fig.5). 


PROOF. In order not to lose ourselves in sophisticated technical 
considerations and to escape the essential, we prove this result only 
when f is continuous. The idea of the proof is like the idea used for 
proving a similar formula for a double integral (see theorem 79). Let 
us construct the following three segments: [a,b] = proz(D), [c,d] = 
proy(D) and |e, g] = pro-(D), the projections of the domain D on the 
three coordinates axes. Let us denote by F = [a,b] x [c,d] x [e, g], the 
parallelepiped constructed with these last segments. It is clear that 
DC E (see Fig.5). It is "clear" that if we extend the density function 
f : D — R to E by putting the density zero at all the points of EF 
which are not in D, the mass of D will be the same as the mass of FE. 
Indeed, let us define f : E — R, 


ry _ if th) if (a,y,.2) &D, 
F(z, yz) = { 0, if (z,y,z) € EXD. 


Since f is continuous on D, fis discontinuous (but bounded!) at most 
on OD, which is a finite union of smooth bounded surfaces. Hence, the 
set of points at which f is discontinuous has volume zero. This means 
that f is integrable on EF and we can apply to its triple integral the 
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iterative formula (1.2): 


III flx,y,z parade = [I f(x,y, z)drdydz = 
=f ([ (| Fee.v.2)42) iy) dx = 


play) _ way) 
= | / Che Cre cee : fae 
e p(x,y) 
[a,b] x [c,d] 
g = (ay) _ 
+ / F(e,y, Dd2\dedy = / / ( / Fen 2M) Pes 
v(a,y) p(y) 


[a,b] x [c,d] 


vey) 
=) / f(x,y, z)dz | drdy, 
5 p(a,y) 


i.e. we just obtained the iterative formula (3.1). Here we used the 
fact that f(z,y,2) = 0 at all the points of the segment [A, B] which 
are outside of the segment [1M] and, at all the points of E which 
are projected on the xOy-plane in the points of the region [a,b] x 
[c, d]\Q (see Fig.5). For the other points (x,y,z) of D, fla,y, a 
fle; Y; 2) 


EXAMPLE 87. LetQ = {M(z,y, 2): 2? +y? < 27,0 < z < 2} be the 
conic domain from Fig.6 and let f(x,y, z) = 3z be a density function 
defined on Q. Let us compute the mass of the solid (Q, f). 

We must be careful here because Q is not more a plane domain like 
in the above theorem. Hence (x,y) = Vx? + y? and w(x, y) = 2 and 
for Q of the above theorem one has Qoy = przoy(D) (see Fig.6). 

Thus, using formula 3.1, we get: 


mass(Q ee aa = i / ew ts] adzdy = 
J ar+y? 


v2ty2<4 
2 — 
| / | pap dedy = =| | t (a 7+ y7)| dady = 
x2+y2<4 rr+y2<4 


-6[ | dady-5f | (a? + y*)dady. 


a+y2<4 a +y2<4 
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FIGURE 6 


The first double integral is nothing else then 6 times the area of a disc 
with radius 2, thus its value is equal to 24m. Let us use polar coordinates 
change of variables to compute the second double integral: 


Pop co? + yPddy =f ( [ e-pa) ap = 


x2+y2<4 


2 Qn p* 
aC i) dp = 20 © 
0 0 a 


mass(Q) = 247 — : on = 127, 


2 


= 8. 
0 


Hence, 


We see that in the above iterative formula first of all one computes 
a simple integral and then one computes a double integral. We shall 
see in the following that in some cases it is possible to compute firstly 
a double integral and then a simple one. Moreover, in the next result 
the general domain D which appeared in the statement of theorem 88 
needs not to be simple. 


THEOREM 89. (a general iterative formula IT) Let Q be a general 
domain and let (Q, f) be a solid such that [e,g| = pro-(Q), S =QN 
{Z = z}, where z € |e, g], is the section of Q realized by the plane Z = z 
and Q, is the projection of S on the xOy-plane (see Fig.7). Then, 


(3.2) / | | f(x,y, 2)dxdydz = / ‘ i | f(x,y, z)dxdy | dz. 
Q Qz 
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Here, first of all we compute a double integral I(z) = [[#@ y, z)dxdy 
Q 


with a parameter z and then we calculate a simple integral he I(z)dz 
of the last computed function I(z). 


A Oger.) 5 
FIGURE 7 


PROOF. To avoid some nonessential technical tricks, we assume 
that f : Q — Ris acontinuous function. Let E = [ABCDA'B'C'D') = 
[a,b] x [c,d] x [e,g] be a parallelepiped which contains 2 and 


ry _ F (2,92); if (£,9;2) ee 
f(t,9,2) = { 0, if (2, y,z) € EXQ. 


be a density function on £ which extend f up to £. It is easy to see 


that the mass of (F, f) is equal to the mass of (Q, f). Applying the 
iterative formula (1.2) for the parallelepiped domain EF, we get: 


atin dead 
i - f(e,y, 2)dndy de= | [f sen. 2det dz, 


[a,b] x [c,d] 


because f(x,y, 2) = 0, when (2, y) is in [a,b] x [c,d] but not in Q, and 
FCG; Y, z) =? f(a, Y, 2), when (2 y) € Q,. 
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EXAMPLE 88. The solid (Q, f), whereQ: 2? + y? < 27,0<2<2 
and f(x,y,z) = 2? is rotating around Oz-azis. Let us compute the 
inertia moment of it w.r.t. to Oz-axis (see Fig.8). The projection of 
the domain Q on the Oz-azis is the segment [0,2]. For any zo € [0,2], 
the projection of the section of Q determined by the plane Z = zp is the 
disc Q,,: 2° +y? < 23. Let us apply now the formula (3.2) to compute 


the triple integral I, = [ffee + y*)dadydz. 
Q 


2 
I= [ffee + y*)dxdydz = | a i, i (x? + y*)dady | dz = 
0 
0 


a2ty2<22 


2 z Qn 2 4 v4 
= | f Gi i) dp] dz =2n f 2? Fae = 5-3 
/ eee 0 0 4 2 7 


FIGURE 8 


Both iterative formulas (3.1) and (3.2) refers to the Oz-axis. We can 
easily imagine the other four types of formulas which refer to Oy-axis 
and to Ox-axis. 


EXAMPLE 89. For instance, let us find the coordinates of the mass 
centre of the domain D : x2 + 27 < 2y, 0 < y < 8 and the density 
function f(z,y,z) = y. The matter is about a circular paraboloidal 
domain with Oy as an axe of symmetry. The symmetry here is also 
a static symmetry because the mass is symmetrically distributed w.r.t. 
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the Oy-axis. Indeed, f(—x,y,-z) = y = f(x,y, z), te. the density of 
the point M(x, y,z) is the same as the density of its symmetric point 
M'(—2,y,—z) w.r.t. Oy-axis. Thus, the mass centre G is on the Oy- 
axis, 1.€. tq = zg = 0. Let us compute 


/ il y - ydedydz 
| /| ydxdydz | 


Let us firstly compute I = / | ydxdydz, the mass of the solid. Let us 


YG = 


D 
use the first iterative formula (3.1). The projection of the domain on 
the zOx-plane is the disc: x? + z* < 16, with radius equal to 4. For 
a fixed point P(x,0,z) in this last disc, all the points of D which are 
projecting in P are the points of the space segment 


2 2 
[Mi (a, 2 = , 2), Mo(x, 8, z)]. 
Thus, 
[ffvtoivas= | / cn wis) ie 
x2+22<16 
_1 218 ait (x? + 27)? 7 
= =| / |» a ata = =| i [os 7 dxdz = 
v2+22<16 v2 +22<16 
= 32 / / drdz — =f | (a? + 2°)*dadz. 
x2+22<16 x2+22<16 


The first integral is 32 times the area of a disc of radius 4, t.e. it is 
equal to 32 x m x 16. Let us compute the second double integral 


4 20 p° 4 
“ / (x? + z?)*dadz = i (| p': pat dp = 2 = 
0 \Jo 


22+22<16 


46 
=T—. 
0 3 


Hence, the mass of D is equal to 32 x m x 16 — re = i : 


Let us now compute the static moment w.r.t. cOz-plane, 


s= ffferscon= ff (fi star) ete 


v2+22<16 
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22h 3 18 =3/ / aoe Cae 7 
= =| / y Pasa dzdz = 3 8 —— ir dzdz = 


x2+22<16 v2+22<16 
mee ise / (a? + 2 \Bdadz = 
ae Eee OA ~ 
v2+22<16 x2+22<16 
g3 1 4 Qn 
82> 6m 6. ndé\ dp = 
ai , (/ a t 
3 1 34 93 1 48 
Fe igi hen | pees gn 
3 24 ce Pe 24 8 
i 5 8 5 
= er - 162 — 4° - Qn) = 2m - 4°. 


.45 
Hence, yq = 75> =6. 
a 


4, Change of variables in a triple integral 


Let us consider two general space domain 2 and D, both in R?, the 
first described relative to a Cartesian coordinate system {ou, ov, ow} 
and the second relative to the usual Cartesian coordinate system 

{Ox, Oy, Oz}. Recall that a general space domain D is a closed, 
bounded and connected subset D of R® such that its boundary OD is a 
piecewise smooth surface. A smooth deformation from Q to D is a vec- 
tor function g :Q > D, g (u,v, w) = (2(u,v, w), y(u,v, w), z(u, v, w)) 
which is a diffeomorphism, i.e. it is a bijection and g’ and its inverse 
g ': D — Q are vector functions (fields) of class C1. Here 2, y, z 
are independent variables, but z(u,v, w), y(u, v, w), z(u,v, w) are three 
functions of three independent variables u,v and w. We prefer not to 
introduce new notation for the name of these three last functions (like 
plu, v, w), v(u, v.w), O(u,v,w)). A change of the "old" variables x, y 
and z with the "new" ones u,v and w is nothing else then such a smooth 
deformation or a "regular transformation", another more mathematical 
term for the same notion. 

First of all we are interested how changes the volume of a small (its 
diameter is small enough!) parallelepiped domain [Po P; P1P3P2P{ P,P3] 
of the domain 2, which contains a fixed marking point P(£,7,6), 
through the deformation g. Let [MgM,M4M3M 2M} M{,M3] be the im- 
age 

9 ([PoP, PiP3PoP{PiP3]) of [Po Pi P,P3P2P{P{P3] through g (see 
Fig.9). 

If Po(uo, vo, Wo), Pi(uo, v1, Wo), Pa(uo, vo, Wi), P3(u1, vo, Wo), 
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r 


M=g(P) 


FIGURE 9 


Mo(2o, Yo, 20); Mi(a1, yi, 21), Ma(x2, yo, 22) and M3(x3, ys, 23) then, 


TQ = x(Uo, Vo, Wo) T= x(Up, V1, Wo) 
(4.1) Yo = y(Uo, Vo, Wo) ; Y= y(Uo, V1, Wo) ) 
£0 = z(Uo, Vo, Wo) AL = z(Uo, V1, Wo) 
Lq = L(Uo, Vo, W1) L3 = L(U1, Vo, Wo) 
Yo = y(Uo,V0,W1) Y3 = y(U1, Vo, Wo) 
2g = Z(Uo, Vo, W1) 23 = Z(t, Vo, Wo) 


THEOREM 90. (the change of an elementary volume) With the 
above notation and hypotheses, one has that: 
(4.2) vol ([MpM1M4M3M2M; M;,M3)) ~ 
(4.3) | 9 (6,7, 9)| vol([PoP,PiP3P2P{P{P3]) = 


— | Jz (E.n, 8)| (ui — Uo)(V1 — Vo)(w1 — Wo). 
The approximation means that the volume of the image of the paral- 
lelepiped 
[Po P; P1P3P2P;} Pi Ps] 
through the deformation g is closer and closer to the quantity 


| 79 (E10, 9)| (ur — uo) (v1 — vo) (wi — wo) 
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as soon as the diameter of the parallelepiped is smaller and smaller. 
Hence, we can look at the quantity Je ; 0)| as to a local "dilation" 
or "contraction" coefficient of our deformation g . It controls the mod- 
ification of small volumes during the deformation process. 


PROOF. The following sequence of consecutive approximations will 
give us the final approximation of the formula (4.2). 
(4.4) 


vol( MoM, MiM3M M! MiMi) x vol (| Mom, MoM, MoMs| ) 


—_-=—  - ——_— — > 
where | MoM 1, MoM2, MoM 5 is the skew general parallelepiped con- 


‘ —_>= Ss ——-—S — — 

structed with the vectors Mj)M 1, MypM2, M)M3. Let us remember, from 
any course of Vector Calculus, the basic formula of calculation of such 
a volume. It is in fact the absolute value of the mixed product 


ee a ry 
(MoM1, MoM2, MoMs), 
which is computed as the value of the following determinant: 


T%—% Yi Yo 417 40 
(4.5) det | 22-20 Yo-Yo 22—% 
%3— Xo Y3— Yo %3 — 20 


Since 21 = 2(uo, V1, Wo) and 2 = 2(Uupg, V0, Wo), let us consider the 
function v ~ x(uo, U, Wo) and let us apply to it Lagrange formula (see 
[Po], Corollary 5, pag.88) on the interval [vp, vi] : 


ie 
L1 — Lo = —(Uo, C, Wo) - (v1 — Vo), 
1— £0 Aa | 0 0) + (v1 — vo) 
where c € (vp, V1). Since the diameter of the parallelepiped 
[Po Pi P1P3P2P;P1P3] is very small, the point (uo, c, wo) is very closed 
to P(€,7,0). Since the functions x(u, v, w), y(u, v, w), z(u,v, w) are of 
class C!, the function 22 (u,v, w) is continuous. Hence 22 (ug, C, Wo) is 


sufficiently close to Gn (¢ 7,0). Finally we get the approximation: 


(4.6) XX & oem, 0) 7 (v1 vo) 


The same type of reasoning lead us to the other approximations: 


0 
mi— vo % So(En,8)- (v1 00), 


O 
4-2 & 5 (6.8) - (v1 — r), 
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en, CD) . (wi _ Wo); 


Lg—-%o & 

r—wo % SY(E.n,8)- (wr — wo), 
wy — 2% © a (&,m,0) - (wi ~ wo), 
t3—Xy ®& oe n.0) (u1 — Uo), 
vs— 0 ~ SY(E.n,8) + (ur — wo) 
zy— 20 S2(E.,8) (tu — to). 


With these approximations, we come back to the above determinant 
(4.5) and find: 


T—% Yi-— Yo 41— 20 
det | %2-—2% Yo-Yo 22-2 | & 
v3 —%X Y3— Yo +3 — 40 
pe (6.7, 8) GY (€,n, 0) ae (67,8) 
~det | sr(6.7,9) s2(€.0,9) 5a(€,7,9) | (ui—uo)(v1—vo0)(w1—w). 
2(tn,0) Se(E,n,0) $2(6,n,8) 


Since the determinant of a transposed matrix is the same like the de- 
terminant of the initial matrix and since by changing the rows between 
them, the absolute value of the obtained determinant does not change, 
we finally get that the absolute value of this last value is nothing else 
then 


| 73 (E17, 9)| (ur — uo) (v1 — v0) (wi — wo), 
i.e. the formula which appeared in the statement of the theorem. Let 
us recall the definition of the Jacobian of @ : 


gu (67 9) au (67 9) 2 (€,1,0) 
(4.7) Fy (E,7,0) = det | ai(67,8) e(E.n,8) ayy (6+ 11:9) 
Rei): -Sal(Sie) Stee) 


Let us use this basic result in order to prove the next theorem. We 
shall again use the following simple observation: if two real numbers I 
and J are limit points for one and the same subset A of real numbers 
and if A has a unique limit point, then J = J. Instead of saying that [ 
is a limit point of A, we can say that J can be well approximated with 
elements of A, etc. 
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THEOREM 91. (general change of variables in triple integrals) With 
the above notation and hypotheses one has: 


(4.8) [ff ten z)drdydz = 


7 Jf [ feotue.w), vue, w), 20,0) ‘Nips Gu aei\ datos. 
Q 


PROOF. We can well approximate the domain (2 with a union of 
nonoverlaping (which have no interior common points) parallelepipeds 
OK ¢ [wi—1, Us] x ese vy] x [wea wel, t= iF 2, vy TN, J a 1, 2, wy MM, k= 
1,2,...,p. Let Dijx = G (Qijx) be the image of 0,;;, after the deformation 
g. Since g is a diffeomorphism, D can also be well approximated 
by the set of subdomains {Dj;,},i = 1,2,....n, 7 = 1,2,..,m, k = 
dA aera 0 

Let {Pije(&,7;,9«)}, Pigk € Qije, be a set of marking points in Q 
(Pay attention, {;;,} is not a division of 2). We just remarked above 


(see remark 31) that the triple integral J = b | i f(x,y, z)dxdydz can 
D 


be well approximated by sums of the following type (here 
Mije((&;, Ny Ax), y (Ei; ys Ox), 2, ys Ax)) S Digg, 
i=1,2,....n,j =1,2,...,m,k=1,2,...,p 


is a set of marking points in D): 
(4.9) 


m Pp 
i S- S- F(xlé, ys Ox), y (Ei; ys Ox), 2(&:5 ys Ax)) : vol (Dijk). 


But, using formula (4.2), we get: vol(Dijx) © |Jz(E,n;,9%)| (ui — 
Ujy—1)(V; — Uj-1) (WE — We-1). Thus, coming back to formula (4.9), we 
get: 


m =~ 
ies DoD SCE js), W(Eis Mj Ah): Eis M5 OR) 


x | Fy (Eis 05, %)| (te — a1) (Vj — 05-1) (We — Wer), 
which is a sum that well approximates the triple integral 


ps i, | i f(x(u,v, w), y(u,v, w), 2(u, v, w)) - | Jg(u, 0, w)| dududw. 
Q 
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Since J and J are fixed numbers and since J & J as well as we want, 
we must conclude that J = J, i.e. the required equality in formula 
(4.8). 


REMARK 32. When we want to use the change of variables formula 
(4.8), first of all we must try to realize our domain D as the image of a 
simpler domain Q, a parallelepiped if this is possible, through a smooth 
deformation g. Even g : Q — D is not more a difeomorphism, 
but it is so whenever we restrict it to an open subset Q' C Q. with 
vol(QN0') = 0 and the subset D\, G'(') has volume zero, the change 
of variables formula continues to work. Indeed, 


{ff Gye \dedyde = / ft (x, y, z)dudydz+ 


DG (2) 


+ff f f(z, y, z)dxdydz =0+ IT / f(x,y, z)dxdydz = 
7G (2) G(2’) 


= fff Folu,0.w), (ue. w), a, 0,1)) | y(u, 0, w)| dudodw = 
J 


= [ff feotuv.w), vuv,w), 2a 0,0) AT Giset bandas. 
9) 


Here we used an immediate result (prove it!): "The integral (simple, 
double, triple, etc.) on a subset of measure (length, area, volume, etc.) 
zero 1s always equal to zero. Indeed, look carefully to any general Rie- 
mann sum,...it is zero! 


REMARK 33. Moreover, during the proof of the above theorem 91 
we did not used the fact that D or Q are closed. Even some parts of 
their boundaries OD or OQ are missing, the formula continues to work. 
This will be the situation in some future applications, when either the 
Jacobian Jz is zero at some points of OQ, or g is not a bijection or a 
diffeomorphism around some points of Q (see bellow the change of the 
Cartesian coordinates x,y,z into the spherical coordinates p, p,0). 


EXAMPLE 90. Let D be the skew parallelepiped OACBDA'C'B' 
generated by t the vectors OA= ¥ fr 37 + k, OBS =37 + k and 
OD=7+ 7 +4k (see Fig. 10). 

Assume that D is loaded with a density function f(x,y,z) = «+ 
y + z. Let us compute the mass of D, i.e. the triple integral I = 
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FIGURE 10 


i, i i f(x,y, z)dxdydz. We see that any of the iterative methods fails 
D 


in this case because of the "complicated" geometrical form of D (it can 
also be divided into "many" simple subdomains w.r.t. Oz-axis). Let us 
use the change of variables method described above. For this, we try 
to find a linear transformation g : R® — R® such that the image of 
the cube Q = [0,1] x [0,1] x [0,1] through G be exactly our domain 
D. Any course of Linear Algebra tells us that there exists one and only 
one linear transformation (an isomorphism or automorphism in fact!) 
which changes the basis {(1,0,0),(0,1,0),(0,0,1)} into another basis 
a ns 

{OA,OB,OD}. Here we just identified the arithmetical vector space 
R°? with the geometrical 3-D space V3 of all free space vectors. It is 
easy to write the matrix Mz of this linear transformation w.r.t. the 
canonical basis {(1,0,0), (0, 1,0), (0,0,1)} of R°: 


1 -3 1 
My7=|3 0 1 
1 1 4 
Thus, g acts on the column vector (u,v,w)' € R® as follows: 
u 1 -3 1 u u—3u+w 
Fi ee ca Ce ee | ae Ds eS 3u + w 
w 1 1 4 w utu+4w 


Hence g(u,v,w) = (u—3v+w,3u+wu,ut+tv+4w). Why g(Q) = D? 
To answer to this question we can use the linearity of 9. Indeed, an 
element (u,v,w) € R® is in Q = [0,1] x [0,1] x [0,1] if and only if 
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u,v, w € [0,1]. But 
— — — 
wOA+v0OB+wOD € D, 


since u,v, w € [0,1] (look at the parallelogram rule of adding vectors!). 


Thus, g(Q) C D. Since any vector OM, with M € D can be written 
as a linear combination of the form: 


OM = uOA+vOB + wOD, 


for u,v, w € [0,1], one has that G is also surjective. The determinant 
of Mz is equal to 35 # 0, so that g is an isomorphism. Since x = 
x(u,v,w) =u—3v+u, y = y(u, v, w) = 8u+w and z = z(u,v, w) = ut 
v+4w, ¢ is also of class C'. Its inverse is also a linear transformation, 
so that it is of class C! too. The Jacobian of g¢ is det Mz = 35. Now 
we can apply change of variables formula 4.8 and find: 


mass(D) = [ff +y+ z)drdydz = 


=35 if (u— 3u+wt+3ut+tw+utu-+ 4w)dudvdw = 


[0,1] x [0,1] x [0,1] 


ACs ([ (61-204 60)du) de) dur = 
27. ([ (Get 20 one ao) a 
= [ ([ (3-204 60) av) dav = 
= f° (Go-ot +60] Jau= f° (5 +61) tr 


3 1 
= = 3w? 
pee Oe 


3 ) 
— 3 =: 
a7 2 


0 

EXAMPLE 91. (spherical coordinates) Let us recall a very important 
type of change of variables, namely the change of the Cartesian coordi- 
nates x,y,z into the "spherical coordinates", p,p,0 (see Fig.11). Here 
p is the distance of a point M(x, y, z) up to to the origin O, p is the angle 


between the Ox-axis and the projection OM OM! of the position vector OM, 
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*4 


Mix yz) 


i 
# M(x, ¥,0) 


FIGURE 11 


on the xOy-plane and, @ is the angle between the Oz-axis and the po- 
sition vector OM (see Fig.11). Since ou = jom| cos (% — 6) = 
|om| sin@ and since x = ox cosy andy = om 


the following connections between the Cartesian coordinates (x,y, z) 
and the spherical coordinates (p, p, 9) : 


sin py, one has 


x =2(p, 9,9) = psiné cosy, 
(4.10) y = y(0, 9,9) = psin@ sin y 
z= 2(p, :p, 8) = pcos 


Since the Jacobian J7(p, 9,8) of this transformation must not be zero, 
1.€. 
sinfdcosy —psin@ésiny pcos cosy 


J7(p,~,0) =det | sin?sing psin@cosp pcos@siny | = 
cos 6 0 —psin@ 


= —p’sind £0, 


the maximal definition domain of this regular transformation is: p € 
(0,00), y € [0,27) and 6 € (0,7). We see that the maximal definition 
domain of g is the infinite parallelepiped Q = [0,00) x [0,27] x [0,7] 
without some of its exterior sides. The image of 9 is the whole space 


R? without the Oz-azis. During the triple integration process all of 
these "gaps" of dimension 1 or 2 have zero volume, so that they means 
"nothing" (see also remark 32). For instance, if we have to compute 
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the integral I = [f [teu 2acauas, where D: 27+ y?+ 2? < R? is 
D 

the closed ball of radius R > 0 and with centre at O, we need in general 

to use the change of variables formula by using spherical coordinates. 


Let D* = D\{Oz-azis}, let Op = [0, R] x [0,27] x [0, a] and let OF} = 
(0, R] x [0, 27) x (0,7). Then, using the remark 33, we get 


(4.11) [f [teu 2deaya: = | f [te z)drdydz = 


(AQ) = [ [| tosin 800s y, psin Asin y, pcos 6) - p” sin Odpdydé 
QR 


Ai = [ [[ fosin cose, psind sin yp, pcos@) - p sin 0dpdiedd. 
QR 


Hence, 


(4.14) [ff teu z)drdydz = 


= [ [| tosin cos, psin sin y, pcos 9) - p? sin Pdpdpdd, 
QR 
or 


(4.15) tf i f(x,y, z)dxdydz = 


D: 22+y?+z22<R? 


R 20 T 
= i p" / (| f(psin 0 cos y, psin@ sin y, pcos @) sin oat) i] dp. 
0 0 0 


Let us apply now formula (4.15) in order to compute the mass of 
the ball D : x? +y?+ 2? < 9 with the density function f(x,y, z) = 4 |z|: 


mass(D) = 4 / i. / \2| dxdydz = 


D: x2 +y?+z2<9 


3 2a wT 
= if p" if (| p|cos 0| sind i] de = 
0 0 0 
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3 20 T 
=e a / i] (| |cos 0| sind) ap= 
0 0 0 
3 7 
=4-27 (| pap) (/ |cos 6| sind) = 
0 0 
3 7 wT 
(/ cos @ sin 6d0 -{ cos @ sin a) = 
0 \v0 5 
= 1627 f sin Od(sin 0) -f sin Od(sin ») = 
0 n 


2. 
2 T 
= 1629 (s : ) 1697 
3 


2 
Not always the too much processed formula (4.15) is useful. For in- 
stance, let C’(0,0,a) be a point on the Oz-axis, a > 0 and let D be the 
closed ball with centre at a and with radius a (see Fig.12). 


ie 
2 


sin? 0 
2 


0 


zt 
2 
y 
vA 
FIGURE 12 


Let us compute the inertia moment [, = | | p (x? + y?)dxdydz of 
D 


the solid (D,1) (or of D with the density function understood to be 
f(x,y,z) = 1). Since the sphere OD contains the origin O, it is a 
good idea to use the change of variables formula, by changing the old 
Cartesian coordinates (x,y,z) with the spherical coordinates (p, y, 0). 
It is clear that if M(x, y,z) € D, then the corresponding y and @ verify 
the obvious conditions: y € [0,27] and 0 € [0,] (see Fig.12). The 
Cartesian relation which describes D is: x? + y* + (z — a)? < a’, or 
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x? +y? +27 —2az < 0. If instead x,y, z we put their corresponding 
expressions as functions of p, yy, from (4.10), we get: 0 < p < 2acos@, 
ie. p € [0,2acos 6]. Thus, the general formula (4.8) becomes: 


Qn >: 2acos 60 
[f [e+e iacaya: = | | (| p’ sin” 6 - p” sin édp a dp = 
a 0 0 0 
Qr - 2a cos @ 
= | | 7 sin? 0 ( | pap) w io 
0 0 0 


Qn 5 2a cos 0 
= (| te) / sin® 0 @ pap) a = 
0 0 0 
- 2a cos 60 
= 27 if sin? 0 (| rap) w — 
0 0 


es p° 2a cos 0 Boda es 
(4:16) -=2a | sin? 9 | — ag| = i sin? @ cos” 0d6. 
0 5 9 Jo 


0 
Now we have a good opportunity to use formula 7) of theorem 63: 


Baa; = 2 fe sin”! ucos”’-1 udu (the trigonometric expression of 
the Euler’s beta function), in order to compute the last integral in 
4.16. 


rT 


3 cos’ 6d0 = <= B(2,3) = = = 57: 
/ yy os ae 2 Oe) 2° I) 2 A! 24 


2°a°r 1  8ra? 
2 2 —= . — 
[ff + y*)dxdydz = a ay Te 
D 


EXAMPLE 92. (cylindrical coordinates) Let us come back to Fig.11 
—> 

and associate to any point M(x, y, z) the number r = jon" E [0, 00), 

the distance of M’' (the projection of M on the xOy-plane) up to the 

origin O, the angle y € [0,27] and the height z € R of M. The associ- 

ation (x,y,z) ~ (Tr, ~, z) gives rise to a new change of variables. Here 

(r,y, z) are called cylindrical coordinates of M and the corresponding 
change of variables is described by the following functions: 


Hence, 


L=£9,0,2) = Teo y 
(4.17) y=yr9,z)=rsing , 
z= 2(7,9,2) =2 
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where r € (0,00), y € (0,27) and z ER. The slight modification in the 
definition domain of the vector function g(r, v, z) = (r cosy, r sin y, z) 
appeared because we want this function to be a smooth deformation 
(here the Jacobian is equal to r, which must be not zero). As in the 
case of spherical coordinates, what we got out (r = 0, i.e. the Oz- 
axis, p = 27, i.e. the zOx-plane) are lor 2-dimension pieces, so not 
important during the triple integration process. The name "cylindrical 
coordinates" comes from the fact that the parallelepiped 2 = [0, R] x 
(0, 27] x [0, h] is deformed through the above cylindrical deformation g 
into the cylindrical domain D : «2 + y? < R?,0 < z< h. This last 
one is not "in fact’ a smooth deformation, but the exception points are 
neglected during a process of triple integration, because a set of such 
points has always zero volume. This is why we usually force things and 
do not care of the true definition of a deformation! 


Let us compute for instance the coordinates of the mass centre of 
the cylindrical solid (D, f), where D : y? + 22 < 16,3 < # < 5 and 
f(x,y, z) = 2a + 1. Since the domain is symmetric (like a geometrical 
object!) w.r.t. Ox-axis and since the distribution of masses is also 
symmetric w.r.t. to the same line Ox, the coordinates of the mass 
centre G of the solid are (xq, 0,0). Hence, we compute only (see formula 


(2.4)) two triple integrals. 
[f [ete 2dedya: 
D 


1 
Jf [Fon sete 


Since the matter is about a cylindrical domain, we apply the change 
of variable formula (4.8), but not with exactly the functions which 
appear in formula (4.17). We have to make some small modifications 
in this formula, but not in the essential feature of it. In the initial 
description of the cylindrical coordinates, the Oz-axis was a "pivot". In 
our case "the pivot" is the Oz-axis, so that the cylindrical coordinates 
in our case are (r, y, ) for any point M(x, y, z) (Why?-make a draw and 
explain which are r and y in this last situation!). Thus, the appropriate 
formulas are: 


L=x£ 
y=rcosyp , 
z=rsing 
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where r € [0,4], y € [0,27] and x € [3,5]. Now we are really ready to 
use the change of variables formula (4.8) with the Jacobian equal to r. 


mass(D) = / | i (27 + 1)dxdydz = 2 il | / vdxdydz + / ii i ddydz = 


= 2[ [fraxdya: +vol(D) = 327 + 2 | [frdvdya: = 
D D 


4 Qn 5 
=3an+ f r(f / ded ie) r= 
0 0 3 
4 2a 4 20 
=a ['r( f  ] dp) dr = 32n-+16 f r( f ie) dr= 
0 0 0 0 


= 320 + 327 - 8 = 2887. 


Let us compute now [f [feu aaedyae i.e. the static moment 
D 


w.r.t. yOz-plane. 


[fre + 1)drdydz = 2 | [faravdyd: + [f [vaca 


But the last triple integral on the right was just computed above, so 
that: 


[f [rex 1)dxdydz = 12en+2 fr ([° fe] ie) dr = 


OF es an 3136 3520 
=w8r+5 fr [5*— 3°] dp) dr = 128 + Sn = a 
3 Jo ; 3 3 


Finally, xg = BR ~ 4.074 € [3,5]. 

The next result is very important in Mechanics. It can be done for 
simple, double, triple or surface integrals (these last ones will be studied 
in the next chapter). We shall give it here only for triple integrals. We 
leave as an exercise for the reader to state and to prove such a result 


for simple, double or surface integrals. 
THEOREM 92. (the reduction theorem in Statics) Let 


(Di, fi), (Da, fe), ar) (Dn, Fn) 


be n general nonoverlaping solids in R® and let 


Gi (@1, Y1, 2), Go(x2, Y2, 22), teey Gril Las Yn) Pn) 
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be their corresponding mass centres. Then the mass centre G(xq, ya, Zc) 
of the system of solids (D, f), where 


D=D,UD2U...UDy 


and f(x,y,z) = fe(z,y, z) of (x,y,z) € Dr, has the coordinates xa, yc 
and zq computed with the formulas: 


xymass(D,) + xgmass(D2) +... + 2nmass(D,) 


4.18 
Gale mass(D) : 
yimass(D,) + yemass(D2) +... + ynmass(D,) 
YG = ’ 
mass(D) 
zymass(D 1) + zgmass(D2) +... + Z,mass(D,) 
oS 8 
mass(D) 


where obviously mass(D) = mass(D)) + mass(D2) +... + mass(D,). 
The above fractions, say the first one, is called the weighted average of 
the numbers 21, 2, ..., Ln, with the weights mass(Dy), ...,mass(D,) 
respectively. 


PROOF. To prove this theorem, we simply use the main properties 
of the triple integrals, described in theorem 87 and the definition of the 
mass centre of a solid (see formulas (2.4)). We also prove the formula 
for xg only, because the other two can be proved in exactly the same 


manner. Thus, 
Hie x,y, z)dxdydz 


mass(D) 
“Ifo \dxdydz + .. + fffeten: \dxdydz 
mass(D) ~ 
[f [-slonerntna [ff etcooertee 
a = TTEaT -mass(D,) +...+ age oC ee mass(D,) 
7 mass(D) 


_ aymass(D;) + xgmass(Do) +... + ¢pmass(Dn) 
7 mass(D) 
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EXAMPLE 93. (a system of two solids) Let us apply this basic result 
(theorem 92) to compute the coordinates xc, yc and zg, the coordinates 
of the mass centre for the system D, formed with two homogenous solids 
D,, Dz (considered with the density function te = 1), where D, is the 

"north" hemisphere of the ellipsoid: “5 aes ve ne ed 1, z >0 and Dy is 
the "south" hemisphere of the ball: x 21 (y— 2b)? ae < b?, z <0, where 
a,b,c > 0. To compute the coordinates of the mass centres for Dy and 
Dy respectively, we need appropriate changes of variables, inspired of 
the usage of the spherical coordinates. For D, we consider the "general 
spherical coordinates", p,p, 0: 


x = x(p, 9,0) = pasin@ cosy, 
Di: 4 y=y(p,,8) = pbsindsing , 
2 = 2p o.0): = pecos?. 


where p € [0,1], yp € [0,27] and 6 € [0,5]. The Jacobian of this trans- 
formation is equal to —abcp? sin@ (prove this!). For instance, let us 
compute the volume of D, (which is equal to its mass because the den- 
sity function is 1) by using formula 4.8: 


1 27 zg 
vol(D,) = | f [ecauae = abe | pe ff (/ sin oa) | dp = 
Di 0 0 0 
1 20 z : : 
= abc (/ #ap) (| ie) i sin 6d@ | = abc: —-27-1= mabe 
0 0 , 3 ; 


Thus, the volume of the entire ellipsoid ae +e > <lis equal to dmg 
Ifa=b=c=R, we get the volume of a oo of radius R: anf We 
shall need bellow the volume of a half of a ball of radius b : a oat 


{ff 


Let us compute z1 = , the z-coordinate of G1, the mass 


Ifo 


centre of D,. Since Oz is a ‘Sune axis for Dy, yy = x, = 0. 


1 2a 3 
[f [-avaua: = anc? [ p° if Uf sin # cos oa) | ap: = 
0 0 0 


Dy 


abc? ‘ sin26|? mabe? 
Se TT . s 
2 


4 


0 
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mabe? 


—: 4 — 
Hence 23 = =e = 


3c 
16° 


3 
Since Dz is symmetric w.r.t. the line x = 0, y = 2b, x2 = 0, yo = 2b, 


[ff sive 
—— 


so that we need only to compute z2 = . Here G2, the mass 


centre of Dz has the coordinates x2, y2 and z2. An appropriate change 
of variables for Dz are: 
x= 2x(p,v,0) = psin@ cosy, 
y= y(p, 9,0) =2b+ psindsingy , 
z= 2(p, 9,6) = pcosé. 


where p € [0,6], y € [0,27] and 6 € [§,7]. The Jacobian is obviously 
J = —p’sin@, because the function y was modified by the addition of a 
constant. Hence, 


b 2a T 
[ff -avdya: = i pr if (/ sin 6 cos a) | dp = 
ee 0 0 n 
ee bs mb4 
= (/ snd eos) - 20 - oo a 


_ xt 4B 
Thus 22 = yr = —%- 


3 
Let us use now formula (4.18) to compute xa, yao and zg. 
0 - vol(D,) +0- vol(D2) 


ee 
ae vol(D) 
— 0-vol(D1)+2b-vol(Dz) —— 20- aa 4 ee 
ae vol(D) — Bmabe 4 2nd ac + 
Cc Cc TT AOC TT 3 
—— ig VOl(D1) — B-vol(D2) _ ig a BB ac — 
vol(D) Seale 4p 2eie 16 ac + b? 


Many other practical properties of the mass centres can be proved 
by simple applications of the basic properties of triple integrals. For 
instance, for two nonoverlaping solids (Dj, f,), (D2, fo) with their mass 
centres G'1(#1, y, 21) and Go(re, Yo, Z2), the mass centre G of the system 
(D, f), where D = D, U Dag, is on the segment which joins G; and G2 
(prove it!). What happens when G; = G2? 
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5. Problems and exercises 


1. Find the mass of the following solids with their corresponding 
density function f(z, y, z). 

a) D = [0,1] x [0,1] x [0, 1], f(x,y, z) = zysin(mz); b) D = [0, 1] x 
[0, 2] x [-2,3], f(x,y, 2) = 32; 

eee 1<z<2, f(z,y,z) = V2? +y?3d) etyt2? <1, 
F(a, y,2) = 1+ (a? + y? + 27)87; 

e) 2? +y? < 227, y > 0, z > 0, z < a, wherea > 0, f(z,y,z) = 
z/x? + y?; f) the domain bounded by 2? + y? = R?, z = 0, z = 1, 
y < cvV3, x,y,z > 0, f(x,y, z) = 1; g) the tetrahedron bounded by 
r=0,y=0,2=0,2+y4+2=1, f(z,y,z)=(1+2rt+y42)° 

2. Find the volumes of the following domains: 

a) the domain D bounded by y?+ “ =2r7,2=1;b) 274+ y?4+2?- 
Az <0; c) ey ae eo era" aie 

ee ee eee ser re eee 
Ls 2 eee el ee eG: 

3. Find the coordinates of mass centre for the following solids: 

a) tty? t2? <1, f(r,y,z) = Jz? +y?4+ 22; b) ae? +y’ < 2’, 
Ose 2 ys Z)= / 0? by? 

c)e ty <11<z<2, f(a,y,2) =2z; 

4. Find the coordinates of the mass centre of the following domains, 
bounded by: 

abe+y=2z,0<z2< 1b r+yY=2,r+y+2=0;0) 
y? +227 =Ag, x = 2; 

5. Find the inertia moment of the following solids w.r.t. Ox-axis: 

a) x2 +y?+22 <9, f=1;b) (x—-1)? +y?4+2? <1; c) x? 4+y? < 2z, 
GU, Ye ON 0k es D. f= 2 
d) [0,1] x [0,2] x [0,3;,e) 2 +2<y,0<y <2, f = Qyt+ 
—_— oo 
1; f) the general parallelepiped generated by OA, OB, OC, where 
A(1,3,1), B(—2,1,1) and C(0,—1,2); g) the tetrahedron [OABV], 
where A(—1,3,2), B(—3,1,4) and V(1, 1,1). 

6. Find the mass centre for D = D,;UD 2UD3, where D, : 7?+y? < 9, 
0 s z s 3, files y; 2) = 4, 

Dz: (x —5)*+y2 +2? <4, fo(z,y,z) =x and Ds : [10,11] x [5, 6] x 
[0, ile fa(x, y, z) = %. 


CHAPTER 8 


Surface integrals 


1. Deformation of a 2D-domain into a space surface 


Let wov be a plane Cartesian coordinate system in R? and let Oxyz 
be a Cartesian coordinate system in R°. Let D be a plane general 
domain (bounded, closed, connected and OD is a piecewise smooth 
curve) and let g : D — R® be a continuous injective and piecewise of 
class C' field. Moreover, we assume that at "almost" every point M of 
S = g(D) there exists a unique tangent plane to S. "Almost" means 
that the set A of points on S at which we have not a unique tangent 
plane has zero area (or area(g~1(A) = 0). We always assume that S' is 
closed as a topological object in R?, i.e. that R°\S is an open subset 
of R’. We recall that a subset A of R® is said to be open (in R?) if 
for any point P of it there exists an open ball B(P,r), r > 0 of R? 
with B(P,r) C A. Such a field GY as above is said to be a (piecewise 
smooth) deformation of D into the (space) surface S = g'(D). Since 
Gg (u,v) = (x(u,v), y(u, v), z(u,v), where x(u, v), y(u, v) and z(u,v) are 
piecewise functions of class C! of independent variables u and v, we 
also represent g’ or S in a parametric way: 


Ce (U8) 
(1.1) G64 GS ae ,(u,v) ED. 


Here x of x(u,v) is the name of a function of two variables u and v. 
For instance, z(u,v) = u? — v?, etc. By an abusive language we shall 
use (x,y,z) either as free (independent) variables in R*, or as names 
of the three functions of u and v like in formula (1.1). The three 
equalities in formula (1.1) are called the parametric equations of the 
surface S = g(D) and the surface itself S' is also called the support of 
the deformation 9g’. Such a deformation 9g’ is also called a parametric 
sheet. The same surface S can have many parametric representations. 
For instance, the plane 2x — 3y+ z—1 = 0 can have the following three 
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parametric representations: 


v= 
G1: y=y (x,y) € R’. 
z= —-24+3y4+1 


Here: D' = RY. a Sa Sy ais) = u, yi, u) =v and.-2(u;4):= 
—2u + 3v + 1. Another parametrization of the same plane is: 


LS a 
G2: y=(Qe+z-1)/3 (z,z) ER’. 
Bea 


It is now clear how do we construct the last one: 
g = (1—z+3y) /2 


Tie y=y (y,z) € 
— 4 


A 
JN 


Hence, we can simply call a surface any deformation g : D — R® or 
only the support S = g(D) of this last one. In practice, we give a 
surface by its parametric equations or by an implicit form of it, S = 
{(x,y, 2) : F(x, y, z) = 0}, where F is of class C1? and 


OF OF OF = 
grad F(x, y, Z) = (Frees 2)» Gy EY 2), By kbow :)) F 0, 


i.e. in a neighborhood of each point M(a,b,c) of this surface (i.e. 
(a,b,c) verifies the equation F(x, y, z) = 0) we can apply the implicit 
function theorem (see [Po], theorem 82) and we can represent the sur- 
face in one of the following three forms: 


CHT C= 
DA Y=Y See Das. : ys yla, 2) (ape) Ds 
BAe) 22 
x= xy, z) 
S y=y ,(y,z)E€D 
aie 


For instance, the unity sphere S = {(z,y, z) : 2?+y?+ 2? = 1} is given 
here as an implicit equation. If we want to express it as z = z(z, y) 
about a point M)(a, b,c), the partial differential F(a, b,c) must be not 
zero, i.e. 2c £0, or c 4 0. So we can do this about all points M,(a, b,c) 
on the sphere S, but the points on the circle x7 + y? = 1,z = 0. 
Since z = +,/1— 2? —y?, round such a point Mo(a,b,c) z cannot 
be defined as a univalent (univalued) function. About such a point 
we can represent the equation of the sphere S' as an explicit function 
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w.r.t. x or y. Indeed, if c = 0, at least one of a or b must be not zero 
(otherwise 0 + 0 +0 = 1!), say b > 0. Then the continuous expression 
+/1— 2? — z? must be positive on a neighborhood U (find it!) of 
(a,b,0), so that y = V1 — 2? — z? on U. 


Let us recall now some facts from the differential geometry of a 


ee) 
surface S: ¢ y=y(u,v) ,(u,v) € D. Let Po(uo, vo) be a fixed point 
ses Bl tht) 


in the plane domain D (see Fig.1) and let denote the above deformation 
> > rae => are =. 

g (u,v) by r(u,v) = z(u,v) i + y(u,v) 7 + z(u,v) k = OMo, the 
position vector of Mo(Xo, yo, 20), where rp = X(Upo, Vo), Yo = Y(Uo, Vo), 
29 = z(uo, vo). To easier understand what is Mo, we put 7 (Po) = Mo, 
etc. (see Fig.1). Thus, a running point M on the surface S is the 
image through 7 of a running point P(u,v) of the plane domain D. 
This means that M(az(u,v),y(u,v), z(u, v)) is such a running point on 
S. Usually, we associate to any point Mo(x(uo, vo), y(uo, Vo), Z(Uo, Vo)) 
of S two important vectors which generate the tangent plane T),, at 
Mo to S. These are: 


— 

(Ley rule): =a tg, vo) + Yu(Uo, vo) J + Zy(Uo, Uo) & and 
> rad mt ae 
Py(Po) = Ly(Uo, Vo) t + Yo(Uo, Vo) J + Z(t, Vo) k 


Our hypotheses on S' say that the tangent plane Thy, exists and it 
is unique, so that the two vectors 7’,,(Py) and 7’,(P5) which give its 


. . =e = coud . 
direction N(P5) = T',(Po) X T’y(Po) cannot be collinear. The versor 


—> = Tu(Po)x f v(Po) : 
(Py = [Fax (Po)] is called the normal versor at My to S. Here 
i oe = oe a ar ... etc. Thus, the equation of the tangent 


plane Ty, is: 
xX — Xo Y — Vo Z — £9 
det | Zu(Uo, Vo) Yultlo, Vo) Zu(to,vo) | =O. 
Ly(Uo, Vo) Yu(Uo, Vo) (Uo, Vo) 


Let us introduce three new functions A(u,v), B(u,v) and C(u,v): 
—> 


T’y(U,v) X Py(u,v) = A(u,v) @ + B(u,v) 7 + C(u,v) k. Hence the 
normal versor 7 (u,v), at a running point M(2(u,v), y(u,v), z(u,v)) of 
S, has the following expression: 


- A(u, v) = 

1.3 MAU, VU) = : 

1) oe V A2(u,v) + B?(u, v) + C2(u, v) 
B(u,v) a 


A?(u, v) + B(u, v) + C?(u, v) 
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C(u, v) re 
SG) + B(u,v) + C?(u, v) 


(see Fig.1). 


FIGURE 1 


We are interested now how the area of a small rectangle | PP, P2P3], 
where Po(uo, Vo), Pi(ti, vo), Po(uo, v1) and P3(u1, v1) changes when we 
deform this rectangle through the deformation 7’(u,v) up to the sur- 
face [MoM,M2Ms3] (see Fig.1). The idea is the same like the idea used 
in proving theorem 81. 


THEOREM 93. With the above notation and hypotheses, one has 
(1.4) area|MypM,M2Ms3] ~ 
y / A2(uo, Uo) + B?(uo, Uo) + C?(uo, Uo) - area| PoP; P2P3], 


the approximation being better and better as the diameter of | P)P,P2P3| 
is smaller and smaller. Hence, the number 


A?(uo, Uo) + B?(uo, vo) + C?(uo, vo) 
acts as a dilation or contraction coefficient of the elementary area 
area| PoP; P2P3] = (ui — uo)(v1 — Vo). 
Formula (1.4) can also symbolically be written: 


(1.5) do = VA? + B*4+ C?dudv, 
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where do is called an element of area on the surface S. The point 
Po(uo, vo) can be substituted with any other fixed point P(£,n) of the 
rectangle 

[PoP P2P3], .€ 


(1.6) area|MypM,M2Ms3] ~ 


re /A2(E,n) + B2(E,n) + C?(E,n) - areal PoP; P2P3]. 


PROOF. Let us approximate the area of the 3D-curvilinear paral- 
lelogram 
[MoM,M2M3] with the area of the parallelogram [MoM,M2M$] gen- 
RRS Sea ee . . . 
erated by the vectors MpM, and MoMz (see Fig.1), i.e. with the num- 
ber 


a a 
= |/det | x1 — 29 Y1— 21 — 20 
%Q2— XQ Y2- 22 — £0 


(1.7) Mom x Moy 


eter 


where 21 = 2(Ui, U0), Yr = y(t, V0), 21 = sei 9 = 2(to, v1), 
Y= y(uo, V1), A= z(Uo, U1). But 


Ly — Lo = Lu, vo) — Z(Uo, Vo) = 


Ox 


x 
Raeranae Ou a, (Crs ¥0) ° (w1 a uo) i Fy (lor v0) : (uy = Uo), 


because c; € (uo, U1) and wu; — uo is small enough. Thus, in the same 
way, we can deduce the following approximations: 


O 

Ty—-%o (to, Yo) « (a — to) & (6.79) - (tu — wo) 
O O 

w-Yo * ge) ee a 7) + (u1 — Uo) 
O 

a % 5 (to, Yo) (ur — uo) © a —(E,n) (ur — uo) 
O Ox 

By —%) % F—(Uo, 0) - (v1 — ew) & F-(En) - (01 — v0) 
O O 

YoYo & (uo, v0) - (v1 ~ vo) & 5 (En) (v1 ~ v0) 
O O 

Za 2% F-(uo, 0) (v1 — vo) & 5-(E.m) «(v1 — 20). 


Let us come back to formula (1.7) and obtain: 


~ 
~ 


ee ee? 
| Mom x MoMo 
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=> => 


p> ee 
4-9 

~ |idet | 2 Ou a (uy — Uo)(v1 — vo) = 
Ov Ov Ov (uo,vo) 


/ A2(uo, vo) + B?(uo, vo) + C? (uo, Vo) (ur — Uo) (V1 — Vo) & 


me / A2(E,n) + B(E, 7) + C2(E, 7) (ui — uo)(v1 — v0), 


area|MoM,M2Ms3] © 
= y/ A?(uo, Vo) + B?(uo, Vo) + C?(uo, Vo) + areal PoP; P2P3] © 


or 


A?(€,7) + B2(E,n) + C2(€, n) - areal PoP; P2 Ps}. 


Let us compute the element of area do on different surfaces S' with 
the help of formula (1.5). 


EXAMPLE 94. (cylindrical deformation) Let D = [0,27] x [0,h] 
= = = 
(see Fig.2) and let F (u,v) = Reosui + Rsinuj +uk, u€ (0, 2r], 
v € (0, h] be a deformation defined on D. Since the image TF (D) is the 
circular cylinder of radius R and height h (see Fig.2), 


FIGURE 2 


this last deformation is said to be a cylindrical deformation. The 
parametric equations of this cylinder are: 
g= alu) = Reosu 
(1.8) g:¢ y=y(u,v) = Rsinu ,(u,v) € D = (0, 27] x (0, Al. 
Z= 20) Sa 
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Let us compute the element of area do on this cylinder. We need only 
to compute A, B, and C as the coordinates functions of TY’ ,(u,v) x 
Tr’ ,(u,v). But 


ry, = —Rsinui +Reosuz +0-&k 
=> ara mae she ae 
Py = O0-2+0- J + k. 
Thus, 
2 = = 
> > ' J k — => => 
rux?r,=det | —Rsinu Rceosu 0 = Rceosui+Rsinuj +0k. 
0 0 1 


So that VA? + B?+ C? = R and do = Rdudv. This means that if R 


is large enough, then the areas on the cylinder x? + y? = R? are very 
much modified. The dilation coefficient of the areas is R. 


EXAMPLE 95. (conical deformation) Let D = [0,27] x [0,h] (see 
—> 


; — R TH, FR 8 : ae 
Fig.3) and let r’(u,v) = Fucosut + fusinuj +vk, ueé [0,27] and 
v € [0,h] be a deformation of the rectangle D onto a cone (see Fig.3). 


FIGURE 3 


The Cartesian equation of this last cone is x2+y? = Be, z € (0, Al. 


Let us compute the expression V/A? + B? + C?. 


> => = 


1 e) k; 
=> => . 
PyX Ty=det | —2ysinu Ey cosu 0 = 
R . 
7, COS U 7, Sin U 1 


> RR. > R= 
=—vcosui + —vsinu J — g0k. 


h h 
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Thus 
i? R4 R R? 
V A2+ B24 C2 = peo pa aa 


Hence do = Ry, /1 + E dudv. 


EXAMPLE 96. (spherical deformation) Let D = [0,27] x [0,7] (see 
Fig.4) 


FIGURE 4 


and let 7’ (y, 0) = Rsin@ cos oi + Resin @ sin op + Rcos Ok, pe 
[0,27] and 6 € [0,7] be a deformation of the rectangle D onto the sphere 
c+y’? +2? = R?. In this case, 


a = = 
- = a 4 k 
ryoxX re=det | —RsinOsiny Rsin#d cosy 0 = 


Rceosécosp Rcos@siny —Rsind 


= —R? sin? cos oi — R? sin? sin op — R?sinO cos k. 
Hence VA? + B2 + C2 = R? sin 0. 


In the case of a surface S which is explicitly given w.r.t. z, z = 
z(x,y), the formulas can be putted in another more convenable form. 
Indeed, the parametrization of S' is: 


L=2 
y=y ,(a,y) ED. 
2= 2(2,y) 
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Here x stands for u and y stands for v. Let us compute A, B and C' in 
this particular case: 


eee Sta | 1 one ee 
ge ) ) 
Cau 
y 
Hence 
Oz Oz 
1.9 A=-—, B=-— =]. 
(1.9) a B=-C 
Therefore 
2 
(1.10) tonal 22) ef 22) 4 ldady 
Ox Oy 


in this case. 
2. Surface integral of the first type. The mass of a 
3D-lamina. 


Let D be a (general) plane domain like above (closed, bounded, con- 
nected and 0D is a piecewise smooth) in the wov-plane. Let 7 : D — 


> — => 

R°, (u,v) = a(u,v) i +y(u,v) 7 + z(u,v) k be a space piecewise 
smooth deformation of D onto a surface S = 7(D). Let f: S 4 R 
be a piecewise continuous function of variables x,y and z, defined on 
S. It will be called a density function for S. The pair (5, f) will be 
called a 3D-lamina (3-D plate). Let A = {D;}, 7 = 1,2,...,n bea 
division of nonoverlaping subdomains of the same type like D and let 
BSA (Dd: ofS. }, 4 = 1,2,...,n be the corresponding division of 
the space surface S. Let {P; (é., Hy. P(E;,;) € D; be a set of mark- 
ing points for the division A and let {Mj((E,,n.), y(E:m)s 206i.) 
i = 1,2,...n be the set of marking points of A* which are the images 
of {P;} through the deformation 7’. The norm of the division A is like 
usual the number ||A|| = max{diam(D;) : i = 1,2,...,n}. It is clear 
that ||A|]| — 0 implies that ||A*|| — 0. A Riemann sum for f, A* and 
{M;} is defined as follows: 


(2.1) Sp(A*, {Mi}) -Yose (655 i)» Y(Sas Me) 2(Sa» M)) » area(S;). 


A natural interpretation r this last sum is the following. The entire 
mass mass(S) of the 3D-lamina (5, f) can be well approximated with 
the sum of all masses of the small homogenous 3D-laminas (.5;, f;), 
where for the density function f; we take the constant function with 
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the same value f(x(E,,,), y(E:m)s 2(E;n)) at any point of S;, Le. we 
approximated on 5; the variable density f with its value at a fixed 
point M; of S;. Thus the Riemann sum (2.1) is nothing else then the 
sum of the masses of all these new constructed laminas. 


DEFINITION 29. Let us preserve the above notation and definitions. 
We say that the function f 1s Riemann integrable on S if there exists a 
real number I such that for any small ¢ > 0, there exists a small 6 > 0 
(which depends on €) with the following property: if ||A*|| < 6, then 
|Z — S(A*, {M;})| < € for any P(E,,;) € D;. Hence I can be well 
approximated with Riemann sums of the type 2.1. This I can also be 
interpreted as the mass mass(S), the mass of the 3D-lamina (5S, f), i.e. 
the mass of S' with the density function f (when f > 0). The number I 


is denoted by [fre z)do and we call it the surface integral of the 


Ss 
first type of f on the surface S. In particular, for f = 1, we obtain the 
very useful formula: area(S) = [ fee. Like above, do is said to be the 
S 


element of area on S and it can be interpreted (a symbol in fact!) as 
an area of a very small surface S;, when ||A*|| > 0. 


This number J is unique. 

By using only this definition, it is possible to prove (prove them by 
imitating the similar proofs for double integrals!) the following main 
properties of the surface integral of the first type: 


1) The mapping f ~» [fre z)do is a linear mapping, i.e. 
S 


(2.2) 
[flores z)+ g(a, y, z)|do = aff sev aders foto z)do. 
2) 


N 


(2.3) of flo. 2)do = 3 [[ te.2)a0, 


S=UN., Si =e 


where {5;} are nonoverlaping surfaces. 
3) 


(2.4) f<g implies ff f(x,y, 2)do < | [olew z)do, 
S S 
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in particular if f > 0, then [ftes. z)do > 0. 
Ss 


4) (a mean theorem) 
25) | { te..2)d0 = H6,7,8)- area(5), 
S 


where M(£,7,0) is a point on S and f is assumed to be continuous. 
5) 


(2.6) area(S) = [fae 
S 


6) 
mass(S) = [[ feu 2ao, 
S 


where f is a density function on S. 
7) The coordinates of the mass centre of the 3D-lamina (5, f) are 
calculated with the help of the following formulas: 


(2: 


2.7) 

[fetew z)do | [utlev2)a0 [fates z)do 
te= — ae Bis: | 
; [fre z)do 7 [[1eu200 " [[teu2a0 

s A y 


8) Let (d) be a straight line in space and let g(z,y,z) be the 
distance-function of a point M(x, y, z) up to (d). Let S be a surface in 
space and let (S,f) be a 3D-lamina. Then the moment of inertia of 
(S, f) w.r.t. to (d) (when S rotates around (d)) is: 


(2.8) I(a) = [{oeu. z) f(x,y, z)do. 
S 


5% 


In particular, if (d) is the Oz-axis, then 
[,= iG at y’) : f(x,y, z)do. 
S 


Now we shall see how to practically compute such surface integrals 
of the first type. They are in fact the 2-dimensional variants of the line 
integrals of the first type (see definition 17). 


316 8. SURFACE INTEGRALS 


THEOREM 94. Let (S,f) be a 3D-lamina as above (D is a general 
plane domain, T : D — R® is a piecewise smooth deformation of D 
onto S, f is piecewise continuous density function on S). Then we can 


reduce the computation of I = [f tes. z)do to the computation of a 
S 


double integral on the initial undeformed domain D : 
(2.9) | { fe..2)40 = 
S 


= [frecn, y(u, v), 2(u,v))/A(u, v)? + Bu, v)? + Cu, v)2dudv. 


We simply substituted the independent variables x,y,z with the defor- 
mation functions x(u,v), y(u,v), z(u,v) and finally we putted instead 
of do its expression from formula 1.8. 


PROOF. The proof is based on the same idea like the leading idea 
of all the proofs for obtaining change of variables formulas. We well 
approximate D with a finite union UR R; C D of nonoverlaping sim- 
ple rectangles {R;}. Let R* = 7 (R;,) be the image of R; through the 
deformation 7’. Because of the hypotheses on D and on the deforma- 
tion 7 of D onto S, the union Up Rs well approximate S and the 
curvilinear parallelograms Rj are nonoverlaping figures. ‘Thus, 


(2.10) 


/ fi f(a, y,2)do = S> flae(Esnj), (Eons), (Ej) area RD), 
s p= 


where {P;(€;,7;) € Rj} is a set of marking points in D. But theorem 
93 applied to area(R;) transforms the last sum of the formula (2.10) 
into a sum which approximates the double integral of (2.9): 


N 
2 F(xl&;,5), ylEj05) E55 5)) i area(R;) ~ 


m= DF (wl; 09), w(Ej 19), 2(E 5 14)) x 


j=l 


X4/ A(E;,;)? + B(E;, 75)? + C(E;,0;)? - area( Rj) © 
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x [fre v), y(u, v), 2(u, v))/A(u, v)? + B(u,v)? + C(u, v)2dudv. 


| [feu20¢0 ~ 
S 


x [fre v), y(u, v), 2(u, v)) J A(u, v)? + Blu, v)? + C(u, v)2dudv. 


Hence, 


Since both these numbers are fixed numbers, they must coincide, i.e. 
the equality (2.9) is completely proved. 


We can now compute different quantities which are expressed by 
surface integrals of the first type. 


EXAMPLE 97. Let S: 2? + y? =2z,0<2z <2 be a paraboloid (see 
Fig.5). 


FIGURE 5 


It is realized as the image of disc x*+y? < 4 of radius 2 and centre at 

¥ ‘ eek —> =. x+y? _> 

O (see Fig.5), through the deformation r(x, y) =x 4 +yj +75 : 
Since a parametrization for S is explicitly expressed w.r.t. z, z(x,y) = 


ey we can apply formula (1.10) and find 


2 2 
(211) des @ + (5) + Idrdy = Vx? + y? + ldxdy. 
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a) Let us compute area(S) 


sd | tar / Vx? + y? + ldxdy = 


Dia? +y?<4 


area( 


x=pcos0 


2 2a 
= fe Pri( f i) dp = 
z=psind 0 0 


2 2 a)? 
-«f Pup iesiaa a == (5°/? — 1). 


0 
b) Find its mass, if the density function is f(x,y, z) = 3z 


mass( De) Fz 


3 
2 


o=3) / (x? +y?)\/ 2? + y? + ldzdy = 


D:x2+y2<4 
3 2 24442 v5 
=5 2 | PVF r lip =" an f t“(t“ — 1)dt = etc 
0 


c) Find the moment of inertia of (S, f), f = 32, around the Ox-azis 


2 2 
.=aff? ty (v4 (2? +) ee) eames 
S 
3 2 2a 
=5/ og pri( f [ip?sin? +p] d9) dp = 
0 0 
2 20 37 2 
Te Peril f sn? 6) dp + =f p/p? + 1dp. 
0 0 0 
But 


20 27 _ 
i sin? 0d0 = | pose! 
0 0 


dé = 
2 
so that 2.12 becomes 


2 2 
oT 
=f pV a ldp+ Ff p/p? + 1dp = etc 
0 0 
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fds) 


o | (da) 


FIGURE 6 


3. Flux of a vector field through an oriented surface. 


Let us consider a plane (P) and a fixed point O (the origin) in it. 
Let (d,) be an oriented line in (P) which passes through O. Let (d,) 
be another oriented line in (P) which also passes through O and is 
perpendicular on (d,) at O (see Fig.6). 

In fact we have two possibilities to orientate (by fixing a nonzero 
vector or "an arrow" with the support line parallel to (d,)!) this last 
line (d,). One is given by a vector OB (see Fig.6) and the other is de- 
fined by the vector OC== 0B . If we put . a screw at O, perpendicular 
on (P) and, if we rotate it from OA to OB around O on the "smallest 
path" (= 90°), the direction of its advancement gives rise to another 
oriented line (d,) which is perpendicular on (d,,) and (d,). This means 

——> as 

that the direction of (d,) is given by the vector OD = OAx OB, i.e. we 
just obtained "the up" part of the plane (P). "The down" part of (P) 

— > = => —> Ss > — 
is given by — OD. Let i, j and k be the versors of OA, OB and OD 
respectively (see Fig.6). If one chooses the other orientation of (d,), 

=—> — — 

given by OC and, if one rotates the screw from OA to OC, it advances 
on the other direction of k , i.e. on the direction of — k . The Cartesian 
coordinate system {O; i, rs k} is said to be direct or right oriented 
and the other {O; rare —k} is called inverse or left oriented. Thus 
our plane (P) has two "faces": one which corresponds to k (as a free 
vector if O runs on the plane) and the other which corresponds to ih. 
This implies that if we move continuously O along a closed oriented 
(see definition 18) smooth curve (y) C (P), the vector k (fixed in O) 
is moving on this curve and comes back at the same initial position. 
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We can observe that if we continuously move the plane Cartesian co- 
ordinates system {O; a 7} in the plane (P), we never can reach the 
position of the Cartesian coordinate system {O; a, 2a i This is why 
we call {O; a, 7} a direct oriented plane Cartesian coordinate system 
and the other, {O; me — j }, an inverse orientated Cartesian coordinate 
system. 

The definition of a direct or inverse orientation of a Cartesian co- 
ordinate system does not depend on the position of the point O, but 
on the basis of vectors (7, rs Rk}. This is why the true mathemati- 
cal model of "orientation" is connected to the bases of the 3D-vector 
space of free vectors. We say that two basis of vectors {v1, v2, v3} and 
{wi, W2,w3} have the same orientation if the matrix C = (cj), con- 
structed as follows: 


Wy = CV, + Ca1V2 + C313 
We. = Cy12QU1 + C22QV2 + C3203 
W3 = C13V1 + Co3V2q + C3303, 


(called the transition matrix from the basis {v1, v2, v3} to the basis 
{w1, W2, w3}) has its determinant det C a positive real number. The 
infinite set of all the bases in V3, the real vector space of all 3D-free 
vectors, can be divided into two nonoverlaping (their intersection is 
empty) subsets A and A~. Two bases {v1, v2, v3} and {w1, we, w3} be- 
longs to the same subset if the transition matrix from one to another 
has a positive determinant. Let denote by A the subset (or class) which 


ee is 
contains the basis { i , 7 , k } and by A~ the subset (or class) which 
— 


contains the basis { 7 , 7 ,—k}. We leave as an exercise for the reader 
to prove that AU A~ contains all the bases of V3 and that AN A™ = 2, 
the empty set. We call A the direct orientation of the space V3 and 
A~ the inverse orientation of V3. The same can be done for V2, the real 
vector space of the 2D-free vector space (i.e. the plane free vectors). 
Thus, whenever we fix a Cartesian coordinate system uov in a plane 
(P), we just fixed a direct orientation:"from u to v". What is this? 


—> 
The direction of the ou-axis is given by a versor 7’. The direction of 
— 
ov-axis is given by a versor j’. By definition the class A of orientation 


into which the base { 2’ , 7’ } belongs is said to be the direct orientation 
of the Cartesian system ov." From u to v" means that we take firstly 
i’ then, secondly, we take 7’. We simply say that uwov is an oriented 
plane Cartesian coordinate system (here the direct orientation is "from 


u to v” and the inverse one is "from v to u") (see Fig.7).The closed 
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curve in the uov-plane of Fig.7 is direct oriented because "its direc- 
tion" or "its arrow" is "from u to v”, the trigonometric direction or the 
counterclockwise direction. Let D be a plane general domain (closed, 
bounded, connected and 0D an oriented piecewise smooth curve). Be- 
ing in the plane uov, we say that D is oriented by this plane. More 
exactly, OD is directly oriented as we can see in Fig.7. If we walk on 
OD in the direction of 0D, the plane domain D must remain on the 
left side. This last quality makes D to be an oriented domain. 
— > => = 

Let g (u,v) = z(u,v) i + y(u,v) 7 + z(u,v) k be a smooth de 
formation (see its exact definition in Section 1, this chapter) defined 
on an oriented (like above!) general domain D, with values in V3 (or 
in R*). Let (S) = g(D) be the surface defined by this deformation. 
Let Po(uo, vo) be a point in D and let the direct orientated "coordinate 
curves" 7, : U = Uo and y,, : u = Uo which are passing through Pp 
(see Fig.7). Let Mo = g (Po) and let T,, and I’, be the images on the 
surface (S) of y, and y,, respectively. We assume that the curves I, 
and I, are also oriented with the same orientation like that one trans- 
ported from y,, and 7,, respectively (see Fig.7). [,, and I, are called 
the coordinate curves on (5) which passe through M).Thus, 


eo =, 09) 
(3.1) ey, : y= y(u, vo) ,UE DY ol ead 22): 
= 2(u, Vo) 


a Z(Uo, v) 


Vs : Y= y(uo, v) »U € Ol apie: 
Zz = z(uo, v) 


Hence, the "velocity" along T°, is 


, or (F Oy =| 


Cy S — 


Ou 
and the "velocity" along I’, is 
> or — (Ox Oy Oz 
Av \ Av’ Av’ Ov) * 
We associate to the point Mo € (S) its normal versor 
=> => 

FE (My) = —yshttor Yo) XP vl ttos Uo) _ 

Il 7’u(Uo, Vo) X T’y(uo; Yo) | 
on (S$) (see Fig.7). Here, in the definition of 7 (Mo), we have incor- 
porated the orientation of D namely, we see that in the cross product 


of the numerator we take 7’,,(Mo), then 7,(Mo), ic. "from u to v”. 
Since 7 (Mp) is a vesor, it uniquely defines a point Mj (its extremity 
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if 7 (Mo) = OM) on the unit sphere (US) : 2? + y* + 2% = 1 in the 
Oxyz-space (the space into which (S) is considered). Let us leave Mo 
to run freely on (S$) and let us denote it by M. We obtain in this way 
a new function M ~ M*, which associates to a point M of (S), a 
point M* on (US). Let us call this function the orientation function 
and denote it by Or : (S') — (US), Or(M) = M*. 


FIGURE 7 


DEFINITION 30. Let us preserve all of these notation and hypotheses 
like above. If the vector function Or : (S) + (US), Or(M) = M*, is 
a continuous function, we say that our surface (S) is orientable. This 
function defines the direct (right) orientation ("from u to v") or the 
direct face of (S). The function Or~ : (S) > (US), Or~(M) = —M*, 
the symmetric of M w.r.t. the origin O, is also continuous if Or is 
continuous and it defines the inverse (left) orientation ("from v to uw") 
or the reverse face of (S). The continuity of Or means that if a point M 
starts from a fixed point Mo € (9) and runs on any continuous "closed" 
curve y C (9) which contains Mo, then the normal vector 71 (M), which 
starts from 7% (Mbo), after covering the entire curve y, it comes back to 
its initial position 1 (Mo). Then we say that (S')) has two distinct faces, 
i.e. it is orientable. Moreover, we also see that the orientation function 
Or is continuous if the deformation g : D — Gg (D) = (S) has a 
continuous inverse and if Oro g : D > (US) is continuous. This is 
the case for instance when we can find an explicit parameterization of 
g and Oro @ is continuous. 


EXAMPLE 98. For instance, a plane (P) : ax + by+cz+d=0 
is an orientable surface. Indeed, say a # 0, a > 0 and let us use the 
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following explicit w.r.t. x parametrization 


ete __ bytez+d 
y=y _,(y,z) ER’. 
we 


Let us consider R? with the oriented yOz-Cartesian coordinate system 
("from y to z”). Since 


er aes 
a J b 
> lo > > ¢c> 
fy < he — deb) <2. 1. iG SS Se a 
a a a 
=e 
=> ite gj 42k Ra Se: 
then n(M) = Jee = ee Thus, the orientation function 
1475+ 
becomes: 


( by t+ez+d :| ( a b C ) 
nt ame Lo) et ’ ’ ’ 

a : Ve+R+e Jaert+e+e Va?+ +e? 
i.e. a constant function, which always is continuous. Therefore, any 
plane has two faces, 1.e. it is orientable. 


Not all surfaces are orientable, i.e. they have two faces. An easy to 
construct surface which has only one face is Mébius surface (see Fig.8). 
This surface is obtained by taking a rectangle strip [ABCD] and by 
gluing [AB] with [BC] such that A = C and B = D. Let (7) be the 
"closed" curve which was initially the midline in the rectangle [ABC'D| 
(see Fig.8). Let us continuously and increasingly move a normal versor 
7m along (7) by starting from M. We see that whenever we come back 
to M the initial versor 7’ becomes — 7’. Thus, the orientation function 
M ~ 7(M) ~ M* € (US) is not continuous. Hence this surface 
cannot be orientable, i.e. it has only one face (one cannot separates 
two distinct faces of it!). 

A natural question arises. Is it possible to find a "special" parame- 
trization for this Mébius surface such that it be orientable? It can be 
proved that this last possibility cannot appear. To be or not to be ori- 
entable does not depend on a particular parameterization of a surface 
S. But, it is possible to change the direct face of (S$) with the inverse 
one, if we change the initial parametrization of (S) with another one. 
For instance, let us consider the same plane (P) : az + by+cz+d=0, 
a > 0, as in example 98 with the following parametrization: 


_ —bu+cv+d 
a 


y=-u , (u,v) € R?. 
2% 


a 
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‘Wi 


It is easy to see that 7(M) = ee i.e. the normal versor of the 
other side. Let (S) be a surface with two equivalent parametrizations 
g :D—(S) and g’: D’ = (S). Then there exists a diffeomorphism 
@: D’ — D such that g’ = 9g 0 ¢. It is easy to prove that 9g and 
g’ defines one and the same face if and only if the Jacobian of ¢ is a 
positive number. 

In general, if a surface (S) has an explicit parametrization, say 
wrt. 2, 


ie 
(S): y=y  ,(a%,y)e Dc «Oy, 
z= 2(@,y) 
then A= —-#, B= —_ and C' = 1 (see formula (1.9)). Since 
(82) nm (M) = cos ai +cos BF 1 cosy k. = 
A(u,v) = 
= Nt 
A(u, v)? + Bu, v)? + C(u, v)? 
é B(u,v) Fis 
J Alu, v)? + Blu, v)? + C(u, v)? : 
C(u, v) i 


" VJAlu,v)? + B(u,v)? + C(u, v)? 


TT 


then cosy = SR > Oie. y € [0,5). Many times, this last 
information is sufficient to determine the direct face (which corresponds 
to the direct orientation) of the surface (S). 
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rae 
EXAMPLE 99. Let (S) : y=y , a? + y? < R? be the 


r= PtP 


conic surface of Fig.9. 


FIGURE 9 


We are interested to find the mathematical description of the normal 
versors n which define the exterior side of this conic surface (see 7 
in Fig.9). The angle y between 7% and Oz is greater then 90°, so that 
cosy < 0, 2.e. 


1 
/Alu,v)? + Blu, v)2 +1 
Hence, we must put a minus in front of cosa, cos and cosy, in the 
expression of 7 (see (3.2)). Therefore, in our case, for any M(x, y, z) € 


(S), 


cos ‘y = 


7 (M) : J 
n = | ———__., —______., - — } . 
V2 /22 +7 V2/e2+y? v2 
REMARK 34. It is not difficult to see that if D is a smooth domain 
(closed, bounded, connected and OD is a smooth curve) and if r:D- 
7 (D) =(S) is a smooth deformation of D onto the surface (S) (7° is 
of class C1, injective and TY, xX 7, #0 on D), then (S$) is orientable. 


Let now D be a closed, bounded and connected subset of the wov- 
plane with its boundary OD a piecewise directed oriented curve in uov. 
Let D = U_,D; be a division of D with nonoverlaping (D; 9 D; has a 
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zero area for i # 7) oriented subdomains of the same type like D (see 
Fig.10). We see in this figure that the intersection curve D;N D; (if it 
exist like a curve!) is always double oriented. Moreover, the orientation 
of each D; (i.e. the orientation of 0D;) is completely determined by 
the orientation of D (i.e. of OD). 


FIGURE 10 


Let 7’ (u,v) = (u,v) o +y(u,v) 7 -- z(u,v) k, r:D—4g(D)= 
(S) be a piecewise smooth deformation and let P;(u;,v;) € Dj, i = 
1,2,...,n be a set of marking points of the division {D;} of D. Then 
{5; = g (Di)}, i= 1,2,...,n is a division of (S). If 

[{29,¢ || = meet dianiCD;) <4} 1,252.7} 
becomes smaller and smaller, then ||{.5;}|| becomes smaller and smaller, 
except maybe a subset of points of zero area of D. Let M; = 7'(P,), 
ie. M;(x(uj, vi), y(ui, vi), 2(ui, v;)) for i = 1,2,...,n. We assume that 
(S) and, as a consequence, all (.5;) are orientable surfaces. Let 
TF y(t, Vi) x F y(t; Vi) 
[Paulus vs) x Po(us, vol] 


nm (M;) 


A(us, Vi) 


(3.3) = NG 
A(ui, vi)? + B(ui, vi)? + Cui, vi)? 
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B(us, vi) => 
J A(ui, uj)? + B(ujy, v4)? + Cui, v;)? i 


C(uj, v:) rs 
| J Alu, v4)? + B( uz, vs)? + C(ui, v4)? 
be the normal versor at M;, which belongs to the direct orientation 
of (S). Let F : (S) > R3, F(2,y, 2) = P(a,y,z)t + Q(r,y,2) 7 + 
R(x,y,2) k, be a field of vectors of class C! almost everywhere on 
(S), ie. the subset of (S$) on which F is not of class Cl has zero 
area. The impact of the force F(M ) with the surface (S) at the point 
M € (S) is measured by the projection of this force F(M) on the 
normal versor 7 (M), i.e. F(M) - 7 (M) (dot product). This quantity 
is called the flux of the vector F(M ) through the surface (S), at the 
point M. If the diameter of (.5;) is small enough, we can approximate 
it with a plane surface, which can be viewed as a part of the tangent 
plane of (S) at the fixed point M; € (S;). We also approximate F'(M) 
with the constant vector F(M,) for any point M € (S;). Thus, the flux 
F(M) -7/(M) at M can be approximated with the flux F(M,) -7 (Mj) 
at M;. Therefore, the total flux on (5;) can be approximated with 
| F(a) : 7i(M;)| -area(S;) (here the first ” -” means the dot product 
but the second ” -” means the usual multiplication between two real 
numbers). This last number is the volume of a right cylinder with the 
basis (.S;) and the height F(M,):7(M;). Hence, the global flux &(g)(F) 
of the field F through the oriented (S) can be well approximated with 
the following Riemann sum: 


n 


(3.4) Secs {Si}, (MY) =O | Fn) - RM) - area(S;). 


i=1 


DEFINITION 31. F is integrable on the direct oriented surface (5) 
if there exists a real number I such that for any small real number 


€ > 0, one can find another small real number 6 > 0 (which de- 
pends on €) such that if {D;} is a division of D with ||{D;}|| < 4, 


then |I — SB sy {Si}, {Mi})| <¢ for any set of marking points {P;}, 
— 

P, € D;. I ws called the surface integral of the second type of F on 

the oriented surface (S'). It is denoted by bor - ado. The sign "+" 


(S)* 
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means that the integral is considered on the direct face of (S'). When- 
ever we write ¢ ¢ rae ndo, we must understand that the matter is 


(S) 
about the direct face of (5). 


Hence, we can well approximate J with Riemann sums of the form 
(3.4). This last number J can be interpreted as the "global" flux of 


the field F through the oriented surface (S$), considered with its direct 
face (or with its direct orientation "from u to v"). The surface integral 
of the second type is the analogous notion in the 2-dimensional case of 
the line integral of the second type for oriented curves (this last line 
integral is an 1-dimentional object). 

Using only this definition, we can easily prove (do it!) the following 
basic properties of the surface integrals of the second type. 


1) bor -ndo = -$ $F - n do, where (S')~ means the surface 


(S)- (S)t+ 
(S) with its inverse orientation ("from v to u"). To see this one can 
change 7 (M;) with —7(M,) in the above Riemann sums. 


2) The mapping F' ~~ F’ . ndo is a linear mapping, i.e. 


(S) 
b¢ (oF +56). Wao -a$ $F ado + 3p 6G Tao. 
(S) (S) (S) 
3) 
bp F tar= $$ Fidos $6 F iao, 
) (S) (T) 


(S)U(T 

where (7’) is another oriented surface such that on the common curve 
O(S) 1 O(T) the orientation induced by the orientation of (7) must 
be the inverse orientation of the same intersection curve viewed with 
the orientation induced by the orientation of (S) (see the situation of 
two neighboring oriented subdomains in Fig.10 or in Fig.13). If the 
surfaces (S) and (7’) have no small smooth curve in common, then 
the orientation of (J) cannot be connected with the orientation of (5) 
by anything else, so that in the union (S) U (T) they keep their own 
orientation. 

Let us now try to prove the existence and to compute the surface 


integral of the second type ¢ ¢ F - Wado. For this we approximate the 


(S) 
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area of (S;) in formula (3.4) by using formula (1.5): 
(3.5) — area(S;) & \/A(u;, v;)? + B(u;, v;)2 + C(u;, v;)2area(D)). 


We can also prove such a formula by the use of formula (2.9) and the 
mean theorem for double integrals: 


area(S;) = je a II JV Alu, v)? + B(u,v)? + C(u,v)2dudu = 


= V/ A(u*, v*)? + B(u*, vt)? + Clu, oF [ [dude ~ 
D; 


x y/A(uj, v;)? + Blu; v;)? + Cluj, v;)2area(D,), 
because both points P;(u;,v;) and P*(u*,v*) are in the same small 
domain D;. Let us come back in formula (3.4) with this expression of 
the area(S;) and with the expression of 7 (M;) from formula (3.3): 


S FM) - 7 (M;)| - area(S;) © 
i=1 
eS © [P(Mi)A(M;) + Q(M;)B(M;) + R(M;)C(Mj)] area(D;). 
i=1 
But this last sum is a Riemann sum of the double integral 


[fr olo),vlun), lu. ))ACu, 0) + QCe(u, 0), yl 0), 2a, 0) BU v)+ 


+R(x(u, v), ylu,v), 2(u,v))C(u, v)|dudv, 
Since this last double integral and J, the surface integral of the second 
type 

¢ ¢ rae ndo, can be well approximated by the same Riemann 


(S) 
sums, we must conclude that they must be equal, i.e. 


bor -Ndo = 
(S) 
(3.6) 


= [fPel.»), luv), Au, v)) Au, v)+ Ql (a, 0), uu, 0), a, )) BC, 0) + 
+R(x(u, v), y(u, v), 2(u, v))C(u, v)|dudv. 
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Thus we just reduced the computation of a surface integral of the sec- 
ond type to the calculation of a double integral. If we want to change 
the face of (S), we must put a minus sign in front of the above double 
integral. We can also express (prove it!) the surface integral of the 
second type as a surface integral of the first type: 


(3.7) 
bp Fitda = // [P(a, y, z) cosat Q(z, y, z) cos 8 + R(x, y, z) cosy] do, 
(S) (S) 


where cosa, cos and cosy are the coordinates of the normal versor 
m(M) at the point M(z,y,z). This is not a practical formula. But 
it is useful in order to find a new expression for the surface integral 


aos F 
bgF - ndo. If we look at Fig.11 
(S) 


aes aay daAdy 
= dy ds ody‘dx 


FIGURE 11 


we see that the area-projection przo,do of an orientated small ele- 
ment do (for instance the area of an (.5;))of the surface (5) on the rOy- 
plane is a direct oriented area in this plane, usually denoted by dady. It 
is clear enough that the order dx then dy in the symbol dxdy is essential, 
because it reflects the direct orientation "from x to y" in the xOy-plane. 
Hence drdy = —dydzx (dxdy is the "up" area and dydz is the "down" 
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area-see the arrows in Fig.11). For instance, przoydo = dzdy, because 
the orientation of the boundary of this projection is "from z to y" (see 
Fig.11). Since the area-projections drdy ~ cosydo, dydz * cosado 
and dzdx = cos (do (see also remark 36), from formula (3.7) (taking 
again Riemann sums, etc. ... do it!), we get: 


(3.8) bor -Wdo = f p Paya: + Qdzdz + Rdzdy, 
(S) (S) 


this last being a formal expression, not used in practice. ‘The expression 
w = Pdydz + Qdzdx + Rdaxdy is said to be a differential form of order 
2 in three variables. Do not forget the order: dzdx and not dzdz! 


EXAMPLE 100. Let us compute I = § audyde-+ ydede, where (S) 


(S) 
is the interior face of the paraboloid: z = x7 + y?, 0 < z < 4 (see 


a] 

5 
y 
fs 


FIGURE 12 


In this cise P(x-4,2) =-2.Q(4,932) = yond: Aa, 9,2) = 0; Le. 
— 
F = (a,y,0). Since the surface has an explicit parametrization w.r.t. 
a 
gag 
y=y  jawty? <4, 
z=ar+y? 
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we can use formula (3.2) and find A = —22, B= —2 = —2y, 
C=1,7¢€ [0, 5], 


—22 
n(2,Yy,2) = 
/1 + 4x2 + 4y2 WETREET, FETE 


Let us use now the basic formula (3.6): 


ee + ydzdz = -2f / (x? + y*)dady = 


D:x?2+y2<4 


2 Qn 2 
= -2 | p° (| i) dp = -an f p'dp = —16n. 
0 0 0 


REMARK 35. If (S) is not of class C! but it is piecewisely of class 
C! (see Fig.13), then we give an orientation to each smooth pieces 
of (S') such that on the common intersection curves, these last curves 
must have 2 distinct type of orientation (each of them coming from 
the orientation of the neighboring subdomains). In fact, the orienta- 
tion of O(S) completely determines the orientation of all the component 
subdomains. 


» 


FIGURE 13 


EXAMPLE 101. Let us compute the flux of the field pe (0, 0, z) 
on the exterior faces of the tetrahedron [OABC| of Fig.14. Since the 
surface is a union of 4 distinct surfaces with different parametrizations, 
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we successively compute: 


t= $$ (0,0,2): ) - nado. 


[ABC] 


Since 


*t 


C(0,0,1) 


FIGURE 14 
v= DL 
[ABC] : C= y goa yes 1, 
£=1-E=9 


1 Q\ |l-# 1 2 
Yy z 1 1 
[ (v Ae ) 0 on [ (5 +5) ° 6 


Now 
i= £6 (0.0,2): )- nido = 0, 
[(OAB] 
aan => 
because nj = —k and z=0 on |OAB}. 


I= § $(0.0,2): Tada = $ 9 (00,2) -(- j )do =0. 


[OC A] [OCA] 
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ee Jo. 0,z)-(—?)do = 0. 
[OBC] 
Hence the flux is equal to I, + Ig + I3+14= é- 


REMARK 36. We shall now explain why the direct oriented area 
of the projection przoydo of the oriented element of area da on the 
xOy-plane can be well approximated with cosydo, where y is the angle 
between the Oz-axis and the normal versor in a fixed point M of the 
small surface which has the area dao. We just approximated an element 
do of a surface S with the area of a small parallelogram constructed 
with one vertex at M and generated by the tangent vectors? ,(M) and 
T(M) (see Fig.7). The projection of this parallelogram on the rOy- 
plane is in general a quadrilateral in this plane. Let us divide our 
parallelogram into two equal triangles. It is enough to prove that the 
area of the projection of a triangle on the xOy-plane is equal to the area 
of the initial triangle multiplied by cosy, where y is the angle between 
the normal versor 7 (M) and the versor k. It is also sufficient to 
consider the triangle ABC with a vertex, say A, in the xOy-plane (see 
Fig. 15). 


__— the intial 
brhargie 


{he trans bated 
~ eicrigle 
(Ac wlhy | 


——_", 


ate 


FIGURE 15 


Let D = CBN (xOy-plane). Moreover, it is sufficient to consider 
the initial triangle to have a entire edge, say [AD], in the xOy-plane 
(area(AACB) = area(AADC) — area(AABD)). 

Hence, let us take again a triangle [XYZ] with [XY] Cc xOy- 
plane (see Fig.16). Let Z' be the projection of Z on the xOy-plane 
and let Z" be the projection of Z' on [XY]. Since |[XY|L[ZZ'] and 


4. PROBLEMS AND EXERCISES 335 


z} 


FIGURE 16 


[XY]L[Z’Z"), we see that [XY] is perpendicular on the entire plane 
[ZZ'Z"). In particular it is perpendicular on [ZZ"). Let 7 (Z") be the 
normal versor on the plane [XY Z] at the point Z" (see Fig.16). Since 
y+6 = 90° and y' + 6 = 90° one has that y = y' (see Fig.16). Thus, 
[Z'Z"| = [ZZ"| cosy and so, 


1 1 1 
AXYZ) = =[XY][ZZ"|] = ——=|[XY VA 
area( Veg ae Naan aes 
1 oil Al i ! 
= a(x YA") = area(AXY Z']. 
cos y 2 y 


Hence, area(prroyA[X Y Z]) = area(AXY Z) cosy, what we wanted to 
prove. 


We must be very careful with the notation drdy, the area of the 
direct oriented domain which is the projection of a small part of the 
direct oriented surface S, of area do. Since dxdy = —dydz, one uses the 
exterior product notation drdy = dx A dy. To change dxdy with dydx 
means to take the other face of the oriented projection w (see Fig.17). 


4. Problems and exercises 
1. Compute J = / | xzydo, where S' is the part of the plane (P) : 


S 
2x + y + 2z =1 which is inside the cylinder: x? + y? = 1. 
2. The cylindrical solid x? + y? < R? cut the semisphere x? + y? + 
2? = 4R?,z > 0 into a surface S. Find its area and its centre of mass 
(the density function is considered to be 1). 
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: A 


/ iy . dy dx=dytdx * 
s 


FIGURE 17 


3. Compute i) i (x? + y”)do is S' is a surface with the following 
Ss 


parametrization: x = u, y =v, z = uv and u? +? <1. 

4. Find the moment of inertia of the cone y? + 2? = 4x”, x € [—2, 2] 
with respect to the Oz-axis. 

5. Find the centre of mass for the 3D-lamina (5S, f), where S is the 
surface x? + 2? = 4y, y <4 and f(z,y,z) = y. 


6. Compute I = /[e +y+z)do, where S is the union of all the 


‘ 
sides of the parallelepiped [0, 1] x [0,2] x [0, 3). 


7. Compute J = [fe +y+2z)do, where S is the surface x? + y? + 
S 


Bo mea a). 

8. Find the mass of the 3D-plate (5, f), where S is the surface 
et+yt22?=1,2> 0, y > 0, z > 0 and the density function is 

a 

fo,y.2) = [e492 + (2-2, 

9. Find the area of the part of the sphere x? + y? + 2? = a”, which 
is inside the cylinder x? + y? = az. 

10. Compute J = ¢ ¢ xrydydz + xzdzdx + 2x?ydxdy, where (S$) is 

(S) 

the exterior side of the surface z = x + y?, ety? <4. 

11. Compute the flux of the field F (x, y”, z?) through the interior 
side of the surface x? + y? = z, z <1. 
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12. Compute the flux of the field F (23,43, 23) through the total 

exterior sides of the surface x? + y? = 27,0<2< 4. 
=> => = => 

13. Find the flux of the field F'(z,y,z) =xi +yj +2k through 
the interior side of the sphere x? + y? + z* = R?. 

14. Find the flux of the field F (22, y’, 27) through the total exterior 
sides of tetrahedron [OABC], where A(1, 0,2), B(0, 2,0) and C(0, 0,3). 

15. Compute the flux of the field F (2, a 1) through the exterior 
side of the sphere x? + y? + z7 = R?. 

16. Find the flux of the field F (yz, xz,xy) through the total exte- 
rior face of the cylinder x? + y? = a?,0<z<h. 


CHAPTER 9 


Gauss and Stokes formulas. Applications 


1. Gauss formula (divergence theorem) 


If a surface S is a union of many sides with different parame- 
trizations, the computation of a surface integral of the second type 


¢ ¢ F - Wdo can be very long and not so easy. A famous formula of 


(S) 
Gauss can reduce this computation to a calculation of a triple integral. 


DEFINITION 32. We say that a surface S = g'(D) C R? is totally 
closed in R® if it is bounded, closed as a topological subset of R® (i.e. 
R°\S is open) and if it is the boundary 0Q of a bounded, closed and 
connected subset Q of R?. Moreover, S must divide the space R® into 
two disjoint (with their intersection empty!) subsets, Q and R?\Q 
which each of them are connected. 


For instance, any sphere is totally closed. The cylinder x?+y? = R?, 
0 < z < h is closed but not totally closed. The cone x? + y? = 2’, 
0 < z < h together the disc z = h, x? + y? < h? above it is totally 
closed but, without that disc is closed and no totally closed. The conic 
surface x2 + y? = 27, -3< z< 3,2 ¢ (-e,e€) with 0 < « < 3, together 
the both discs z = 3, 27+ y? <9 and z = —3, 27+ y? < 9, is closed 
but it is not totally closed because the interior of the domain bounded 
by this surface is not connected (Why’). 


THEOREM 95. (Gauss formula) Let Q C R® be a bounded, closed 
and connected subset with its boundary OQ = S a piecewise smooth, 


oriented and totally closed surface, considered with its "exterior" side 
(see Fig.1). Let 


=> 


F (x,y,z) = P(a,y,2) 1 +Q(x,y,2) 7 + R(a,y,2)k 


be a field defined on Q, which is continuous and piecewise of class C' 
(the set of points at which this property to be of class C" fails is a finite 
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union of points, smooth lines, or smooth surfaces of zero volume). Then 


(1.1) b¢ F - ado = /I/ div Fdadydz, 
(3)=a0 A) 


where div F(z, i2= oP (a, y,z)+ (a, y,z)+ GR (x, y, z) ts called the 


7 => 
divergence of F. 


= 


FIGURE 1 


Before to prove this basic result, let us make some commentaries 
on it. 

The philosophical importance of Gauss formula (1.1) is the follow- 
ing. On the left side of this formula we have an "oriented" object, in 
general very complicated, but only a 2D-object. On the right side one 
has a triple integral, a simpler object (because it has no "orientation" at 
all), but a 3D-object. Hence this formula connects a 2D-computation 
with a 3.D-computation. On the left side of this formula we have in 
fact the flux ®>(F’) of the field F’ through the surface S, "from inside 
to outside", i.e. the normal versor at a point WM € S is "above" the 
tangent plane at M to S (see Fig.1). On the right side of the formula 
one has "the global productivity" of the volume 2 w.r.t. the field F. 
Let us explain in the following the word "productivity". Let us apply 
the mean formula (see theorem 87, e)) to the triple integral from the 
right side: 


/I/ div Fdxdydz = div F (Py) -vol(Q), 
Q 
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where Po is a point inside 2. Thus, Gauss formula says that: 


—> 
® s—aa( F’) 


div F' (Py) = vol(Q) 5 


ie. if diam(Q) is very small, the "productivity" div F (Pp) at Py mea- 
sures how much energy created by the field F' inside 2 is transferred 
from inside of 22 to outside. More exactly, it is equal to the quantity of 
flux produced per unity of volume. This is the true interpretation of 
the divergence 2 of F, defined above. For instance, if one has no "pro- 
duction" (div F’ = 0) inside Q, one has no flux of F’ through S = dQ. 
Gauss formula explains many phenomena in Physics, Chemistry, Econ- 
omy, Engineering, etc. 

Gauss formula or the divergence theorem was obtained by Gauss 
during the examination of the electric fields, magnetic fields or gravita- 
tional fields. Let say some words on the Gauss law in Physics. Let go be 
a fixed point positive electric charge in the origin O and let M(z, y, z) 
be an arbitrary point in space. Let r =OM=2i+yj +zk bethe 
position vector of M. We always assume that at M we have another 
free point positive electric charge g = 1C (Coulomb). Then the famous 
Coulomb law says that the repulsive electric field at M(x, y, z) is: 


E(2,y,z) =— 


where r = (x?-+y?+27)2 and is the electric constant, depending only 
on the electric properties of the space itself. The Gauss law says that 


if S is any closed continuous surface which contains the origin (i.e. the 
— 


electric charge qo), then the flux ®s( E’) of the electric field through 
S, from inside to outside (the force is a repulsive one!) is constant, 


namely it always is equal to a This means that: 


(1.2) PPE aac = a 
E9 


Ss 
Gauss succeeded to express this last law as a "local law" (at a point 


yr Oy: 


(1.3) div E(P)) =? a 0) 


’ 


where p(P) is the charge density at Pp produced by qo. It appears that 
from here we can deduce our Gauss formula (1.1) in this particular case. 
There is a mathematical problem! The electric field is not defined at 
the origin O! Thus, our Gauss formula (1.1) cannot be applied in this 
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case. But, in higher mathematics one can extend Gauss formula to 
such more complicated situation and one can obtain the Gauss law of 
Physics as a particular case of it. In fact, Gauss law is equivalent to 


Coulomb law (see [BPC]). Since / | / p(P)dadydz = qo, the formulas 


Q 
(1.2) and (1.3) give rise to the equality: 


(1.4) ¢ E . do = /I/ div Ededydz, 
(S)=a0 fe) 


i.e. Gauss formula for the electric field E. But, what is the meaning 
of the triple integral on the right, because the electric field EF’ is not 
defined at O? This is a big mathematical problem which forced scien- 
tists to create new concepts and notions like distributions, potential 
theory, etc. We shall only compute the surface integral of the second 
type of formula (1.4), i.e. the flux of E through the surface of a sphere 
of radius R > 0: 


Re ee ee 


S): w2+y2+22= R2 ): w2+y2+4+22= oer 


25 2 AO b¢ - Rag — 2 
Arey i? ae 


(S): 22+y2+2?=R? 


because = = 7 and ¢ ¢ do = 47 R? (the area of the sphere 


(S): 22 +y2+2?=R? 
of radius R) in this particular case. Hence, 


(S): a?+y?+2?=R? 


Gauss observed that the flux of E does not depend on the radius of 
the sphere, so that he tried to prove that the sphere can be substituted 
with an arbitrary closed surface S$, which contains O as an interior 
point of it. The reader can find a proof of this last statement in any 
advanced course on Electricity, for instance in [BPC]. 

Now we prove the main theorem 95. 


PRrooF. (for Gauss formula) We assume that our domain 2 can 
be decomposed into a finite number of simple subdomains (QQ; of the 
same type like 2 such that for i 4 j, Q; VQ; is at most a surface of 
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volume zero. A simple subdomain is a simple domain w.r.t. one of the 
axes Ox, Oy, or Oz. Let us assume that we have proved the theorem for 
simple domains and let us consider a nonsimple domain like in Fig.2. 
In this case Q = 0; UN, Us and let (51) = 219Q2, (S2) = 219.03. 
' > os . 
Since the normal versors nj, 75 on (51) and nj, on (S2) respectively, 
have opposite signs, the corresponding surface integrals annihilate one 
to each other (see Fig.2). 


FIGURE 2 


The triple integral can be naturally decomposed into three triple 
integrals and so we can apply Gauss formula for the three simple do- 
mains: 


i 7, i div Fdxdydz = / | i div Fdxdydz| + i | | div Fdxdydz| + 
Q OQ, Qe 
/I/ div Fdadydz = 
Qs 
= b¢ He mde $ 6 F nde + $6 F ride + 


(S)\ (822) (003) (S1) (S2) 


+| $¢ F. nade + $$ F ni ngdo} + 


(0Q2)\ ($1) (S1) 
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+| oo F. ee rhdo| = 


(0Q3)\ (S2) 
= Af fF - nido + ¢ F. nado + b¢ F. nado} + 
\ (8Q2)\ (8Q3) (0Q2)\(S1) (0Q3)\ ($2) 
- je nido— $ 6 F mera as nde = 
(Si) (S1) 


= ffF tee 
(S) 


We see that it is sufficient to separately prove the following three equal- 
ities (then add them!): 


(1.5) rea oy, 2\dydy = Mle dxdydz, 

(1.6) fa BY2 laze = i dadydz, 

(1.7) ¢) ¢ ¢ Ryde | : Or nde 
(S) 2 


Since the proofs for all these formulae a), b) or c) are similar, we shall 
prove only formula c). For this, after dividing the domain ( into a finite 
union of nonoverlaping subdomains (see what we did above!) which are 
simple w.r.t. Oz-axis, we suppose that ( is a simple domain w.r.t. Oz- 
axis like in Fig.3. This means that 


Q= Chars a2) : y(a, y) S28 W(z, y), (x; y) = Oey = Prx0yQ} , 


where y and 7 are continuous functions defined on 22;,. 
Let us look now at Fig.3 and write: 


Mls: ace’ | [ee drdy = 
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FIGURE 3 


= [ Row.v Didedy ff Revels y))dxdy = 
= PP Rlou, z)dady + fp Rlo.y,2)dedys 
Sty (Si) 


+f $ Rlo,y,2)dedy = $ $ R(x, y,2)dady, 


(S3) (S) 


because bp Roy. z)drdy = 0, (y = 90°, so cosy = 0 and dxdy = 
(S3) 


cos ydo = 0 for (S3)). 

For proving (b) for instance, we eventually decompose this last 2 
(which was considered to be simple w.r.t. Oz-axis) more, up to we get 
it as a finite union of simple subdomains w.r.t. Oy-axis. 


=> 


EXAMPLE 102. Let us use Gauss formula to compute the flux ®g( F’) 


of the field nS ei typ +e2k through the total exterior sides sur- 
face S of the cube Q = [0,1] x [0,1] x [0,1] (see Fig.4). 
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a 


Le 


A(100) B(119) 


FIGURE 4 


Use then this result to compute the flux ®, of the same field F 
through the exterior surface of the cube, except the hatched face {O' A’ B'C"). 


F)= F . Wdo Cu x z)dadydz = 
gee d /I[° + 2y + 2z)dadyd 
-2f [/ [firs] “) dz = 
= [(f (Gea) ‘a dz = 
of [/ (v2) uenaf (fe $n) 


1 Ae 
=2f a+2)de=2 (245) 
0 


= 3, 

0 
Let (1) be the hatched surface [O'A'B’C']. Since the normal versor 
n = k = (0,0,1), one has that dydz = cosado = 0 and dzdx = 
cos Gdo = 0. Thus, 


(s,)(F) = / / dady = 1. 


[0,1] x [0,1] 
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=> => 
Hence ®; = ®5( F’) — ®s,)( F’) = 2. 


—> 
EXAMPLE 103. Compute the flux of the vector field F' = (x7, y?, z) 
through the sphere x?+y?+2z? = 1, from exterior to interior (see Fig.5). 


ey 


FIGURE 5 
We simply apply Gauss formula (95): 
bis) (F) = -/f ih (Qe + 2y + 1)dadydz. 


erty2tz2<1 


Let us use spherical coordinates to compute the last triple integral: 


-|f i, (Qe + 2y + Ldadydz = 


x2 +y2+22<1 


[ (Jlenmesinesansingsin 1 nt dp | dp= 


0 


Tv 


a [iome-ang [se 6d | dp | dp— 


0 0 


1 T 


-f¢ i [smoao dp | dp =0-27-2- a 
0 


0 


An 
30 
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2. A mathematical model of the heat flow in a solid 


Let 2 be a bounded, closed and homogenous 3D-solid and let (S) 
be its boundary which is supposed to be a piecewise smooth, connected 
and totally closed surface. The heat will flow in the direction of a low 
temperature. We assume that t. the rate of flow is proportional to the 
gradient of temperature. Let @ be the velocity of the heat flow and 
let u(x, y, z,t) be the temperature at the point M of coordinates z, y, 
and z at the moment t. Then 


(2.1) uv = —Keradu, 


where K is the thermal conductivity (a constant) and the gradient is 
referred to x, y and z. The amount of heat leaving 2 through (S), "from 
interior to exterior", is given by the flux 


= bpr -iao, 
(S) 


Let us use now Gauss formula to compute this flux: 


por -Ndo = -K|/f div(grad u)dxdydz = -K [ [fou dadydz, 
(5) Q o 


where Au = ou + a4 — re The total amount of heat H in 2 is: 


i= [foo dadydz, 
fe) 


where o is the specific heat of the material of the solid (a constant) 
and p is the density of Q. Thus, the time rate of decrease of H is: 


--| I oose dedya 


Since this last one must equal the amount of heat leaving 2, one has: 


[fori dxdydz = fff dxdydz, 
/I/ (we - Kau) drdydz = 0. 
Ot 
2 


Since the integrand function is continuous w.r.t. x,y and z, since Q 
was arbitrarly chosen, by a local application of the mean formula, we 


or 
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see that op et — kK Au is identical to zero on 2 (prove this in general like 
in the case of a simple integral!). Finally we get the famous parabolic 
PDE (partial differential equation) of the heat flow: 


where c? = x. If for a small interval of time the heat flow does not 
depend on time, we get Au = 0, which is called the Laplace equation. 
It is fundamental in many branches of Applied Mathematics. More 
discussions on this subject can be find in any course of PDE. 


3. Stokes Theorem 


This fundamental result is a generalization of the Green theorem 
(in plane), for the 3-dimensional case. This theorem says that in some 
conditions a surface integral of the second type can be transformed into 
a line integral and conversely. 

A surface (S) C R® has the curve [ as its boundary or border 
if [ c (S), [ is a piecewise smooth, connected and "closed" curve 
(7 (a) =7(b), © : [a,b] = T CR) and, for any point Mo of T, there 
exists a small 6 > 0 such that the intersection B(Mo;r)N(S),0 <r <4, 
between any ball (in R*) with centre at Mop and radius r, at most 
6, has the property that B(Mo;r)\,[B(Mo;r) A (S)] is a connected 
set. Moreover, if Mo € (S) but Mo ¢ I, then there exists at least 
one ball B(Mo;r), r > 0 such that B(Mo;r)\ [B(Mo;r) N (S)] is the 
disjoint union of two connected subsets of B(Mpo;r) (their intersections 
is empty!). 

A sphere S is not a surface with a border. But a semisphere is a 
surface with a border I, the unique "big" circle on the sphere. Other 
examples of surfaces with a border one can see in Fig.6, Fig.7 or Fig.8. 
We must be careful! For instance, the cylinder 77+ y? = R?,0<z2<h 
has not a (unique) border in our acceptance because its candidate for a 
"border" is the nonconnected union between the following two circles: 
x+y? = R?,z=O0and 27+y? = R?, z = h,where h # 0. If we add to 
this last cylinder the "above" disc x? + y? < R?, z = h, the obtained 
surface has a unique (connected) border: x? + y? = R?, z = 0, thus it 
is a surface with a border in our previous acceptance. 

Let g :D— R', g(u,v) = (u,v) t + y(u,v) j + z(u,v) k, bea 
piecewise smooth deformation and let (S) = g(D) be its corresponding 


(direct oriented) surface with a border like above.. Let F(z, y, 2 = 


Pay, z)i +Q(z, y, 2) 7 +Rc, Y, 2k be a field of class C+ defined on 
a space domain which contains the surface (S). Let 0D = y be a direct 
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oriented closed piecewise smooth curve and let = 0(S) be the border 
of (S$) which is the image of 7 through the deformation g’. Notice that 
Tis "closed" and the orientation of , which is that one inherited from 
the direct orientation of y in the wov-plane, is compatible with the 
direct orientation of (S). This means that if we walk on the border I 
in the direction indicated by its direct orientation, the direct face of 
the surface (S) is always "on the left" (see Fig.6). The surface (5) of 
Fig.6 is not simple w.r.t. Oz-axis (ie. it has no parametrization of 
the form z = z(x,y), (,y) € prroy(S)), but we can divide it into two 
nonoverlaping oriented surfaces (51) and (52) with the corresponding 
borders 0(S,) = [AEBCA] and 0(S2) = [FACBF] respectively (see 
Fig.6). It will be easy to prove that if the bellow Stokes formula is 
true for simple surfaces (5) and (S2), then it is true for the entire 
(S) = ($1) U (S2) (see this proof bellow!). This is why we shall prove 
this basic formula only for a simple surface (S) w.r.t. Oz-axis. 


FIGURE 6 


Let us recall that curl F is a new vector field associated to the field 
F as follows: 


(3.1) curl F = det 


ele =| 

Osler 

by Slo | 
| 
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7 OR dQ an OP OR ae 0Q OP z 
Oy az) ' “Vaz” dc) 77 Var Oy 


Recall that the normal versor can be computed by the formula 


ast ( A B C ) 
n= a Se So a SS Se eee 
VA? + B24+C? VA?+ B*+C? VA2+ B24 C? 
and do = V A? + B? + C?dudv. Let us put 
A B C 


ee SSS FOSS ez 2 pa SD Rn ak 
VA?2+ B24 C? VA?2+ B24 C2 V/A? + B+ C2 


THEOREM 96. (Stokes formula) Let D, (S), 9, T = O(S), ete. be 
the above notation and hypotheses. Then 


(3.2) f foul F) -ndo = fi Pas + Qdy + Rdz. 
(S) r 

The first surface integral is the flux of the curl F through the surface 

(S). The last line integral is the circulation (or the work) of F’ on the 


oriented border T of (S). Stokes formula says that this flux of curl F 
—> 
and the circulation of F are equal. 


PROOF. Let us put the expression of curl F from (3.1) on the left 
side of formula (3.2): 


ees saa se 
+(32- oP) nade # tae a) ie 
Hf Soa) ff (Ba) 


To prove that this last sum is equal to ¢ Pdz+Qdy+ Rdz it is enough 


r 
to prove the following three equalities: 


a) b¢ (22n Ny — an.) do = fat. 
(S) , 
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» ff (Se + Hire) do = fon 
ffs Nz — 3Eny) do = p Raz 


ae the proof of each of these equalities are similar, we shall prove 
only a). Now we can suppose that (S) is simple w.r.t. Oz-axis (other- 


wise we decompose it into a finite simple surfaces like in Fig.6). Hence 
one can find for (S) an explicit parametrization w.r.t. z 


(S):2 y=y (0,4) € My =preo,(S) 
2=2(0,9) 


(see Fig.7). In this situation 


and the left side of a) becomes: 


ea 


II 7 5 [P(z,y, 2(@,y))] dedy = 


me" b P(c,y,2(0,y))dx = $ Play 2) 


oy T 


i.e. the right side of a). Here we just applied Green formula for the 
domain 2, with its boundary y (see Fig.7) 


If (S) is not simple with respect to Oz-axis we reduce everything to 
simple components of (S). ‘Let us apply this last idea for the surface 
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z Lr n 
(S) 
j 
| r) | 
| 
| 
| Riss 
ie) H | > 
| | 
Pr.0,(5) 
x 
(T)=pryoy(F) 
FIGURE 7 
of Fig.6. 
$f (curl F)-7do = § f (ou F) -Ndo|+ f foul F) -ndo| = 
(S) ($1) (S2) 


fi Pde + Qdy + Raz + f Pde + Qdy + Riz + 


[AEB] [BCA] 


+ fi Pde + Qdy+ Raz + ff Pde + Qdy + Raz 


[BFA] [ACB] 
But 
¢ Pdx+ Qdy + Rdz = — ¢ Pdz + Qdy + Rdz, 
[BCA] [ACB] 
so that 


f (oul F) -Ndo = ¢ Pdx + Qdy + Rdz+ 
(S) 


[AEB] 


of ¢ Pala + Qdy + Rdz = § Pde + Qdy + Raz 


[BFA] i 
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EXAMPLE 104. Let us compute the line integral I = fiv?uda + 


iW 
y’dy + z°dz, where T is the oriented curve [O'A'B’C'O'| from Fig.8. 
For this, let us consider the oriented surface 


(S) : yey , (x,y) € [0, 1] x [0, 1], 


which has as its (unique) border the connected curve T. Since 


oe to oj ik 245 
culF =det| 2 2 2 |= —x" ky, 
Ay y oS 
x’y y* z 


we can apply Stokes formula (3.2) and find: 


fivude ty dy+terde= f foul F) -Wdo = -| i x’*dady = 


r (S) [0,1] x [0,1] 
y 1 


1 
1 
=- fa? fu da = — fatde = 3. 


0 0 0 
The same curve T with the inverse orientation is also the border of 
the surface S’ obtained by the union of the five other sides of the cube, 
except the "above" side, situated on the plane z = 1. This surface is 
oriented by the exterior normal vectors like in Fig.8. 


i= ne 1 : 
Hence, ff (oul F)- indo = 3. Let us now directly compute the 


Ss’ 
line integral I. 


I= fioudes yay + 2de = a’ydz+y'dyt z7dz+ 


Tr [O' A] :2=2,y=0,z=1,2€ [0,1] 


te aydax + y*dy + 2?dz+ 


[A’B:a=1,y=y,2=1,yE [0,1] 


- z’ydz + y?dy + 27dz+ 


[B'C":2=2,y=1,z=1,2E[0,1]—- 
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z4 


FIGURE 8 
ae a’ydx + y?dy + 22dz = 
[C’O"]:2=0,y=y,2=1,yE [0,1] 
1 1 1 
=0+ [yay — faar— [yay = -*. 
0 0 0 


We just obtained the same result like that one obtained by using Stokes 
formula. Hence, these last computation can also be viewed as a simple 
verification. 


We know that if F : D — R’ if a conservative field of class C? on 
a domain D, then curl F = 0 (see theorem 68) Conversely, if D is 
a simple connected domain (any totally closed surface S Cc D can be 


— 
continuously shrunk to a point in D), then the field F' of class C' is 
— 
conservative. We easily see that in order to prove that F’ is conserva- 


tive, it is enough to prove that the line integral ¢ F -d? =0on any 


4 
— 
"closed" piecewise smooth curve y C D (construct a primitive for F’ of 
(x,y,2) 
— 
the type: U(z,y,z) = ¢ F . dr’). Now, for any "closed" piecewise 
(a,b,c) 
smooth curve 7 C D, it is intuitively clear (at least for the usual balls, 
cylindrical domains, conical domains, paraboloidal domains, etc.) that 
there exists a bounded, connected piecewise smooth surface 7) C D 
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with the unique border y (try to explain this existence at least for a 
starred domain D, i.e. if there exists a point Py € D such that if P is 
another point in D, then the whole segment [PP] is included in D). 
Then we can apply Stokes formula for the surface T’ with its border y : 


¢ ¢ (curl F') - Wdo = ¢ Pdx + Qdy + Rdz. 
4 be 


Y 


=> UO => 
But curl F = 0, thus ¢ Pdz + Qdy + Rdz = 0. Hence F' is conserv- 


; Y 
ative. 


Sometimes Stokes formula cannot be easily applied, but this last 
result can work easily. 


EXAMPLE 105. Let us compute the line integral I = fordrryrdys 


r 
z*dz, where T this time is the oriented curve [ABCD] of Fig.9. 


z\ 


FIGURE 9 


. — — = . . . — . 
Since F = (x*,y*, 27), curl F = 0 and this implies that F' is 


conservative. Hence, the integral ¢ x7dx+y?dy+2z2dz does not depend 


tT 
on the integration path which connects the points A and D. The simplest 
path which connect A and D is the oriented segment [AD] : x = 0, 
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v=4.2 =: Thus, 


R 

2 
fords + y?dy + 27dz = [vay = re 
T =e 


4. Problems and exercises 


1. Use Stokes formula to compute the circulation of the field Fly a 
2,2—2,x2—y) along the intersection between the cylinder x? + y? = a? 
and the plane = + 7 —1 = 0, a > 0,b > 0. The projection of the 
orientation of this curve on the rOy-plane is "from x to y", ie. the 
counterclockwise orientation. 


2. Use Stokes formula to compute J = ¢ ydx + zdy + xdz, where C’ 


C 
is the intersection curve of the sphere x? + y? + z? = a? with the plane 
x+y+z=a,a> 0. The projection of the orientation of this curve on 
the xOy-plane is "from x to y", i.e. the counterclockwise orientation. 
3. Use Gauss formula to compute J = ¢ ¢ xsyz(adydz + ydzdx + 


8 
zdxdy), where S is x? + y?+ 27 = R?, x > 0, y > 0, z >, the interior 
side. 
4. Use Gauss formula to compute J = ¢ ¢ ry*dydz + z3dzdx + 
e 2) 2 2 
y’zdaxdy, where S is the exterior side of the ellipsoid aot ae oe 


5. Use Gauss formula to compute J = ¢ ¢ x*dydz + y*dzdx + 
8 


2?dxdy, where S is the total interior side of the paraboloid: x?+y? = z, 
0< z< 1 together 7? + y? <1, z= 1, the "above" part. 


6. Use Gauss formula to compute J = ¢ ¢ x?*dydz + y*dzdz 4 


T 


Ss 
z*dxrdy, where S is the exterior side of the sphere (x — a)? + (y — 6)? + 
(gH ¢e)2=] Rh 
: = > 
7. Compute in two ways the flux of the field F’ = (y—z)i +(z- 
=> => 
x) j +(a—y)k through the "open" surface S$: 2?+y? =4—z, z>0, 
on the exterior side. 
, ; = me: as ; 

8. Compute the circulation of F = ry j + 2zk, along the circle 
C, the intersection between the sphere x? + y? + z? = 4 and the cone 
x+y? = 323, z > 0. The projection of the orientation of this curve on 
the xOy-plane is "from x to y", i.e. the counterclockwise orientation. 
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9. Use Stokes formula to compute the circulation of f= aj 4+yk 
along the "closed" curve S, the intersection between the sphere x? + 
y? + 27 = R? and the plane x + y+ z = 0, with the orientation given 
by the direction of the vector (1, 1,1). 

=> => = => 

10. Let F = yz i +2xz j —a2?k. Compute the flux of F' through 
the ellipsoid 4x? + y? + 42? = 8, the exterior side and the circulation of 
the same field along the intersection curve y, the intersection between 
this last ellipsoid and the plane z = 1.The projection of the orientation 
of this curve on the rOy-plane is "from y to x", i.e. the clockwise 
orientation. 


CHAPTER 10 


Some remarks on complex functions integration 


1. Complex functions integration 


The reader can find some theory on complex numbers, complex 
sequences, complex series, complex functions, complex differentiability, 
etc. in [Po], sections 1.2, 5.2 and 11.8. We shall review some of them 
here. 

To any point M of a plane (P) with a fixed direct oriented (coun- 
terclockwise) Cartesian coordinate system xOy or {O; a, re one can 


—_ 
uniquely associate a pair (x,y) of two real numbers such that OM = 
=> => 


xi +yJj. Conversely, to any pair (v,y) € R? we can uniquely as- 
— 


sociate a point M such that the position vector OM =«xi ees 
The ordered pair x and y are called the coordinates of MW w.r.t. the 
Cartesian coordinate system zOy. We write this as M(x, y). This dou- 
ble association give rise to the famous Descartes’ bijection between 
the points of the plane (P) and the elements of the arithmetical space 
R?. To the arithmetical sum (x,y) + (2’,y’) = («+ 2’,y+ y’) from 

— ——> —_ 
R? one associates the point N(«+2',y+y') and ON =OM+OM', 
where M(x,y) and M'(a’,y’). If a € Rand M(z, y) then, to the prod- 
uct a(x, y) = (ax, ay) from R? we associate the point T(ax, ay) and 


OT = aOM. We see that the vector space R? is isomorphic with the 
vector space V2 of all free 2D-vectors. But R? is also isomorphic with 
the vector space C of all complex numbers z = x + iy, x, y € R, where 
i = /—1 is the pure imaginary quantity, not real, which denote one 
of the root of the equation x? + 1 = 0. With an appropriate multipli- 
cation, C becomes a field, the complex number fields. The association 
M(2,y) ~~ 2m = xt+iy ~ M,(z2,y) gives rise to a bijection between 
the points of the plane (P) and the complex numbers set C. To the ad- 
dition of C corresponds the addition between the corresponding vectors 
in Vj. The plane (P) becomes a representation of C. The distance be- 
tween two points M(x, y) and M’(z’,y’) in plane is exactly the distance 
\2a — 2m| in C. An e-neighborhood of a fixed complex number 29 is 
an open ball of the form B(z,r) = {z € C: |z — z| <r}, ie. an open 
disc in the plane (P) with center at M,, and radius r > 0. An open 


359 
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subset A of C is a subset of C with the property that if z € A, then 
there exists a small ¢ > 0 such that the corresponding ¢-neighborhood 
of z is contained in A. A subset D of C is a domain if it is open and 
if it is connected, i.e. any two points M,N of D can be connected by 
a polygonal line (or a smooth curve) in D, with extremities at M and 
N respectively. D is bounded if there exists a real number R > 0 such 
that D Cc B(0, R). In C we have only "one" oo, the circle with centre 
at 0 and radius equal to co (see the Riemann sphere construction in 
[Po], 6.5). A neighborhood of 00 is the exterior of any closed ball of 
the form B[0, R], ic. {2 € C: |z| > R}. A sequence {z,,} of complex 
numbers is convergent to the complex number z if |z, — z| — 0, ice. 
if and only if xz, = Rez, — x = Rez and y, = Imz, — Imz. Here 
Zn = Ly tty, and z = x+y. If A is a subset of real numbers, a function 
f:A—-C, f(t) = x(t)+iy(t), where x: A — Rand y: A — Rare the 
real functions components of f, is called a real function with complex 
values. The continuity, derivability and integrability of such functions 
are componentwise operations. Any continuous and injective function 
g: [a,b] > C, g(t) = x(t) + y(t), is called a curve in C. In fact, the 
image g(|a,b]) is the support curve of g, or simple a continuous curve 
in C. If the real functions x(t) and y(t) are piecewise of class C' we 
say that the curve y = g((a,}]) is a piecewise smooth curve. It has a 
length if and only if its parametric representation 7 : x = x(t), y = y(t), 


t € [a, b] has a length and its length is / ds. Let A be a subset of C and 


a 
let f : A > C be a function defined on A with complex values. Such 
a function is called a complex function. Let z = x + iy be a running 
point in A and let f(z) = u(z, y) +iv(a,y). The real functions of two 
variables (x,y) ~» u(x, y) and (x,y) ~ v(x, y) are called the real part 
Re f of f and the imaginary part Im f of f respectively. We say that 
f : D— Cis continuous at a point 2 of a fixed domain D, if for any 
sequence {z,,} with elements of D and such that z,, — zo, one has that 
(én) — f(%o). We say that f is continuous on D if it is continuous 
at any point of D. Such a function is continuous on D if and only if 
its component real functions u(z,y) and v(z,y) are continuous on D. 
Here we simultaneously look at D as being in C and in its correspond- 
ing representation plane (P) as a subset of R?! The differentiability 
of a complex function f : D — C is defined like the differentiability 
(derivability) of a real function of one variable with real values. We 
saw in theorem 91, [Po] that f is differentiable (or analytic) on the do- 
main D if and only if its component functions wu and v have continuous 
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partial derivatives on D and 


Ou 7 Ov Ou Ou 


dr dy’ Oy Ox 


(1.1) 


(Cauchy-Riemann relations) and 


0 0 0 0 
(2) f= Fey) +z ow) = Few) ty (oy) 


Any power series S(z) = )>*°.9 cn(z — 20) has a set of convergence 
M such that B(zo, R) C M C B{zo, Rj, where R is called a convergence 
radius and it is computed exactly like in the real case: 


1 1 
R a 
limsup Ven] lim sup 


Cn+1 
Cn 


(1.3) 


All the basic results relative to sequences or series of functions from 
the real case preserve in the complex functions case. For instance, if 
{fn(z)} is a sequence of complex functions, such that f, is uniformly 
bounded by a number ap, ie. |fn(z)| < Gn for any z € D, and the 
numerical series 5* a, is convergent, then the series of functions 5> f, 
is absolutely and uniformly convergent on D (Weierstrass M test). The 
proofs follows exactly the same ideas like in the real case. 


We shall now introduce the integral i; f(z)dz of a complex function 


ab 
f : D — C along a fixed arc of a curve ab C D. We assume that the 
arc ab is the image of g : [To,T] — C, g(t) = x(t) + y(t), where g isa 
continuous function of a real variable with complex values (a complex 
curve!). Let A: to = Tp < t) < ... <t, =T bea division of the real 
interval [Tp, T] and let {c;}, c € [ti_1,t;] be a set of marking points of 
this division. Let z; = g(t;) and €; = g(c,;), where j = 1,2,...,n, be 
the corresponding points on the arc ab (see Fig.1). Let A* = {z;} be 
the natural division of the arc ab obtained as the image of the division 
A of the real interval [To, T]. 
A sum of the type 


n 


(1.4) S(A* {E}) = 0 FE) (G — 2-1) 


j=1 


is called a Riemann sum of f relative to the division A* and the set 
of marking points {€;}. 
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FIGURE 1 


DEFINITION 33. We say that f : D — C is integrable on the arc ab 


if there exists a complex number I pa ; f(z)dz such that for any small 


ab 
€ > 0 there exists a small 6 > 0 (depending on <) with the property that 
if \|A|| < 6, then |Z = Sz(A*, {€;})| <e for any set {€;} of marking 
points of A*. This means that I can well be approximated with Riemann 
sums of the above type. 


It is easy to see that if f is piecewise continuous and g is smooth, 
then f is integrable on the arc ab and 


(1.5) / f(2)dz = / F(g(t))g! (tat, 


where g/(t) = 2'(t) + iy’(t). Indeed, 


2 P(E; (43 -2j-1) = > Ff (ales) [le(ty) — e(t5-1)) + ty ty) — y(tj-1))] = 


n 


(1.6) ae > F(g(es)) lad; ay (eg) | yp — 4-4); 


where d;, e;, cj; € [t;-1,t,]. Since this interval is very small as ||A|| — 0, 
and since g’ is continuous, we can well approximate the sum of (1.6) 
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with 


D F(o(es)) 2"(c5) + iy (eH) (G — th), 


p 
which is a Riemann sum of / f (g(t))g'(t)dt. Hence this last integral can 


To 
n 


be well approximated with Riemann sums of the form >; FE) Gea 
j=l 


z;-1). This means that f is integrable on the arc ab and i L2d2= 


ab 


i: F(g(t))gf (tat. 


EXAMPLE 106. Let us compute I, = if Gem d2 for any nat- 


Z—-Z0 

|z—zol=r 
ural number n = 0,1,.... The equation |z — z| = r describes a circle 
with centre at z and radius r. It has the following parametrization 
z= 2% +rexp(i0), where 0 € [0,27]. It ts equivalent to the real form 


{ T= Xo +r cosd ,0 € [0,27]. Applying formula (1.5) we get: 


y=Yotrsind 
27 
1 i0(1—n) |27 
—— / sriedo =p hth; S = 0, 
prem iL 7h) be 


20 


ifn #Alandl) =i / dO = 2ri. Here we used the equality: e?"™ = 


0 
cos27m + isin27m = 1 for any integer number m. Hence 


1 a 0, ied 
(1.7) i (z _ Ryn” = { 271, n=l. 


|z—zo|=r 


We shall now express the complex integral / f(z)dz as a complex 


ab 
number, with a real and an imaginary part. For this, let €; = 1; + 26), 
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with 7,,0; € IR and let us come back to the Riemann sum (1.4): 


3 F(E;) yj — 4-1) = 


= SF [ula 83) + iv(nj, 93)] [(e(ty) — e(t-2)) + yy) - via) = 
= D_, [ulnj, 95) (@(ts) — 2(t3-1)) — vl, 95) (y(ts) — y(tj—1))] + 


ar u(n;, 95) (y(t;) — y(ts—1)) + o(n;, 0;)(w(t;) — e(t;-1))] - 


Since ‘a real part of this last sum is a Riemann sum for the line 


integral ¢ udx — vdy and since the imaginary part is a Riemann sum 


ab 


for the line integral ¢ vdx + udy, we find that: 


ab 


(1.8) [f0 ae ude — vdy + if vd + udy. 


ab ab 
Let us compute / (3xy + y?2) dz, where ¥ is the oriented segment 


* 
[AB] with A(0,0) and B(1,2). Since u(x,y) = 3ry and v(z,y) = y? 
can be easily computed, we use formula (1.8). A parametrization for 
[AB] is cx = 2, y = 22, x € [0,1]. Hence, 

1 i 


[teva = [oe — 82*)dx + if (ax? + 122?)dx = =a af i> 
ab 0 0 


THEOREM 97. (Cauchy fundamental theorem) Let D be a simple 
connected domain of C and let f : D — C be a differentiable (ana- 
lytic) complex function defined on D. Then, for any piecewise smooth 


"closed" oriented curve y C D, one has that ffle)de = 


a5 
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PROOF. Since f is differentiable one has that Gu — Ww du _ 
ha Oy’ Oy Ox 


We can apply Green formula (3.1), Ch.6, for the both line integrals on 
the right side of the equality, which results from formula (1.8): 


pee am 
“Jf Cae se (-2 +3) dady = 0, 


where D, is the domain bounded by 7 Nee Fig.2) 


FIGURE 2 


The simple connected property of D is necessarily. Indeed, for 


instance 
fr ie = 2re 
&— £0 


|z—zo|=r 
(see formula (1.7)) because D = C\ {zo} is not simple connected. 
A main consequence of this Cauchy fundamental theorem is the pos- 
sibility to construct a primitive function F(z) for an analytic function 


f(z) defined on a simple connected domain D. The formula ¢ fQldz= 
q 
0 for any piecewise smooth "closed" oriented curve y C D, implies 


like usually that the complex integral i f(z)dz does not depend on 
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the complex path [I which connects the points A and B. Hence, if 
one fixes a point z in D and if z is an arbitrary point in D, then 


= [soae is a primitive function for f(z), ie. F(z) is differen- 


20 
tiable and F"(z) = f(z) for any z € D (see Fig.3). The proof of this 
statement is almost similar to the proof of the analogous result for line 
integrals of the second type (see also the remark 22). Indeed, let wo bea 
point in D and let a closed disc Blwo,r] = {z € C: |z — wo| < r} with 
centre at wo and radius r > 0, sufficiently small such that Blwo,r] C D. 
Since D is connected, there exists a polygonal line [zgwo] C D, which 
connect Zz and wo. For any w € B[wo,r], let us evaluate the quotient: 


LK a+ fH ac f Hae 


F(w) - __ [zowo] segm|[wow] [zowo] 
W — Wo W — Wo 
__ segm|wor] 
W—Wo °° 


where segm|wow] is the segment of the straight line which connect wo 
and w (see Fig.3). 


FIGURE 3 
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Since our goal is to prove that 


lim A) FO) _ F(a), 


W—-WO W— Wo 


let us evaluate now the distance between fei eal and f(z) : 


/ f(Qa¢ - if f(wo)de 


egm|wow] segm|[wow] 


IA 


|w — wol 


- (u)) = 


IF(¢) — F(wo)| lac] 


segm|wow] 
< sup |f(¢) — f(wo)]. 
|w — wol CEsegm|[wow] 


Since f is continuous on D, this last supremum goes to zero when w — 


F(w)—F(wo) __ f( F(w)-F(wo) _ 


wo) — 0, when w > wo, ie. lim 
w—Wwo w—Wwo 


wo. Hence, | 
w—wo 


f (wo), ie. F is differentiable at wo and F’(wo) = f(wo). 

What happens when D is not simple connected, i.e. if it has some 
"gaps" or "holes"? We shall describe in the following a very simple 
model of a n-connected domain 2. We start with a complex domain D* 
and let us consider another simple connected bounded domain D Cc D* 
such that D = DUOD C D*. Let Dy, Do,..., Dn_ be n — 1 nonover- 
laping (the intersection D; D;, i # j, is empty or at most a piecewise 
smooth curve) domains contained in D. We assume that the boundary 
JD =T74 isa directly oriented piecewise smooth curve and the bound- 
aries OD, =T7,...,ODn—-1 =T,_, are included in D and they are piece- 
wise smooth inverse oriented curves (see Fig.4). Then Q = D\, Cae D; 
is said to be a n-connected domain. For n = 1 we get 12) = D itself, ice. 
a simple connected domain. For n = 2, Q = D\D, and we obtain a 
double connected domain (with a "hole"), etc. To obtain from 2 a new 
simple connected domain 2,, it is enough to get out from it n—1 piece- 
wise smooth curves 71, ...,;Y,_1 Which connect 0D with ODj,...,0Dp_\ 
respectively, traced twice in the opposite directions (see Fig.4). 

Hence 2, which has as its boundary the union between 0D, 0Dj,...,ODn—1 
and ¥1,...,Yn—1 traced twice each of them, is a simple connected do- 
main. 
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FIGURE 4 


THEOREM 98. (n-connected Cauchy fundamental theorem) With 
these notation and hypotheses, let f : D*\. UR D; — C be a con- 
tinuous function which is analytic on Q. Then, 


(1.9) [i@ae= [teas freoder.+ | fou. 


In particular, ifh : D — C is a continuous function which is analytic on 
D except the points 21, 22, ...,2m of D (see Fig.5), then one can uniquely 
define the numbers res(f, z;) pas 7 / fades j= 1 acemnfor 
|z—23|=r3 
any r; > 0 sufficiently small such that B(z;,r;) C D and B(z;,7r;) 
Bz, tr) = © for j Ak. Here res(f, z;) is said to be the residue of f at 
z;. Moreover, formula (1.9) immediately implies the famous "residues 
formula": 


(1.10) [fea = 2nt So res(f, ae 
rt ins 

PROOF. It is sufficient to apply the Cauchy fundamental theorem 
for the simple connected domain 2, and taking count that the curves 
V1. -++) Yn—1 ave traced twice in the opposite directions: 
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FIGURE 5 
or r 
[t@ae= Sf fea: 
Tit me 


The residue res(f, z;) ze im i f(z)dz is well defined because if 
|z—23|=r3 

we diminish the radius rj; of the disc to another one 0 < rj < rj 

then, on the annulus {z € C: r* < |z—2z,| < rj} the function f(z) 

is analytic and, applying the first statement of this theorem, we get 


that = i figdz=— / f(z)dz, ie. the residue res(f, z;) is 
|z—-2;|="3 le—agl=rj 

well defined. The equality (1.10) is the particular case of the general 

Cauchy formula (1.9), where we take the discs |z — z,;| < r; for the 

domains D;. 


REMARK 37. Let H be a complex domain, let D be a bounded do- 
main included in H such that 0D =T is a direct oriented, continuous 
and piecewise smooth curve. Let f be an analytic function on H, except 
a finite number of points 21, 22,...2m inside D and a finite number of 
points W1, We,...,Ws which are on OD =T (see Fig.6). If in a small 
neighborhood V; of w;, which does not contain any other w;, the curve 
I is smooth, then we say that the angle in radians attached to w; is 
a; = 7. If wp, 1s an angular point on TV and the angle in radians between 
the two distinct tangent lines at wp to T is an, we attach this ap, to wp 
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(here a, measure the "openness" of the point w;, relative to the domain 
D; more exactly, we take a small disk B(wp,r) and consider the sector 
of it bounded by the two tangent lines and which contains a region of 
D). Then, the above residues formula can be generalized as follows: 


(1.11) [teva = 274 Seay oe) x55) a;-res(f,w,;) 
af j=l j=l 


FIGURE 6 


We shall try in the following to compute such a new number res(f, zo) = 


5 f(z)dz for a function f which is analytic on the disc |z — z9| < 
|z—z0|=r 

r, except the point zo, its centre. Then, we shall apply the residues for- 
mula (1.10) in order to compute some complicated real or complex 
integrals. But what about the oo point of C = C U {oo}? (see the Rie- 
mann sphere in [Po], 6.5). To study the behavior of a function f in a 
neighborhood Vi..z = {z € C: |z| > R} of infinite means to study the 
behavior of the functions g(w) = f(1/w) in the corresponding neigh- 
borhood Voisr = {w € C: |w| < 1/R} and then to come back to oo 
with the obtained informations. Let us assume that a complex function 
f is analytic on C except a finite set of points 21, 22, ..., z,. Let R > 0 
large enough such that |z;| < R for j = 1,2,...,k. We define 


(1.12) res(f,co 2 : mf Fei 


271 
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where y is the circle |z| = R. We take y with its inverse direction 
because the neighborhood Vio.2 = {z € C: |z| > R} of oo has as its 
boundary with direct orientation, from the point of view of oo, exactly 
the oriented curve y. Now, formula (1.10) says: 


k 
(1.13) res(f,oo) + Si res(f, 2) = 0. 


Sometimes this formula is very useful because, if the number k: is large, 
to compute separately each residue and to make their sum can be very 
difficult. Instead of doing this, formula 1.13 says that it is sufficient 
to compute —res(f,oo). But, how to compute all this residues without 
complex integrals? 

We saw in [Po] that many elementary functions are defined by 
complex power series. A general form of a complex power series at Zo 
(related to this fixed point!) is the following: 


(1.14) 

_ An A—n4+1 a_j _ 
[oan Gane eae ee 
(1.15) +ao(z— 2)? +... + an(z— 29)" +... = Ss" An(z — 2)”. 


where a,, n € Z are the coefficients of this series. The series itself 
is called a Laurent series. It can be proved (see [Kral], or [ST]) that 
always exist 0 < r < R < o such that the series is convergent on the 
maximum open annulus {z € C: r < |z— 20| < R} and uniformly 
convergent on any closed annulus of the form {z € C: 1’ < |z — zo| < 
R’} for any r’, R' with r < 1’ < R' < R. If all the negative indexed 
coefficients a_1, G_2,...,@—-n,... are zero, then r = O and the series is 
convergent on a maximum open disc B(zo, R) with centre at zo and of 
radius R. For instance, 


e 1 1 i 
e wala =D pa eai) tie @=)) to. 
has r = 0, R = o and the series is convergent on the entire plane, but 
not in oo, where it does not exist like an usual function (lim e*~' does 


Z—0O 


not exist because lim e?”™* = 1 and lime” = oo). For 
Se oes 
CPE Te oe To lew 


r = 0, R = ~, but the series is not defined at z = 0. It is defined at 
oo and its values is 1 at this point. 
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Let us now compute the residue of f(z) from formula (1.15) by 
taking the integral on a circle |z — zo| = p, with r<p<R: 


(1.16) res(f,2)=—— S- An (z — 20)"dz = a_1, 


because of the formulas (1.7). We can express the residue of f at a point 
zo even in a more simple way if all the negative indexed coefficients 
a_n are zero except a finite number of them, starting with a_; 4 0, i.e. 
G_p_-1 = G_p_g =... = G_p =... = 0. Then we see that 


(z—2)* f(z) = a_pta_pyi(z—2) +... ta_1(z—2%)* 1+ a9(z—20)F +... 
Hence 


1 7 
(1.17) res(f, 20) =a, = Gear [(z = zo)" f(z)] (k-1) 
Here the exponent (k — 1) means the derivative of order (k — 1) of 
the function (z — z)* f(z). We say that zp is a pole of order k for the 


function f. 
EXAMPLE 107. Let us use the residues formula (1.11) and formulas 


sin 4 ag 


(1.17), (1.16) to compute the complex integrals a) I(r) = ene 


|z—1|=r 


and b) J = i 
[tur] 

ented, of the triangle with vertices t =0, u=1 and v =i. 
To pil aes I(r) we need to compute all the finite nonzero residues 


Fea, where {tuvt] is the perimeter line, direct ori- 


of Te) Gar i.e. the residue in at most the singular points (the 
points at which the function is not analytic) of f(z). We easily see that 
zo = 0 is an essential singular penne (see the definition bellow) of f 


because sin + = : Sqr te and wy 1s pes (differentiable) in 


a small neighborhood of z = 0. The points 21 = iV2 and z= —iV/2 
are poles of order 2 because, for instance, the Fon giz) = (z- 
iV/2)? f(z) is analytic in a small neighborhood of iv/2 which does not 
contain the points 29 = 0 and z = —ivV2, etc. It is clear enough 
that: Fest, 20) =e = ;- Now, to compute the residues res(f, z1) and 
res(f,Z2) we need formula (1.17): 


1 k (k-1) 
res(f, 20) = Cae =z ey. 
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Thus, 
. 1 / 
res {21 ) =: lim [ies | = 
941) — 5 — 
zoiv2 L(z + iV/2)? 
_ ~B(z +iv2)? cos + — 2(z + iV2) sin 4 
= iii = 
zi (z + iV/2)4 
_ i/2sin 5 — COS Ts 
16 
sin 4 ’ 
pest feo) = ene) |p — | 
(f 2) Jim || 
— —4d(z-—iv2)? cos 4 — 2(z — iV/2) sin 2 
= lin z Bi wk 
z-iv2 (z — in/2)4 
2 —ir/2 sin a — cos 5 
16 
We can now start the discussion. If r < 2 —1, then inside the circle 
|z—i| = r there exists no singular point for f. Thus, in this case 


I(r) =0. Ifr = 2-1, then z is on the circle |z — i| = /2—1 and we 
apply formula (1.11) (we say that at z, we have a semiresidue. Hence, 


1/2 sin +—cos 


I(/2-—1)= ri, _—. If /2-l<r<1, then x is inside the 


in/2 sin + —cos + 
circle /2 —1, so that I(r) = 2ni 2. If r = 1, then, besides 


. : _iV2 sin .—cos 4 : 
Z, one has a semiresidue at z and I(1) = 271i va V2 ri. 


Ifl<r<1+t+ V2, then we have residues at zo and 2, inside the 
iV 2sin + —cos 

circle, so I(r) = 2ni-——3 4 Qi. If r = 14+ V2, then we 

have residues at zo and 2 inside the circle and a semiresidue at 2a, 


in/2 sin .—cos in/2 sin +—cos + 
so that I(1 + 2) = 2ni 2 — + 2ni + nim 4. If 


r>1+vV2, we have all the three points as residues inside the circle, 


at 2 sin :—cos -& : ; i/2sin 4.6662 
so that I(r) = 2ni 2 _ + 2m + Qi ve 


To compute J = / Fea we can use formula (1.11). One has 


[tuv] - 


a residue at t = 0, with the associated angle a, = 5 and a residue at 


u=1, with the associated angle a2 = [. But, denoting h(z) = 2G 
one has 


res(h,0) = lim 


20 


1 / 
4 = —lim 2z(z? -1)* =0 


ze z—0 
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and i i 

res(h, 1) = lim————- = =. 

vet) zs1z%(z+1) 2 

Hence, J=Fi1-044i-5=2. 

If an infinite number of negative indexed terms a_,, are distinct of 
zero, we say that 2 is an essential point. If all a_, are zero, i.e. if 


(1.18) f(z) = ao + ay(z — 2) +... + On(z — 2)" +... 


we say that f is analytic at z) and 2 is a regular point of f. In this last 
situation we call the expansion on the right side, a Taylor expansion. 
It can be proved that any analytic function f in a disc B(z, R) has a 
Taylor expansion of the type (1.18). Let us evaluate the coefficients a,, 
in this last case. For this, let us take a circle 7, with centre at z and 
an arbitrary radius r > 0 and let us integrate terms by terms: 


[See = Se an f ( — ry ana 2, eT, 
(z — Zo) io 


Yr 


because of formulas (1.7) (fe — z9)*-""1dz = 0 fork <n and fe ~ 


Yr Vr 
z)*-" dz = 2ri for k = n) and because of the Cauchy fundamental 


theorem (97) for k > n (then (z — z)*~"~! is analytic and so Je — 


cc 
2)" "dz = 0). Hence, 


ee! f(z) 
an ake — z)r+4 oe, 


Yr 


If we substitute y, with any other closed piecewise smooth curve 7 
which contains 2 inside the interior of the domain bounded by j¥, it is 
immediate from the general Cauchy fundamental theorem 98 that 


(1.19) ee Ii ica 


Qni J (z— 29)rtt 


Since a, = aT f(z) (compute this n-th derivate in the Taylor expan- 
sion (1.18)), one obtains: 
n! F(z) 
1.20 (n) Elen) pee AS ae 
" 
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For n = 0 we get the basic Cauchy integral formula: 


Lf ee) 
(1.21) (25) = Ae ee me 
¥ 

This formula supply us the value of f at any point z of a bounded 
domain D with its boundary 0D = ¥, a continuous piecewise smooth 
curve. It can be proved independently and then we can recover the 
Taylor expansion of an analytic function f(z) inside a disc or the Lau- 
rent series expansion for an analytic function defined in an annulus. 
Indeed, let us take a small r > 0 such that the disc B(z,r) C Dy, 
the simple connected domain bounded by y. The 2-connected Cauchy 
fundamental theorem (see theorem 98) says that 


i iC eae £2) a 


271 J 2 — % 201 Z— % 
4 


Let us use formula (1.7) to evaluate the difference: 


: (z) au f(z) | f (20) 
Omni era fa) = on een eer 
|z—zo|=r |z—zo|=r |z—zo|=r 
1 lf(z) — flzo)| 1 
MeN NEEL) ie BO _ = 
|z—zo|=r 


when r becomes smaller and smaller. Since the quantity 


1 (z) 
— ——dz — f(z 
271 Z— 2% P(0) 
|z-z0|=r 
does not depend on 7, we see that it must be zero, i.e. we just obtained 
the basic Cauchy integral formula. Looking at the equality 


1 
oe one 
272 Z—-w 
|z—zo|=r 


fw) = 


like at an integral with a parameter w and applying an analogous of 
Leibniz formula (1.7), we successively get: 


fw=s | ote 
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” = 1-2 f(z) (n) = nt / f(z) 
rs (w) = on | Gage (w) = 2m | @— wy 
z—zo|=r z—z9|=r 

i.e. we just proved formula (1.20) and the amazing fact that if f(z) 
in differentiable "once" on a simple connected domain D, then it has 
derivatives of an arbitrary order on D. 

Now, let us come back to the Taylor expansion (1.18) of an analytic 
function f(z) in a disc B(zo, R) and let r < R. Let us evaluate the 


coefficient an, = oa i) irda, WH), 12 cs 


y: |zz0l=r 
1 1 


1 1 M 
< So ‘ : —_ 
lan| < 5 / val |dz| 5 al Qrr =F 


y: |z-zol|=r 


where M is the greatest value of |f(z)| when z runs on the compact 
subset {z : |z — zo| = r}. The inequalities 


M 
(1.22) lan] < — 
= 


are called the Cauchy inequalities. They are surprisingly used to prove 
the following basic theorems. 


THEOREM 99. (Liouville theorem) Let f(z) be an analytic function 
in the entire complex plane such that its modulus is bounded. Then 
f(z) must be a constant. 


PROOF. Since f(z) is analytic in the entire plane and bounded by 
a number M, in formula 1.22 one can make r — oo for each n = 1, 2, ... 
. Hence aj, dg, ...,@n,... are all zero, ie. f(z) = ao. 


An immediate and deep application is the fact that some real func- 
tions which are bounded and nonconstant on the real line (see sin z, 
cos x, etc.) do not continue to be bounded as functions of a complex 
variable. For instance |sin z| > 1 for an infinite number of values of 
z. Indeed, since sin z is analytic on the entire C, then it cannot be 
bounded on C (otherwise one can apply Liouville theorem and sin x 
would be constant!). But another important consequence of the Liou- 
ville theorem is the following basic result in Mathematics. 

THEOREM 100. (the fundamental theorem of algebra) Any noncon- 
stant polynomial P(z) = a9 +a1z +... +@n2" with complex coefficients 
has at least one root in C. In particular it has all roots in C and it can 
be written as a product of the form: 
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where C1, C2-+5C, are all the roots of the polynomial P(z). 


Proor. Assume contrary, namely that P(z) has no root in all 
complex plane. Then f(z) = rey is analytic and bounded, because 


lim f(z) = 0. Indeed, since jim n f (z) = 0, there exists a large number 


T > 0 such that |f(z)| < 1 for any |z| > T. Let M be the greatest 
value of f(z) on the closed disc B/0,T]. Then |f(z)| < 1+ M for any 
z€C,ie. f(z) is bounded and we can apply the above Liouville the- 
orem and find that f(z) is a constant function, i.e. P(z) is constant, a 
contradiction, because we assumed that it is nonconstant. Hence P(z) 
must have at least one root in C. The other statements can be eas- 
ily derived by using successively the Euclidean division algorithm for 
polynomials. 


2. Applications of residues formula 


20 


a) How do we evaluate real integrals of the form I = [ Rloos 0, sin 0)d0 


0 
Here R(cos6,sin@) is a rational function of cos@ and sind. This 
Ae vy) 


means a quotient of two polynomials in two variables in which 
we substituted the variables x and y with cos@ and sin@ respectively. 
To compute the integral J, we make a change of variables: z = e””. 


Thus, 
1 1 i\> i paw 
2.1 = at ean eee ee 
en) = f RG («+2).5( *)) Pe 
|z|=1 


This last integral is a complex integral of a rational function 


ae -a($ (008) 3 (0-4) 


in variable z. Since this last function has at most a finite number of 
poles (the zeros of Q(z)) inside the circle |z| = 1 (or on its circumfer- 
ence), we can apply the residue formula and get: 


(2.2) I =2ni- : Dat Gaz 


For instance, if we want to compute the coefficient a, = i San gon OF 
0 
€ 


the Fourier expansion of the function f(x) = x € [0,27] (see 


aaa x? 


378 10. SOME REMARKS ON COMPLEX FUNCTIONS INTEGRATION 


"Fourier series" chapter in any course of Advanced Mathematics), the 
best idea is to use the above change of variables: z = e’”. Thus, 


1 / 1. shee? Qiz 1, 
Am =- ‘s < - a i 
a 2 zm z2+tdiz—1 z 
|z|=1 
1 gu 
— d —_—_—__—dz. 
laa + fasec ‘ 
|z|=1 |z|=1 


b) Integrals of the form | fea 
These improper integrals of the first type can be easily computed 
by using residues formula. First of all we need an auxiliary result. 


THEOREM 101. Let f(z) be an analytic function everywhere in the 
upper half-plane {z € C : Imz > 0}, except a finite number of points 
21, 22, ++. 2n. We assume that in a neighborhood |z| > Ro > 0 of co the 
function f(z) is bounded as follows: |f(z)| < ae where M > 0 and 
6 >0. Then 


(2.3) lim [sea = 0, 


where Cp is a semicircle |z| = R, with Im z > 0 (see Fig.7) 


PROOF. Let us take R > Ro and write: 


M M 
[ rea} s [relia < fra lel =e 
R CR 


2| 
Ch 


which goes to zero when R — oo. Hence [sea — 0 when R — co 


Cr 


and the theorem is completely proved. 


Now we can prove the basic result which will help us to compute 
improper integrals just announced. 


THEOREM 102. Let f(x) be a real function of class C™, defined 
on the entire real axis and let f(z) be a unique (see [Po], section 11.8) 
analytic prolongation of it to the upper half-plane Im z > 0. We assume 
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FIGURE 7 


that the function f(z) satisfies the conditions of the above theorem 101. 


Then our improper integral / f(x)dx is convergent and: 


—oo 


(2.4) | fea = 25 > res(f, Zk), 


where 21, 22, ---, Zn are all the singular points (at which f is not analyti- 
cal) of f in the upper half-plane Im z > 0. In particular, if f(z) = 53 
is a rational function which satisfies the supplementary conditions that 
deg Q(z) > deg P(z) +2 and that the equation Q(z) = 0 has no real 


root, then 


(2.5) aw = 24 Ss" res(f, Zr) 


Q(x Rez, >0 and Q(z,)=0 


PROOF. Let us take Ro large enough such that |z,| < Ro for any 
k = 1,2,...,n. Now we consider in the upper half-plane the closed 
contour [—R, R] U Cp (see Fig.7). We apply the residue formula and 
find: 


R n 
[tod [rod = ani 5” res(f, Bis 
=R Ch At 


380 10. SOME REMARKS ON COMPLEX FUNCTIONS INTEGRATION 


Since the conditions of theorem 101 are satisfied, taking limit when 
R—- ow, we get exactly formula (2.4). 
ae together with the 


above restrictions on the polynomials P(z), Q(z), satisfies the same 
conditions of theorem 101. 


The last statement is true because, f(z) 


1 


For instance, we know that the integral J = [~ dx is conver- 


is ep 
gent but its computation is not so easy. We see that ee < a for 
|z| large enough, i.e. Ro = 1, for instance, M = 1 andéd=2>0in 
theorem 101. Thus we can apply the last theorem. For this we need to 
find all the zeros of z4+1 = 0 in the half-plane Im z > 0. The solutions 
a k= 0,1,2,3. But only 


zy = e't and z; =e’ are in the upper half-plane. Thus, 


1 eas 1 - 37 
Lor res (ape) + res (ane) ; 


But, there is a problem! Formula (1.17) is not practicable here! Why? 
Let us see: 


1 a 1 1 
res | ———,e'4 }] = lim |(z-z = ; 
(= +1 ) 2320 [ 0) + 4 (zo — 21) (20 — 22) (20 — 23) 


To compute this last number is not so easy. But, let us look carefully 
to the general formula 1.17 for the case of a simple pole 2, i.e. for 
k=-1and tor f(@):= ae a rational function: 


P(z) P(2) P(2) 


of the equation z4 +1 = 0 are 201,23 =e 


(2.6) reals 20) = Bante — 20) 502) — Gi, SET ~ Oi) 


ZZ 


Using this nice formula in our case, we get: 


i. ate 1 
res oat = 8 


Finally we obtain 


1 a 1 . 3a 2 
Lh res (aa) + res (= pe) = ue) 


If the residues of f are in the lower half-plane and similar conditions 
for f are satisfied, a similar result is true (do it!). 


c) Integrals of the form [erode 


Such integrals appear in the computation of a Fourier integral (or 
a Fourier transform). 
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We begin with an auxiliary result. 


THEOREM 103. (Jordan’s lemma) Let f(z) be an analytic func- 
tion in the upper half-plane Imz > 0, except a finite number of points 
21, 22,-..,2n. We also assume that there exists a real function p(r), 
r > 0, such that |f(z)| < u(r) for any z on the semicircle |z| = r, 
Im z > 0 and Jim p(r) = 0. Then for any real number a > 0 


(2:7) lim | e’* f(z)dz =0, 


where C is a semicircular arc |z| = R in the upper half-plane Im z > 0. 


Proor. Let us make a change of variable, by putting z = R- e”, 
where 0 < 6 < 7. We then obtain 


el f(z)dz| < | |e] [f(2)| |dz| < Ru(R) | |e**| d0 = 
! | 


R 


Tv 


(2.8) = Ru) f eve as, 
0 
because 
|e'*| = ciak-e® = [eee nee) | = lene | joe = 
= |cos(aR cos 0) +isin(aR cos 0)| lee) = jeseeene 


Let us evaluate the real simple integral 


us 


w 2 wT 


ic Lerne = ferorsmeas + je eeneas 
(0) 0) us 


2: 
Making the change of variables 7 = 7 — @ in the last integral, we find 
that 


x T 


7 0 2 2 
ecctsneas = = feta = fectemran = penta 
x 0 


0 


NA 
vy] 


cos? 6 


z 
Thus, J = 2 f e-ereneag, Since [tan 0 — 6]’ = —,,-1> 0, the function 
0 


9 ~» tan @— @ is increasing, so that tan@ > 0 if 6 € [0, 5]. Now [ sine" = 
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Geosf—sin@ _ Gtan® < 0 if @ € (0,4). Hence the function 6 + % is 


6? 6? cos 2 ae 
. . . sin > . j 
decreasing and its least value on (0, 4] is = = 2, ie. S82 > 2 or 
2 Tv Tv 
sin 6 > 26. Therefore, 
25Re _2aR 
e aRsin@ < er 0 
and 
a T 
2aR T 2aRg| 2 T =. 
I<2]e = °dé = -—e"= ° =-— [e* 1] 
aR 0 aR 
0 
Since 


e' f(z)dz| < Ru(R) f e-etntag < y(R)~ [1 - e7) 
and since p1() — 0, when R — ov, we obtain that 


/ e! f(z)dz| = 0, 


1 
R 


when R — oo. 


REMARK 38. a) Ifa <0 and f(z) satisfies all the conditions which 
appear in the statement of the theorem 108 for the lower half-plane 
Im z < 0, then the formula 2.7 is again true for any semicircular arc 

‘2 in the lower half of the xOy-plane. b) Similar assertions hold for 
a = +i\, \ > 0, when we integrate on the right (Rez > 0, see Fig.8) 
or on the left (Rez <0) half of the rOy-plane. We leave to the reader 
to state and prove such similar Jordan’s lemmas. Such variations of 
Jordan’s lemma are extensively used in operational calculus (Fourier 
and Laplace transforms). 


THEOREM 104. Let f(x) be a continuous real valued function de- 
fined on the entire real axis R and let f(z) be an extension of it into 
the entire upper half-plane Imz > 0. We assume that f(z) satisfies 
the conditions of Jordan’s lemma and that it is analytic in this upper 
half-plane with the exception of a finite number of points 21, 22, ..-, Zn 
in this half-plane, which are not on the real axis. Then the integral 


‘ie ce’ f(x)dx, a > 0 exists and it can be computed as follows: 


(2.9) ie e'** f(x)dx = 2ri S- res [e” f(z), za] - 


eo) k=1 
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FIGURE 8 


PROOF. Let Ro be large enough such that |z;| < Ro, k = 1,2,...,n, 
i.e. all the singularities (the points at which f is not analytic) of f be 
inside the circle |z| = Ro. Take now R > Ro and consider in the upper 
half-plane the following "closed" contour T = [—R, R] UC'z, where C', 
is the semicircle of the circle |z| = R, which are in the upper-half plane 
of the zOy-plane (draw it!). By applying the residues formula (1.10) 
we get: 


J e'* f(z)dz = / 


R 


—R 


e' f(x)dat+ | ef (z)dz = 2ni Sores [et 2) Rel 
C! k=1 
R 
Making R — oo and applying Jordan’s lemma 103, we get formula 
(2.9). 


EXAMPLE 108. In the operational calculus (Fourier transforms) we 
need to compute integrals of the form: 


= | f(x) cosnadz, Ip = i fia) suns dx; 76 = 05 Dy 
To do this we consider the following integral 


lai Hb / e'"” f(x) dx 
and try to apply formula (2.9) to it. For instance, let us compute 


i= hes 72 dx, where h > 0 ts a real parameter and n = 0,1,2,... . 


Thus, 
co eine eine 
Le [. ap 277i - res in| = 
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inz —nh 
see c - i me a 7 i 
Thus I, = Zeon and Ip = lee smn dx = 0 (this was obvious from the 


beginning because the function under the integration sign is odd and the 
interval is symmetric w.r.t. the origin). 


EXAMPLE 109. (Computing Fresnel’s integrals) In example 50 we 
proved that the Fresnel’s integrals I, = [,° cosa*dx and Iz = f,° sin 2?dx 
are convergent. Let us compute them here. For this we naturally intro- 


duce the auxiliary complex function f(z) = ce. Let A(r,0), B (+5 53) 
and let y, be the arc of the circle |z| = r, between A and B. Let 
T = [OA] Uy, U [BO] with its direct orientation (draw it!). Applying 
Cauchy fundamental theorem 97 to the analytic function f(z) = ei?” 
we get: 


(2.10) 0= fea: = petare fears [ofa 
T+ 


[OA] Yp [BO] 


Now we show that 


(2.11) lim | edz = 0. 


T—00 
Yr 


Indeed, putting z2 = w, we obtain dz = re where \/w is the first 


branch (k = 0) of the square root multivalued function w = |w| e 
Jwle 2, k = 0,1. Here 6 = argw is the unique angle in [0, 27) 
which satisfies the relations: Rew = |w|cos@ and Imw = |w|sin0. 
Hence, if we denote 1,2 the quarter of the circle |w| = r? situated in 
the first quadrant, one has: 


targ w 


x 


: OF 25 es 

iw ir? (cos 0+i sin 0) 

: e e ; 

eva: = Re — ir? | eta, 

2/w 2re2z 
Vr [2 0 

Since |e”? = 1 for any angle 0, we get: 


a x 


2 


[era m a 


Yr 0 0 
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when r — oo. Here we used again the inequality sin @ > 29 which was 
deduced during the proof of Jordan’s lemma. Let us compute now the 
other two integrals of formula (2.10): 


[e®ae = feosstan +i f sin x*dx, 
[OA] 0 0 
[eta a=pe't -e% fe p dp 
[BO] 0 


Hence, formula (2.10) becomes: 


r r r 


[cosets + if sin x*dz = ot fe ap = fevac. 


0 0 0 a 
Taking limit when r — oo and using formulas (2.11) and (2.21) we 
get: 


(oe) 


[cosatacti f sina’dxr = e'4 iV 5+ iz VE a iw 


0 0 


Hence 
CO CO 


[costa — [snctar = vn 
0 22 


3. Problems and exercises 


0 


1. Find the real and imaginary parts of the functions: 

a) f(z) = 2% — 8ie*; b) f(z) =sinz; c) f(z) =tanz; d) f(z) = 4. 

2) Compute ee +i—2z)dz, where y is the segment of the straight 
line which connect z; = 0 and z2 = 2-1. 

3) Compute reel + 22Z)dz, where 7¥ is the semicircle |z| = 3, 0 < 


4) Compute: a) Ge — 1)dz; b) fj zsin zdz; c) me ze® dz: 


5) Compute: a) fi.) 1 eadz; b) este at ¢) fijcs sinz dz; 


| zl=3 23 


edz 
Highs =2 Pet) e) ‘hs |= _, 2° sin zz; f) Sys 1|=1 ss ae 


PIPexeht dz (discussion on a > 0). 
|z—2i|=a z2(z2+4) 


6) Compute: Ps i war by) [esas Pe) lo. ceawean yee 


oo sin dx x? cos 2x °° cos ax—cos ba 
d ie co apa er; e la (a2+2)2 3 da; f) Vala a) da. Gb >: 


APPENDIX A 


Exam samples 


1. June, 2010 
1. Find the area of the plane domain bounded by the curves: y = 
Vaz, y= ae x =2and x = 2v3. 
[o-e) e at_y 


2. Prove that the integral I(a) = J, qa—dt is convergent for any 
a > 0 and compute it. What about its uniform convergence? 


2 Compute ‘i \/u? + y2dady. 


x? +y?<9 


x+y? < 8z 


4. Find the volume of the space domain { ie HO 


2. June, 2010 


1. The graphic of y = /xVa?+1, x € [0,1] rotates around Oz- 
axis. Find the volume of the resulting solid. 

2. Prove that the integral ie west is convergent and then 
compute it. 

3. Find the area of the plane surface bounded by the curves: y = 
V10x and y? = 102. 


4. Compute | / / zdadydz. Draw this domain and sup- 


22+y2+4+22<9, 2>0 
ply with a mechanical interpretation the obtained result. 


3. June, 2010 
1. Prove that I = - tan 2 dx is convergent and compute it. 
go 
2. Compute the length of the curve [': ; = a ,t € [0,1]. 


3. Let O(0,0), AM, 1), BU, —-1) and let the lamina OAB with the 
density function f(z) = x. Find its mass and the coordinates of its 
centre of mass. 
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4. Find the coordinates of the centre of mass for the total surface 
ty = 42? 


of the cone: O< 4 <9 


4. June, 2010 


1. The curve y = re~™", & € [(0, 00) rotates around the Oz-axis. 
Find the volume of the obtained solid. First of all verify if this volume 
is finite. 

2. Starting with the formula 


T(2)0 
| 11 — t)¥ lat = CAC) W) S040, 
0 (a+ y) 


compute J = fe sin® x cos® xdz. 
3. Let A(2,1) and B(1,0). The homogenous lamina OAB of density 
2, rotates around Oz-axis. Find its moment of inertia w.r.t. Ox-axis. 


4. Let D: 2? +y? +2? <9, z > 0. Compute J = [f [Pacdya 


5. September, 2010 


1. Let A(2,/2), B(1,0) and C(2,—/2). Let 7 be the arc of the 
parabola y? = x which connect A and C. Let [ABC] the polygonal line 
which passes through A, B and C. Compute the area bounded by y 
and [ABC]. 

2. Find the work of the field F (sz, y) = ay jp along the polygonal 
arc [OABO}, with this orientation, where A(1,2) and B(3, 0). 

3. Compute the mass of the lamina D : 77+ y? <9, 7 >0, y <0, 
if the density function is f(x,y) = |y| . 

4. Find the coordinates of the centre of mass for the solid bounded 
by the sphere x? + y? + z? = 9 and inside the cylinder x? + y? = 4, 
z = 0, if the density function is f(x,y, z) = z. 


6. September, 2010 


‘Teak? hac i 
rove that Hi (any 
2. Draw the domain D : x? + y? < 4, 27+ (y— 1)? > 1 and then 
find the centre of mass of D (the density function is considered to be 
fH) 
3. Ifa =I (2), compute K = f>° z%e-*" dx as a function of a. 


3 
4, Find the volume of the domain D : x?+y? < 2z, 2? +y?+2? < 3. 


dx is convergent and then compute 


it. 


APPENDIX B 


Basic antiderivatives 


Prove all the following formulas (here [ f(«)dx means a primitive 


of f(a)): 


mae + os 1: 
(0.1) [vcae = Ing, ifa=—landz>0 
In(—2z), if =—-landz <0 
(0.2) poa= 5, ifa>0,aAl. 
Ik 1 C8, 
: —— SF = I +a. 
oe) = Fe a i 
1 1 ane 
(0.4) | aqpeuriem war? 
(0.5) | eee es Ve Sar Oh 
xe+a 


(0.6) dx =sin7! = a#0,a?—2?>0. 
a 


1 
ee 
2 
(0.7) | Ve= Fae = 5 Va a? + sin! Sa 0,a°—2"? >0. 
a 
2 
(0.8) | Vee ear = SP Res 5 Ine + va? £0?),a 


(0.9) [sm xzdxz = — cosa. 


(0.10) [es cde = sine: 


389 


390 


(0.11) 


(0.12) 


(0.13) 


(0.14) 


(0.15) 


(0.16) 


(0.17) 


(0.18) 


(0.19) 


(0.20) 


B. BASIC ANTIDERIVATIVES 


1 
/ dx = tana, x # (2k-+1)> 


cos? xr 


1 
/ 9dr = — cota, x2 # kn. 
sin’ x 
[ tnede = —In|cosz|,x2 4 (2k +15. 
[cota =In\sing|,a 4 ka. 
1 
/ ; dv = In |tan 5 
sin © 2 


[=e =In ‘tan ¢ — =) | ,£# (2k + i). 


me a 


/ sinh rdx = cosh x. 


[cost dx = sinh «x. 


1 : 
/ dx = tanhz = Suu 


cosh? x cosh x 


1 h 
i (ee ies 


sinh? x sinh x 


Index 


"closed" curve, 206 

"closed" surface, 209 
1-dimensional deformation, 183 
3-D plate, 315 

3D-lamina, 315 


divergence, 343 
general domain, 273 


abelian integral, 27 

absolutely convergent, 119, 129 
abstract curve, 186 

algebraic function of one variable, 26 
almost everywhere, 61 
analytic, 362 

analytic function , 367 
analytic prolongation, 381 
annulus, 370 

approximation, 93 

area, 73 

area of a plane figure, 227 
automorphism, 14 


Bezout’s theorem, 13 
binomial differential form, 32 
border, 351 

boundary, 351 

boundary of a subset, 70 
bounded domain, 362 
bounded function, 125 
bounded subset, 70 


Cauchy criterion, 155 

Cauchy criterion for improper 
integrals I, 118 

Cauchy criterion for improper 
integrals II, 128 

Cauchy criterion for limits, 112 


391 


Cauchy criterion of uniform limit, 
149 

Cauchy fundamental theorem, 366 

Cauchy inequalities, 378 

Cauchy integral formula, 377 

Cauchy-Riemann relations, 363 

central field, 204 

centre of mass, 317 

change of an elementary volume, 289 

change of variable formula, 9 

change of variables, 254 

change of variables formula, 257 

charge density, 343 

circulation, 198, 353 

closed differential form, 204, 218 

closure (topological), 70 

comparison test 1, 120, 130 

complementaries formula, 171 

complex convergence , 362 

complex curve, 362 

complex differentiability, 361 

complex function, 362 

complex functions, 361 

complex number field, 361 

complex path, 368 

conic surface, 327 

conical deformation, 313 

connected, 70 

connected domain, 362 

conservative field, 204 

continuity theorem, 151, 155 

continuity theorem for proper 
integrals with parameters, 140 

continuous, 362 

coprime polynomials, 16 

Coulomb law, 343 

curl F, 209, 353 
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cylindrical coordinates, 299 
cylindrical deformation, 312 


Darboux criterion, 57, 229, 238, 276 

Darboux sums, 54 

decomposition into simple fractions, 
20 

deformation, 183, 307 

density function, 51, 186, 227, 267, 
315 

diameter, 274 

diffeomorphism, 254, 288 

differentiable, 362 

differential form, 4, 198 

differential form of order 2, 332 

differentiation theorem, 153 

Dirichlet’s integral, 124, 162 

Dirichlet’s test, 123, 133 

discontinuity points, 183 

distributions, 344 

divergence theorem, 341 

division, 51, 236, 274, 315, 328, 363 

domain, 70, 362 

double Darboux sums, 228 

double integral, 229 

double oriented, 328 

double Riemann sum, 228 


lectric constant, 343 

lectric field, 343 

lement of area, 229, 316 
lement of length, 188 
lementary domain , 273 
lementary figure, 70 
lementary figures, 227 
lementary functions, 168 
lementary subsets, 114 

lliptic integrals, 46 
epsilon-delta criterion, 110 
equivalent paths, 186 
essential point, 376 

essential singular point, 374 
Euclid’s division algorithm, 11 
Euclidean division algorithm, 379 
Euler substitutions, 28 
Euler-Poisson integral, 164 
exact differential form, 204, 218 
Exam samples, 389 

explicitly described, 280 


2200000 2 O02 © 


F is integrable on the oriented 
surface (S), 329 

factorial formula, 171 

factoriality theorem, 15 

figure, 70 

flux of the vector F(M) through the 
surface (S), at the point M, 329 

flux-divergence formula, 341 

flux-divergence theorem, 341 

Fourier expansion, 379 

Fresnel’s, 124 

Fresnel’s integrals, 165, 386 

Froullani’s integrals, 159 

Fubini theorem, 155 

Fubini’s theorem, 146 

fundamental theorem of algebra, 378 


Gabriel’s trumpet, 115 

gain principle, 202 

gamma function, 168 

Gauss formula, 341, 350 

Gauss law in Physics, 343 

Gauss-Laplace distribution, 181 

general change of variables in triple 
integrals, 291 

general iterative formula I, 281 

general iterative formula II, 284 

generalized integrals of the first type, 
115 

global flux, 329 

global productivity, 342 

gradient, 350 

gradient of temperature, 350 

greatest common divisor criterion, 16 

greatest common divisors for 
polynomials, 16 

Green formula, 246, 367 

Green theorem, 351 


heat, 350 
heat flow, 350 


imaginary part, 362 

improper integral of the second type, 
126 

improper integral with a parameter, 
154 

improper integrals of the first type, 
115 


independent on path, 203 

inferior Darboux sum, 238, 275 

integrable, 274 

integrable on the arc ab, 364 

integral by parts, 10 

integral cosine, 143 

integral with parameters, 139 

integration theorem, 153 

interior point, 70 

interpolating function, 95 

interpolation polynomial, 96 

interpolation with parabolas, 100 

irreducible polynomial, 11 

irrotational field, 208 

iterative formula, 229 

iterative formulas for parallelepipeds, 
270 

iterative general formula, 241 


Jordan’s lemma, 383 
Koch’s curve flake of snow, 190 


L-measure zero, 61 

Lagrange polynomial, 97 

lamina, 227 

Laplace equation, 351 

Laplace error function, 113 

Laurent series, 373 

Lebesgue criterion, 61 

Lebesgues measure zero, 61 

left limit, 107 

Leibniz formula, 155 

Leibniz’ formula for proper integrals 
with parameters, 145 

Leibniz-Newton formula for line 
integrals, 206 

length of a curve, 89 

limit comparison test, 121, 131 

limit of a function, 107 

limit point, 107 

line integral of the first type, 188 

line integral of the second type , 198 

linear bar, 51 

Liouville theorem, 378 

loaded curve, 186 


Mobius surface, 325 
marking points, 51, 187, 236, 363 
mass center, 191 


INDEX 
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mass of a bar, 51 
mass of a wire, 188 
mean formula, 278 
mean formula for line integrals, 190 
mean theorem, 317 
mean theorems 
mean formulas, 65 
measurable, 71 
measure, 71 


n-connected Cauchy fundamental 
theorem, 369 

Newton area function, 3 

Newton-Leibniz formula, 67 

nodes, 96 

nonoverlaping, 215 

norm, 236, 274 

norm of a division, 51, 268, 315 


open ball, 70, 361 

orientable surface, 324 
orientated smooth curve, 199 
orientation function, 324 
orientation of an arc, 196 
oriented smooth curve, 206 


parabolic PDE, 351 

paraboloid, 319, 332 

parallelepiped, 70 

parallelepipedic domain, 268 

parameter, 183 

parametric equations of a surface, 
307 

parametric path, 183 

parametric representation, 183 

parametric sheet, 307 

parametrisation, 183 

partial differential equation, 351 

partition, 274 

path, 183 

piecewise continuous, 227 

piecewise continuous function, 61, 
267 

piecewise smooth, 183 

piecewise smooth curve, 362 

piecewise smooth surface, 267 

polar coordinates, 257 

pole, 374 

polygonal line, 70 
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polynomial function, 10 
position vector, 183 
potential energy, 204 
potential field, 204 
potential function, 204 
potential theory, 344 
primitive 
antiderivative, 3 
primitive function, 204 
principal value, 114, 127 
proper integral with one parameter, 
140 


rate of flow, 350 

rational function of two variables, 26 

real function with complex values, 
362 

real part, 362 

rectangles formula, 92 

rectifiable, 89 

reduction formula, 171 

reduction theorem, 301 

regular point, 376 

regular transformation, 288 

residue, 374 

residues formula, 370 

Riemann criterion, 57 

Riemann double sum, 148 

Riemann integrable, 52, 228, 237, 
269, 274 

Riemann sphere, 372 

Riemann sum, 52, 188, 197, 237, 
315, 329, 363 

right limit, 107 


segment (oriented), 70 

series test, 118 

series test 1, 136 

side limits, 107 

simple connected, 209, 366 

simple convergent, 154 

simple fractions, 19 

simple limit along a set of 
parameters, 149 

simple subdomain, 345 

simple w.r.t. Ox-axis, 213, 241 

simple w.r.t. Oy-axis, 214 

simple w.r.t. Oz-axis, 281 

Simpson formula, 101 


singular point for a function, 126 

singular points, 183, 374 

smooth, 183 

smooth deformation, 288, 323 

solid, 267 

space domain, 267 

specific heat, 350 

spherical coordinates, 295 

spherical deformation, 313 

starred, 218 

starred domain, 357 

Stokes formula, 353 

substitution, 32 

superior Darboux sum, 238, 276 

support curve, 183 

support of a lamina, 227 

surface, 307 

surface integral, 316 

surface integral of the second type , 
329 

surface with two distinct faces, 324 


temperature, 350 

test p, 122 

test-q, 132 

tetrahedron, 334 

thermal conductivity, 350 
thin plate, 227 

totally closed, 341 
transition matrix, 322 
trapezoids formula, 95 


unbounded at a point, 126 
uniform limit along a set of 
parameters, 149 
uniformly continuous, 51 
uniformly convergent, 155 
upper half-plane, 383 


variation of a function, 51 
velocity of the heat flow, 350 
volume, 71 


week limit, 114 
Weierstrass test, 156 

well approximate, 330 

well approximated, 65, 365 
wire, 186 

work, 198, 353 

work of a field, 91 
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zero criterion, 116 
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